Higher derivatives estimate for the 3D
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Abstract: In this article, a non linear family of spaces, based on the energy
dissipation, is introduced. This family bridges an energy space (containing weak
solutions to Navier-Stokes equation) to a critical space (invariant through the
canonical scaling of the Navier-Stokes equation). This family is used to get
uniform estimates on higher derivatives to solutions to the 3D Navier-Stokes
equations. Those estimates are uniform, up to the possible blowing-up time.
The proof uses blow-up techniques. Estimates can be obtained by this means
thanks to the galilean invariance of the transport part of the equation.
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1 Introduction

In this paper, we investigate estimates of higher derivatives of solutions to the
incompressible Navier-Stokes equations in dimension 3, namely:

Ou+diviu®@u) + VP —Au=0 t€(0,00), x € R3,

. (1)
divu = 0.

The initial value problem is endowed with the conditions:
u(0,-) = u® € L*(R3).

The existence of weak solutions for this problem was proved long ago by
Leray [7] and Hopf [5]. For this, Leray introduces a notion of weak solution.
He shows that for any initial value with finite energy u® € L?(R3) there exists
a function u € L>(0, 0o; L2(R3)) N L?(0, 00; H'(R?)) verifying (1) in the sense
of distribution. From that time on, much effort has been made to establish
results on the uniqueness and regularity of weak solutions. However those two
questions remain yet mostly open. Especially it is not known until now if such a
weak solution can develop singularities in finite time, even considering smooth
initial data. We present our main result on a laps of time (0,7) where the
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solution is indeed smooth (with possible blow-ups both at t = 0 and ¢t = T'). We
will carefully show, however, that the estimates do not depend on the blow-up
time 7', but only on |[u°||z2 and inf(¢,1). The aim of this paper is to show the
following theorem.

Theorem 1 For any tg > 0, any Q bounded subset of (ty,00) x R3, any integer
n>1, anyy >0, and any p > 0 such that

4
*>’I’L+1, (2)
p

there exists a constant C, such that the following property holds.
For any smooth solution u of (1) on (0,T) (with possible blow-up at 0 and
T), we have

HVHMMWWW&ﬂxWDSC7OWW@%§yP+1>.

Note that the constant C' does not depend on the solution u nor on the blowing-up
time T.

Note that for n > 3 we consider LP spaces with p < 1. Those spaces are not
complete for the weak topology. For this reason the result cannot be easily
extend to general weak solutions after the possible blow-up time. However, up
to n = 2, the result can be proven in this context. For this reason, along the
proof, we will always consider suitable weak solutions, following [2]. That is,
solutions verifying in addition to (1) the generalized energy inequality in the
sense of distribution:

Ju? Juf?

2
[ul +div <u2> +div(uP)+|Vu|2—A7 <0 t€(0,00), x € R3. (3)

s
Moreover, by interpolation, the result of Theorem 1 can be extended to the
whole real derivative coefficients, 1 < d < 2, for ||A%?ul|z» with

4
- >d+ 1
p

Our result can be seen as a kind of anti-Sobolev result. Indeed, as we will
see later, |[Vul|2, is used as a pivot quantity to control higher derivatives on
the solution. The result for d = 2 was obtained in a slightly better space, with
completely different techniques by Lions [9]. He shows that V2u can be bounded
in the Lorentz space L*/3:°°.

In a standard way, using the energy inequality and interpolation, we get
estimates on A%2y € LP((0,00) x R3) for

5 3

S=d+y  0=dsl (4)
The Serrin-Prodi conditions (see [14],[4], [16]) ensure the regularity for solutions
such that AY2y € LP((0,00) x R3) for

%zd—i—l, 0<d< oo, (5)



Those two families of spaces are given by an affine relation on d with respect to
1/p with slope 5. Notice that the family of spaces present in Theorem 1 has a
different slope. Imagine, that we were able to extend this result along the same
line with d < 1. For d = 0, we would obtain almost u € L*((0,c0) x R?), which
would imply that the energy inequality (3) is an equality (see [17]). Notice also
that the line of this new family of spaces crosses the line of the critical spaces
(5) at d = —1, 1/p = 0. This point corresponds (at least formally) to the Tataru
and Koch result on regularity of solutions small in L>°(0, 00; BMO~1(R3)) (see
[6]). However, at this time, due to the “anti-Sobolev” feature of the proof,
obtaining results for d < 1 seems out of reach.

