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The Site of Bure
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Figure: Schematic view of the Bure project (East of France)

Nuclear waste is cooled, processed, then buried safely for 1M years
Simulation requires a super computer, or does it really?
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The COUPLEX | Test Case

Malllage du domaine

v Lot 200 2sar

Isocourbes de la pression

Figure: A 2D multilayered geometry 20km long, 500m high with permeability
variations f—i = O(10°%). Hydrostatic pressure by a FEM.

V- (KVH)=0, Hor g—ll;l givenon I el
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COUPLEX I : Concentration of Radio-Nucleides

t = 201115 ans t=251115ans

Figure: Concentration at 4 times with Discontinuous Galerkin FEM
(Apoung-Despré).

roic+Ac+uve—V - (KVce) = q(t)d(x — xg) il
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Couplex Il: Geological figures

Layer Permeability

Tithonien 3.10°°
Kimmeridgien | 3.10*
Kimmeridgien Il 1012
Oxfordien | 2107
Oxfordien II 8.1079
Oxfordien IlI 41012
Callovo-Oxfordien 10-13
Dogger 251076

7)-

Layer decomposition: K+ 20" — K=9H" implies that 22" = O(X
So %—’:|K,_K,, ~ 0 is a B.C. that decouples the top from the bottom.
Later H™ |, = H" is used as B.C for the bottom.

Note that the Callovo-Oxfordian+Oxfordian Il have H|r given from top
and bottom separate calculations. I
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COUPLEX Il Hydrostatic Pressure

Resulf
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Figure: Final result and comparison with a global solution on a
supercomputer (Apoung)

JiL

Olivier Pironneau (LJLL) Numerical Zoom for a Multi-Scale Problem College de France 12.10.07 6/34



The Clay Layer with the repository

Figure: A computation within the clay layer only with Dirichlet B.C. from the m
surrounding layers (Apoung-Delpino). Left: a geometrical zoom
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First Numerical Zoom
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Figure: Mesh and Sol of Darcy’s in a portion of the entire site.
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Second Zoom
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Figure: Mesh and Sol around a single gallery capable of evaluating the
impact of a lining around the gallery.
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Last Zoom and upscale comp. of the concentration

Solution
268813 288845 285879 288912 288945

What are the errors in the end? L
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Why Numerical Zoom

Graphical zoom are always needed and is easy when the problem is

solved on the fine mesh

@ Numerical zoom are needed when it is very expensive or
impossible to solve the full problem

@ For instance if the problem has multiple scales
@ Improved precision may be found necessary a posteriori

@ Numerical zoom methods exist:

o Steger’s Chimera method,

e J.L. Lions’s Hilbert space decomposition (HSD),

o Glowinski-He-Rappaz-Wagner’s Subspace correction methods
(SCM), etc.

@ We need error estimates.
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Hilbert Space Decomposition Method (JL. Lions)

Model problem (for instance K = I, f =1+ d(|x — xo|)):
—V(KVv)=finQ, ulr=0

v=U+u, UcH)(Q), ulre H)N)
UM — UM - AWU™ + U™ =FinQ
Bu™t —u") — AU + u™T) = Fin A
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Discretization and Proof of Uniqueness (Brezzi)

Find Uy € Vou ~ H}(Q), un € Von =~ HI(A)
a(Uy + up, Wy + wy) = (f, Wy + wp) YWy € Vo Ywy € Vop

Theorem The solution is unique if there are no vertices belong to both
triangulations.