To see where lie the difficulties, let us focus on the result on the third deriva-
tives. Consider the gradient of the Navier-Stokes equations (1).

Vu — AVu = ~Vu-Vu— V?P — (u-V)Vu.

Note that the two first right-hand side terms lie in L((0,00) x R3) (for the
pressure term, see [9]). Parabolic regularity are not complete in L'. This justify
the fact that we miss the limit case L'. But, surprisingly, the worst term is the
transport one (u-V)Vu. To control it in L' using the control on D?u in L*/3°°
of Lions [9], we would need u € L*!, which is not known. To overcome this
difficulty, we will consider the solution in another frame, locally, by following
the flow.

The idea of the proof comes from the result of partial regularity obtained
by Caffarelli, Kohn and Nirenberg [2]. This paper extended the analysis about
the possible singular points set, initialized by Scheffer in a series of paper [10,
11, 12, 13]. The main remark in [2] is that the dissipation of entropy

/ /R |Vu|? dz dt (6)

has a scaling, through the standard invariance of the equation, which is far
more powerful that any other quantities from the energy scale (4). Let us
be more specific. The standard invariance of the equation gives that for any
(to,m9) € RT x R® and € > 0, if u is a suitable solution of the Navier-Stokes
equations (1) (3), then

ue(t, ) = eulty + €%, xo + €x) (7)

is also solution to (1) (3). The dissipation of energy of this quantity is then
given by
D(u.) = e ' D(u).

This power of € made possible in [2] to show that the Hausdorff dimension of
the set of blow-up points is at most 1. This was a great improvement of the
result obtained by Scheffer who gives 5/3 as an upper bound for the Hausdorff
dimension of this set. We can notice that it is what we get considering the
quantity of the energy scale (4) with d = 0,p = 10/3:

= / / |u[*0/3 dz dt.
o Jr3



Indeed:
Fue) = e 3 F(u).

The idea of this paper is to give a quantitative version of the result of [2], in the
sense, of getting control of norms of the solution which have the same nonlinear
scaling that D. Indeed, for any norm of the non linear scaling (2), we have (in
the limit case)

A A

The paper is organized as follows. In the next section, we give some preliminaries
and fix some notations. We introduce the local frame following the flow in
the third section. The fourth section is dedicated to a local result providing
a universal control of the higher derivatives of u from a local control of the
dissipation of the energy ||Vul|7, and a corresponding quantity on the pressure
(see Proposition 10). Ideally, we would like to consider a quantity on the pressure
which has the same nonlinear scaling as D(u). The corresponding quantity is
V2P| 1. Unfortunately, we need a slightly better integrability in time for the
local study. This is the reason why we miss the limit case LP**° with

4
- =n+1.
p

This is also the reason why we need to work with fractional Laplacian for the
pressure: ||[ATSV2P| L» with 0 < s < 1/2. In the last section, we show how this
local study leads to our main theorem.

2 Preliminaries and notations

Let us denote @, = (—72,0) x B, where B, = B(0,), the ball in R? of radius
r and centered at 0.
For F € LP(R* x R?), we define the Maximal function in x only by

1
MF(t,x) =sup— [ |F(t,z+y)|dy.
r>07T" JpB,.

We recall that for any 1 < p < oo, there exists C}, such that for any F' €
LP(R* x R3)
|ME|| p &+ xr2) < Cpl|F|l Lo+ xR3)-

We begin with an interpolation lemma. It is a straightforward consequence of
a result in [1]. We state it here for further reference.

Lemma 2 For any function F such that (—A)"/2F lies in LP'(0, 00; L% (R3))
and (—A)2/2F € LP2(0, 00; L92(R?)) with

dy,ds € R, 1< p1,p2 < o0, 1<q1,q2 < o0,



we have (—A)¥2F € LP(0,00; LI(R3)) with
1(=2)2F || £ (0,00;1(23))
< N2 2F | o (9,005 @y (= 2) 22 F 11125 0 s (o))

for any d, p,q such that

1 0 1-06
— 74_ s
q q1 q2
1 6 1-0
p D1 D2

d=0dy + (1 —0)da,
where 0 < 6 < 1.
Proof. Exercise 31 page 168 in [1] shows that for any 0 < t < co, we have
N D) 2E (@) ges) < (=AY 2 [ gy (=AY 2E @150 -
Interpolation in the time variable gives the result. O

In the second lemma we show that we can control a local L' norm on a
function f by its mean value and some local control on the maximal function of
(—A)7*Vf, 0 < s < 1/2. This extends the fact that we can control the local L!
norm by the mean value and a local LP norm of the gradient. But due to the
nonlocal feature of the fractional Laplacian, we need to consider the maximal
function to recapture all the information needed.

Lemma 3 Let 0 < s < 1/2, ¢ > 1, p > 1. For any ¢ € C>®(R3), ¢ > 0,
compactly supported in By with ng ¢(x)dx = 1, there exists C > 0 such that,
for any function f € LY(R3) with (~A)~°Vf € LP(R3), we have f € L'(By)

and
|mpBI<O(U'f 2) do

Proof. Let us denote g = (—A)~*V f. Since f € LI(R3), we have
f=—(=A)""divg.

+Mﬂ()”vﬁhmm)

So, for any x € B

_ gy)  (z-y)
)= [, o=y Jo—y] Y

and
f@) = [ 92 f(2) dz
_c o(z ((Im )/x—yl_(z—y)/lz—y> dy dz.

Rr3 JRs y|2(1+s) ly — z|2(+s)




Note that, for k > 2, y € Bgr \ Box—1, & € By, z € By, we have

@—y/le—yl _ G=y/lz-yl| . _C

|z — y|20+9) [y — 2[20Fs) | = 2k(3+29)”

Moreover
(z—y)/lx—yl (-y)/lz—y
/31 /Bl B ¢(z)|g(y) ‘ _ |2(1+s) B \y—z|2(1+s)

)| / / / sup 9] |g(y
dydzdx + dy dz dx
/133 /B1 B |I|2(1+) By Jp,  |2P0F)

<2059l (By) < 20| MgllL(my)s

dy dzdx

since 2(1 + s) < 3. Hence

Hf— [o1c)a:
< /B | /B [ #Glstw
+i A /sz\Bf(f))'g@)

<20 Mgl + 0 [

L1(B1)
@—y/lze—yl (-y)/lz—y

|z — y|2(+s) ly — z|2(+s)

@—yﬂm—yk_@—yﬂk—MI

|z — y[20+9) ly — 2[20+9)

| dydz dx

< 2C4||Mg|lzi(p,y +8C Y 27%F /"b/ lg(y + u)| dy du
(B1) ];2 ‘BQk+1| B /By

o0
< 2C4||Mgllr(B,) + ClIMgllzr(By) Z[272s]k
=2

< Cs”MgHLl(Bl)v
whenever 0 < s < 1/2. O

We give now very standard results of parabolic regularity. There are not
even optimal, but enough for our study.

Lemma 4 For any 1 < p < 0o, tg > 0, there exists a constant C such that the
following is true. Let f,g € LP((—to,0) x R3) be compactly supported in By in
x. Then there exists a unique u € LP(—tg,0; WHP(R3)) solution to

Ou — Au = g+ divf, —to <t<0, zeR3
u(—to, ) =0, z € R3.

Moreover,

Hu”Lf)(fto,O;leP(Bl)) < C(”fHLP((fto,O)xD@) + ||g||LT’((7to,0)><R3))- (8)



If g € LY(—t0,0; L°(R3)) and f € L*(—to, 0; WH>°(R3)), then

1wl Lo (—t0,0)xr2) < CUlGILL(—t0,0;L0 (3)) + 1 |1 (—t0,0;W 1.5 (RE)))-

Proof. We get the solution using the Green function:

¢ 1 _le—yl?
— - 4(t—s) 1
u(t, x) /to In(t = )P /]RS e (9(s,y) +divf(s,y))dyds.