Proof

If up, = Uy on A then they are linear on A because Au, = AUy and
each is a distribution on the edges. The only singularity, if any, are at
the intersection of both set of edges (which are points), but being in
H~1 it cannot be singular at isolated points. So Aup = AUy|p =0

JiL
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Subspace Correction Method (SCM)
Find Uy € Vou ~ H}(Q), un € Von =~ HI(A)
a(Un + up, Wy + wp) = (f, Wy + wp) YWy € Vo Vwp € Vop

Theorem (Lozinski et al)
If uy is computed with FEM of degree r and uy, with FEM of degree s,
then with g = max{r, s} + 1,

lup + up — ully < c(H'[[ullHa@\ny + h°[|Ull Haqa))

]

: JiL
Iterative process? Inexact quadrature?
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Proof of the Theorem for 2 Zooms (l)
Let ugpy € Vg + Vi + V5, be a solution of:

a(Uupn, Vnr) = (f, VHRR) YVHRR € Vi 4+ Vi + Vy

For some u' € H}(Q), u? € HJ(N), u® € H}(O), we choose
Wy = mpu', wp = mhu?, Wy = TU°, where the 7 are interpolants.
Let Wypn, = Wy + Wh + Wi and Vgpn = Unpn — WHpR- Then

a(u, Vinn) = a(Unhn, VHhe) and o a(Vunn, Vine) = @l — Wnn, Vinn)
Therefore || Vyns|| < |[u — Whpr|| @nd so
lu — Upnnll < [[U — Whnal| + ([ Vsl < 2[|U — Wipg|
Finally, if u' + u? + u® = u,
U — Weps|| < ||’ — V:/H|| + HU22* Wh| + @US — wp|
< C(H||u'[|2 + hllu=]]2 + h[|u|]2)
i
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Proof of the Theorem for 2 Zooms (ll)

Take u'an extension in A of u|g\x . Then
o [lulf2 < llullzn and vl i=u—u' € Hi(A) = [[Vl]2 = [lu— u'[2a-

Next, by taking u? to be an extension in O of v' l\0 We secure
v —v! e Hj(0) and [[t?]2 = [[v!][2n\0-

Now u® :=u—u' —u? = v' — 12 € H}(O) and so ||u3||2 = ||u3]2,0-
This proves that

U — Unpall < C(H||Ull2,00n + Allull2,a 0 + 2l|Ull2,0)

JiL

Olivier Pironneau (LJLL) Numerical Zoom for a Multi-Scale Problem College de France 12.10.07 16/34



Hilbert Space Decomposition with Inexact Quadrature

ap(uy + Uz, Wy + wo) = ap(Uy, wy) + an(Uz, Wo) + an(uq, o) + an(Uo, wy)

]
> |Tx| Vu-Vv o oo
2grids:{T{} {T2} ap(u,v) g/;s 3 T s g7 + id with Ty
The gradients are computed on their native grids at vertices &.
When vertices of T' are sz‘rict/y inside the T! the discrete
Solution is unique and ||u}, + u? — ully < & h(||u|l2 + [|]|2)

u—(ur + wp)
N1 L2 error rate Vv L? error rate
10 | 1.696E — 02 — 2394E _01 | —
20 | 5.044E — 03 1.75 1.204E — 01 | 0.99
40 | 1.129E — 03 2.16 5.596E - 02 | 1.10

Table: Numerical L? and H' errors, and convergence rate. Results are
sensitive to rotation and translation of inner mesh il
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It is an Old Problem: Chimera

From W. A. Wall @

—AU =1, in Q\By,(r) Uloy(r) = U Uloa =0
—Au =1+ 06(x0) in By, (r + p), U|aBXO(r+p) =U

Chimera: Computes

il
which is also Schwarz’ domain decomposition method -
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Harmonic Patch Iterator for Speed-up (Lozinski)

Proximity of vertices could lead to drastically slow convergence =
1: for n=1...N do
2. Find A}, € V§ = {viy € Vou : supp vy C A} such that

a(\fy, 1) = (flv) —a(up ™' ), Vu € Vou

3:  Find uf, € Vou such that

a(ulrzlv V) = <f‘V> - a(u[r77717 V) - a()‘nv V)a Vv e VOH

4:  Find u] € Vpp such that

a(u[,’, v) = (flv) — a(U/rZ/_1a v), Vve Vo

5. Setufl, = up + up
6: end for
Note: with &7 ~' = uf =" + A, is it Schwarz?
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Harmonic Patches
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Discrete one way Schwarz