From this formulation, using that 2"e~*" are bounded functions, we find that

[ f L ((~t0.0)xBy) + 19l L1 ((~t0,0)x By)
|z [? ’

lu(t,z)| < C for |x| > 2,—ty <t < 0.

(9)
Standard Solonnikov’s parabolic regularization result gives (8) (see for instance
[15]). Finally, if g € L'(—to,0; L°(R?)) and f € L'(—to,0; WH°(R3)), then
the function

t
u(t,x) = /0 (lg()l[z= + lIdivf(s)l| o) ds
is a supersolution thanks to (9). The global bound follows. a

The last lemma of this section is a standard decomposition of the pressure
term as a close range part and a long range part.

Lemma 5 Let B and B be two balls such that
B cCB.

Then for any 1 < p < oo, there exists a constant C' > 0 and a family of
constants {Cqq \ d,q integers} (depending only on p, B and B) such that for
any R € LY(B) and A € [LP(B)|N*N symmetric matriz, verifying

—AR = divdivA, in B,

we have a decomposition
R= Rl + RQa

with, for any integer ¢ > 0, d > 0:

IRl o5y < CllAlLrB)
IV'Ra|| o 5y < Cag (IAllLr () + 1Rl w-0(s) -

Moreover, if A is Lipschitzian, then we can choose Ry such that

IRl ) < C (IVAll L= (3) + 1Al () -



Proof.
Let B* be a a ball such that

Bcc B*cc B,

with a distance between B and B*© bigger that D/2, where D is the distance
between B and B€. Consider a smooth nonnegative cut-off function ¥, 0 < ¢ <
1 such that

Y(x) = 1 in B*,
— 0 inB°
Then the function ¥R (defined in R3) is solution in R? to
—A(pR) = divdiv(yA)

+RAY + A : Vi)
—2div{V - A+ RVy}.

We denote

Ry = (=A)"tdivdiv(yA),
Ry = (=A)"" (RAY + A : V2 — 2div{Vy) - A+ RV}) .
We have, on B, R = R; + Ry. The operator (—A)~!divdiv is a Riesz operator,
so there exists a constant (depending only on p and 1) such that
| R1llersy < CllY Al Lemsy < CllAllLr (),
[Rillcomsy < CllvAllgamsy < C (IVA[Le () + [ All=(m)) -



Using the fact that Vi and V24 vanishes on B* U B¢, we have for any = € B:

|VdR2(:v)|:/R3Vd< ! >(RA¢+A:V21/))(y)dy

|z — y
1
+2/ vitt () {V¢ - A+ RVY}(y) dy‘
RS |

z -yl
1
< IVl 1Al sup vd( )‘
|z —yl
1
2V Al sup Vd+1<>’
lz—y|>D/2 |z — y

|1,’ y‘ZE/Q

7 (=) 7|

1Al L1 (5)

+|R[lw-a1(B) sup
lx—y|>D/2

+2||R|lw-a1(p)  sup
lz—y|>D/2

3 d+2+ z d+1
D D

9 d+1+ 9\ a+d+2
D D

< Cy

+Cd7q ||R||W—q‘1(§).

O

3 Blow-up method along the trajectories

Our result relies on a local study, which was the keystone of the partial regularity
result of [2]. (see [8] for an other proof). We use, here, the version of [18]. This
version is better for our purpose because it requires a bound on the pressure
only in L? in time for any p > 1.

Proposition 6 [18] For any p > 1, there exists n > 0, such that the following
property holds. For any u, suitable weak solution to the Navier-Stokes equation
(1), (3), in Q1, such that

0
sup ( |u(t,az)2dz> + [ |Vul? dxdt—i—/
By Q1

—1<t<0 -1

P
( wmﬁfhsmm>
By

we have
sup  |u(t,x)| < 1.
(t,2)€Q1,2

As explained in the introduction, the proof of Theorem 1 relies on this local
control. From there we can get control on higher derivatives of u. We first show
the following lemma. It introduces the pivot quantity. Note that the ideal pivot
quantity would be HVuH%Q(LQ) + [[V?P||p1(r1). This is because this quantity



scales as 1/e through the canonical scaling. However, to use Proposition 6
locally, we need a better integrability in time on the pressure. For this reason,
we add the quantity on the pressure involving the fractional Laplacian. We get
a better integrability in time on the pressure, at the cost of a slightly worst
rate of change in € through the canonical scaling. Finally, due to the nonlocal
character of the fractional Laplacian, the maximal function is used in order to
recapture all the local information needed (see Lemma 3).

Lemma 7 For any 0 < § < 1, there exists v > 0 and a constant C' > 0 such
that for any u solution to (1) (3), with u® € L?(R3), we have

/ / (IM(~2) 292 P) ' + |92 P| + [Vul?) dedr
o Jrs
2(1
< C (162 as) + 113523 ) -
Moreover, v converges to 0 when § converges to 0.

Proof. Integrating in = the energy equation (3) gives that

/O /R [Vul® do dt < [[u°|72gs), (11)

together with
Hu”%w(o,oo;L?(Ri‘)) < HUOH%Q(D@)'

By Sobolev imbedding and interpolation, this gives in particular that
[ullZa0,00;23may) < Cllu’ 122 gs)- (12)
For the pressure, we have V2P € L'(H) (see Lions [9]). Indeed,
VQP = (VQA_l) Z 8iuj8jui
ij
= (VA1) (i) - Vu,.

For any i, we have rot(Vu;) = 0 and div d;u = 0. Hence, from the div-rot
lemma (see Coifman, Lions, Meyer and Semmes [3]), we have

1D~ 0 Vuill iy < [[VullZe-
i

But V2A~! is a Riesz operator (in x only) which is bounded from H to H.
Hence:

V2P| 1@+ xrs) < CIVPPllp @+ mes)) < ClVullZe s xps)- (13)
By Sobolev imbedding, for any 0 < s < 1, we have

1(=2)"2V2P|| 11 0 00szrm3y) < Cllu’ |72 (14)

10



for

=
[SCRIRVA

we have also
(=A)7V2VPP =) [(-A) VR0, (0uiuy).
j
The operators (—A)~3/2V29; are Riesz operators so, together with (11) (12),

we have
[(=A) Y2V P fass (0 00 16/5R8)) < Cllu’]|7 2 rs)- (15)

By interpolation with (14), using Lemma 2 with 6 = 1/(1 + 4s), we find
IM[(=A) 272V Pl[| g1+ ((0,00) xR2) < Cllu’ 172 rs)

with
5 08 s
T 1+4s T 1ss
Note that - converges to 0 when ¢ goes to 0. This, together with (13) and
(11), gives the result. O

Let us fix from now on a smooth cut-off function 0 < ¢ < 1 compactly
supported in B; and such that

/ d(x)dx = 1. (16)
R3
For any € > 0, we define

ue(t, ) = . o(y)u(t, z + ey) dy. (17)

Note that u. € L>®(0,00; C>®(R?)) and divu. = 0. We define the flow:

0X
g — uE(S’X(S,t,fE)) (18)
X(t,tax) =Z.

Note that the flow X depends on €. Consider, for any 0 < § < 1 and n* > 0:
) 2 3 1 ! 0 * 0
QF = (t,m) € (4%, 00) X R” | = FO(s, X(s,t,0) +y)dsdy <n*e® ¢,
€ Jt—4e2 J B,

where
Fo(t,x) = [M((=A)"2V2P)["*7 + |Vul* + |V?P),

and 7 is defined in Lemma 7. We then have the following lemma.

11



Lemma 8 There exists a constant C such that for any 0 <e <1,0< 9 <1,
and n* > 0 we have

1+
O 122 gy + 117500\
g .