If the Ap is a submesh of Q4 then the same algorithm is:

—_

. for n=1..Ndo
2:  Find u, — gy € Vo such that

a(ufy, v) = (flv) — ap(w) =", v) + ap(ul ', v), Vv e Vo

3:  Find wf € Vj, such that (ry is a trace interpolation operator)

a(wp,v) = (flv), Yve Von Wlon = rauplon

: end for
. Set

[S20

n wy, in A
Upn = n ;
uy,, outside A
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Implementation in 2D with freefem++ (F. Hecht)

/I embedded meshes with keyword splitmesh

int n=10, m=4;

real x0=0.33,y0=0.33,x1=0.66,y1=0.66;

mesh TH=square (n,n);

mesh Th = splitmesh (TH, (x>x0 && x<xl && y>y0 && y<yl)x*m);

mesh THth = splitmesh (TH, 1+ (x>x0 && x<xl && y>y0 &&
y<yl) = (m-1));

solve aH(U,V) = int2d(TH) (K% (dx (U) xdx (V
+ int2d(Th) (Kx (dx (u) *dx (V) +dy (u) xdy (V) )
- int2d(THh) (K* (dx (Uold) *dx (V) +dy (Uo1ld)
- int2d(TH) (£*V) + on(dOmega, U=qg);

tdy (U) xdy (V) ) )

—_ —

*dy (V)))

JiL
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2D Academic case

K =1 except in a Disk 0.1 in the center where K = 100:

1K (1K)

elsewhere

u=y— %, in the disk = 4
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Figure: The initial mesh Q4 is is divided 4 times in the zoom. Convergence

history for 3 different initial meshes of the unit square: a coarse, medium

(documented in the text) and fine mesh. 3 curves correspond to the errors orm

the mesh H and 3 for the mesh h.
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Figure: Error at each point for the converge solution in A (left) and outside

(right

A on the fine mesh of Fig. The color scales from -0.23 to 0.24 on the

)

left and from -0.08 to 0.08 on the right.
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Embedded Meshes: Relation with Schwarz’ DDM
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Relation with DDM by Schur Complement

vertices = coarse mesh of Qy\A
vertices = coarse mesh of Ay

= coarse mesh vertices at the interface
vertices = extra vertices on the fine mesh of OAp
Black vertices = extra vertices on the fine mesh of Ap,
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FEM with hanging nodes + Discrete Schwarz

A 0 Agz uf y
0 Aoo A23 Ug =f
Aly Ay Ag) \uf!
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One way Schwarz Zoom

a(wy,v) = (flv), Vve Von Wilan = rmuglon
a(uﬂﬂ V) = (flv) — ah(Wﬁ_1a V) + aA(UIZ/_1, V), Yv e Vo

JiL
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Implementation in 3D

The new elements have vertices
(1151778)1 (2I6I579)I (3,7,6,10), (81971014)1
(5,8,9,10), (5,9,6,10), (5,6,7,10), (5,7,8,10)

Vertex and Middle Numbers of an initial tetrahedron
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A 3D case

There are 3 cylindrical galleries making a “Lorraine Cross" : figure ??.
A source term f is added at xo near the center of the main gallery (it is

an exponential function exp(—0.1|x — x|?); the Dirichlet conditions are
set to zero, so the problem simulates a leak at xp.

JiL
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Figure: Hydrostatic pressure in the zoom. On the right H(x, y, z) is changed
into —H(x, y, z) to show the galleries.
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Figure: Two views of the complete zoom geometry and the Hydrostatic
pressure on the boundary with the convention that H is —H in the galleries.
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Conclusion

@ Numerical zooms are inevitable

@ Precision: given by GHLR.
@ With embedded meshes:
@ similar to DDM
e convergence similar to full overlapping Schwarz
@ Advice to code developer: since DDM is built in due to computer
architecture why not add the zoom facility also!

[ Colis primuire
B Béton de colis
O Jeux

O Béton de remplis
O Zone fi
=| O Zone e
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