Q<
|[€2]°] -

Proof. Define for ¢ > 4¢2

1 t
FO(t, ) :@/t 452/3 FO(s,X(s,t,x) +y)dsdy. (19)

/ / F5 t,x) dx dt
4e2 JR3

1
:// / / Fo(t+ s, X(t+s,t,2) +vy) dsdydzdt
4e2 JR3 25 42 J Bye

1
/ /F5t+sX(t+stx)+y)dmdtdsdy
4e2 J4e2 JR3

We have

(

i ), [
e // //F5t+sz+y)dzdtdsdy
B> 4e2 J4e2?2 JR3

0
<( 5/ dsdy)//F5tzdzdt
Bj. J —4¢? R3

/ / |M((—A) 9292 P 4 |Vul? + \V2P|) dz dt.
R3

g)?

1

)
1

In the second equality, we have used Fubini, in the third we have used the fact
that X is an incompressible flow. In the fourth equality we did the change of
variable in (¢, 2)

t=t+s z2=y+z.

We then find, thanks to Tchebychev inequality,
* o0 4
Fi(t,2) > n*e’ <o Jo Jrs F2(t, ) d:cdt€475'
2(2e)* n*
We conclude thanks to Lemma 7. D

We fix § > 0. For any fixed (t,7) € Q with t > 4¢2, we define v., P.,
(depending on this fixed point (¢,z)) as functions of two local new variables

(Sa y) € QQ:
ve(8,y) = eu(t +e%s, X (t +&2s,t,2) + cy)

—eu.(t 4 €%s, X (t + &2s,t, 1)), (20)
P.(s,y) = e2P(t + %5, X (t + £2s,t,x) + €y)
+eyOs[uc(t + &2, X (t + %5, t, 2))]. (21)

We have the following proposition.

12



Proposition 9 The function (ve, P:) is solution to (1) (3) for (s,y) € (—4,0) x
R3. It verifies:

. P(y)ve(s,y) dy = 0, 5> —4, (22)
0

//B Vo2 dyds < ", (23)
0

/_4/32 |V2P.|dyds < n*, (24)
0

/4/3 |M[(=A) 22 P dyds < n*. (25)

Proof. The fact that (v., P.) is solution to (1) (3) and verifies (22) comes from
its definition (20), (21), (16) and (17). We have

/(|Vv5|2+|V2P5|)dyds+/ |M[(—=A)~/2V2 P |17 dy ds

2 2

:/ (64(|vu‘2 + ‘V2P|) _|_6(475)(1%»7)|M[(_A)75/ZV2PH1+W)

2

(t +e%s, X(t +&2s,t,2) +ey) dy ds
1 t
<o [ (9uP 9P M) P
€ t—4e2 J B,
(5, X (5,1, 2) + y) ds dy
<n*.

(26)

In the first equality, we used the definition of v. and P., in the second, we

used the change of variable (t + e2s,ey) — (s,y) (together with the fact that

0 <4 and v > 0), and the last inequality comes from the fact that (¢,z) lies in
Q9. |

Our aim is to apply proposition 6 to v.. It will be a consequence of the following
section.

4 Local study

This section is dedicated to the following Proposition.

Proposition 10 For any v > 0 and any 0 < & < 1, there exists a constant
7 < 1, and a sequence of constants {Cy} such that for any solution (u,P) of

13



(1) (3) in Q2 verifying

RS
0

/ / |Vu|? dedt <7, (28)
—4 JB,
0

/ / |V2P|dxdt <7, (29)
—4 J Bsy
0

/ / |M[(=A)~2V2P]|" Y da dt < 7, (30)
—4 J By

the velocity u is infinitely differentiable in x at (0,0) and
[V™*u(0,0)] < Cp.

Proof. We want to apply Proposition 6. Then, by a bootstrapping argument
we will get uniform controls on higher derivatives. For this, we first need a
control of u in L>(L?) and a control on P in LYT}(L'). The equation is on
VP (not the pressure itself). Therefore, changing P by P — f B, ¢P dx we can
assume without loss of generality that

¢(x)P(t,x)dx =0, —4<t<O.
R3
To get a control in LT (L) on the pressure it is then enough to control VP.
Step 1: Control on u in L®(L3/?) in Q3/2- Thanks to Hypothesis (27),
there exists a constant C, depending only on ¢, such that for any —4 <t <0
[u(®)ll Lo (B2 < ClIVut)|L2(s,)- (31)

So
(- V)ull 1 (—a,0505/2(82)) < ClIVullZ2(g, < O

We need the same control on VP. First, multiplying (1) by ¢(z), integrating in
x, and using Hypothesis (27), we find for any —4 < ¢ < 0

/gb(x)(u -V)udz + /qS(:E)VP dx — /Agbu dx = 0. (32)
So
|[owvpa| <o(IVuty + Iubecaomin) < OV
But, as for u,
HVP - /Wde < C|IV?Pl11(q)-
L1(—4,0;L3/2(By))

14



So, finally
1(u - V)ul + VPl g1 (—s0.9/2(52)) < CV- (33)
Note that
3 u 3 1 |u|?

2 2 T 22 2
3
= 5 lul/Zouul = Orful*’?,

o) 3Vl 3|Vl
2ull/2 T4 |ull/?

3 u 3 .. U
s 30 (i
< Auf’’?,
since |Vu| > |V|ul].
We consider ¢; € C*°(R*) a nonnegative function compactly supported in
Q2 with ¢1 =1 in Q3/2 and
Veathr| + (Vi 41| < C.

Multiplying (1) by (3/2)t1(t, z)u/|u|'/? and integrating in = gives

d

%/wl(t7m)\u|3/2 dx

< [0l + | 8n )l de
3
3 b2 sy 037 (- 9 VP g

< [0l + | 8n )l de
5 1/3
w3 ([t ae) i Dt VP sy

< a(t) (1 + /wl(t,x)|u|3/2 d:v) ,
with
_ 3/2 3
alt) = /(|3t1/f1| + [Av|)|u]** dz + 2||((U “V)u+ VP)|ps/2(p,).-

Thanks to (31) and (33)
|z (—a0) < CV/TL
Denoting Y (t) = 1+ [ 11 (¢, 2)|ul>/? dz, we have

Y <aY, Y(-4)=1.

Gronwall’s lemma gives that for any —4 <t < 0 we have

Y(t) < exp ( /_ 1 a(s) ds) .

15



Hence, for 7 small enough:

ull oo (—(3/2)2,0:L8/2(By ) < cit/3. (34)

Step 2: Control on v in L*°(L?) in Q;.
We consider ¢, € C*°(R*) a nonnegative function compactly supported in
Q3/2 with ¥ =1 in @1 and

Viato| + V7 tha] < C.

Multiplying inequality (3) by ¥9 and integrating in x gives

d Ju?
— —d
dt ( / 2y z)
Juf? Juf?
equalities (31) together with (33) and Sobolev imbedding gives

ul® + Pllpi(—(3/2)2,0:L3 (B, 2)) < CT2.

Together with (34), this gives that

ull Lo (—1,022(8)) < CTY™. (35)

Step 3. L* bound in (/5. We need now to get better integrability in time
on the pressure.
From (32) and (35), we get

<OV
L2(—1,0)

| swrera

With Lemma 3 and (30), this gives for v < 1

IV P L+ (—1,001(By)) < C\/ﬁ

Together with (35), (28), and Proposition 6, this shows that for 7 small enough,
we have

|U| S 1 in Ql/Q'

Step 4: Obtaining more regularity. We now obtain higher derivative es-
timates by a standard bootstrapping method. We give the details carefully to
ensure that the bounds obtained are universal, that is, do not depend on the
actual solution wu.

For n > 1 we define r,, =273, B,, = B, and @n = @Q,,. We denote also
1, such that 0 < 1, < 1,1, € C(RY),

wn(t7z) =1 (t,l‘) € @ru
= 0 (t,x) € @Z_l.

16



For every n we have
o:V"u +divA, + VR, — AV"u =0,

with
A, =V'(u®u), R,=V"P.

So we have

2
IAnllir@, ) < Cnllellzon vz owran(E, 1)

and thanks to Lemma 5, we can split R,, as
Rn = Rl,n + RQ,na
with

IBrnlze@, ) < CnllAnllie, )

(38)

||R27"||L1(7ri_1,0;W2’°°(§n71)) < Cn <||An||Lp(§n72) + HVPHLl(an—Z))

<G (I4ullvg, oy +1)
Moreover we have:

O (¥, V") — A(h, V")
= —le(Anan) + vanAn
~V($,Rn) + (Vi) Ry,
+A$, V" — 2div(V, V")
+(3t@n)vnu

Note that 1, V"u = 0 on 9Q,,_;. So

@nvnu = Vl,n + V2,n

with
athl,n - A‘/l,n = _dlv(An@n) + vanA’ﬂ
_v(anRLn) + (v@n)Rl,n
+A, V™u — 2div(V,, V")
= Fna
Vin=0 for t = —7”72171,
and

at‘/Q,n - A‘/Q,n = 7V(EnR2,n) + RQ,n(van)a
Von=0 for t = —r?

n—1-

17

(39)

(40)



Thanks to (37) and (38), we have

2
||Fn||LP(7T721’71,0§W71’p(§n—1)) < Cn <1 + HUHLM(,TZ O;Wn,2p(§n72))) .

n—2°

So, from Lemma 4,

||V1a7l||LP(—riil,O;WLP(Fn_l)) < CHF’ﬂ|‘LT’(—7‘;"171,0;W_1>7’(R3))’
0;W1.°(B,,_1)) < C”EnVRQ,TL”Ll(er ;W oo (R3))

n—1’

+C||R2,n(van)|‘L1(—ri71W1v°°(R3))
<G, (1 + HU||izp(,,,‘31_270;Wn,2p(§n72))) ’

where we have used (37) and (39) in the last line.
Hence, from (40) and using that ¢,, = 1 on @Q,,, we have for any 1 < p < o0

Vol re_,

n 2
A4 UHLP(,T%’O;Wl,p(En)) <C, (1 + HUHL%(—TEH O;Wn,zp(gnﬁ))) .

29

By induction we find that for any n > 1, and any 1 < p < o0, there exists a
constant Cy, , such that

|‘u”Lz*”p(_T%O;W,L,z*np(gn)) < Cmp'

This is true for any p, so for n fixed, taking p big enough and using Sobolev
imbedding, we show that for any 1 < ¢ < oo, there exists a constant C,, 4 such
that

Hu||LQ(7Ti+170;Wn,oo(§n+l)) < CTNZ'

As (37), we get that

||A7l||L1(7ri+3,0;W2'°c(§n+3)) < Cn.

Thanks to Lemma 5, we get

||R1’nHLl(_T3L+470;W1’°0(§n+4)) S Cn’

”RQ’"HLl(*Ti+4,O;W1‘°°(§,,L+4)) < Ch.

Hence
||8tvnuHL1(7Ti+4,O;L°°(§n+4)) < G,
and finally
anu||L°°(§n+4) < Chn.
a
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5 From local to global

Let us fix § > 0. We take n* < 7 and consider any € > 0 such that 4¢2 < t,.
Then from Proposition 10 and Proposition 9, for any (t,x) € Q2 N {t > to}, we
have

V30-(0,0)] < Co,

where v, is defined by (20). But for any n > 1, we have
Ve (0,0) = "'V u(t, z).

Hence

n Chn
{eaean el Sl <o
And thanks to Lemma 8, This measure is smaller than
c 2v+1) _a—
e (10 sy + 1P 5E) ) 4

We denote

4N\
R— (1+ ) .
to

For k > 1, we use our estimate with e"*! = R™* to get

n C (14 [l 2053
H(t,x)eﬂ\'v u(t’x)l ZRk}‘S ( L2(R ))
C ka

n

4-6
SO, for p < P

n p n
Hvu S‘{(t,I)EQ\WSRHRP
On LP(Q) Cn

£ RO {(m) c o et R’“H
k=1

Ch
< |9/ + CR? (14 ["13553) Z RHP=35)

CRP
< D 0 y+1
< IR — e (14 |\L2<Rs))

The results holds for any § > 0 which ends the proof of Theorem 1. O
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