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Motivation

Motivation

Consider Cauchy problem for the scalar conservation law

{ Oru+ Oxf(u)=0, xR, t>0

_ ,,in
u’t:O =u

eln the linear case f(u) = cu, the solution is u(t,x) = u(x — ct);
it has exactly the same regularity as the initial data v’

olf f is strictly convex and if u" is decreasing on some nonempty
open interval, the Cauchy problem has a local C! solution which
loses C! regularity after some finite time.

Nonlinearity = loss of C' regularity
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Motivation

oP. Lax (CPAM, 1954) proved that

a) for each initial data u™ € L}(R), the Cauchy problem for a
scalar conservation law with strictly convex flux  has a unique
entropy solution u = u(t, x) defined for all (t,x) € Ry x R,

b) for each t > 0, the map L}(R) 2 v+ u(t,-) € L}(R) is
compact

‘ Nonlinearity = limited regularizing effect on the solution ‘
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Scalar conservation laws/One convex entropy The case of a superquadratic convex flux
Degenerate convex fluxes
Proof of regularizing effect

Regularizing effect with one entropy condition |

For f € C?(R), consider the Cauchy problem
{ Oru+0xf(u)=0, xeR, t>0

—_ ,,in
u‘t:O =u

Entropy condition: with C? convex entropy 7

Oen(u) + Oxq(u) = —p

with entropy flux g defined by the formula
atu) = [ W) (v

and entropy production rate p
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Scalar conservation laws/One convex entropy The case of a superquadratic convex flux
Degenerate convex fluxes
Proof of regularizing effect

Regularizing effect with one entropy condition |l

Thm 1:
Let O be a convex open subset of R% x R, and u € L>(O) satisfy
the conservation law and one entropy condition

{8tu+8xf(u) =0,

Aen(u) + Oxq(u) = —p, (t,x) € O

Assume that p is a signed Radon measure on O and that

f"and n” >a>0.

Then u € BY4* (O) i.e. foreach K € O

oo,loc

// u(t+ 5, %+ h) — u(t, x)|*dxdt < Cre([s] + [h])
K
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Scalar conservation laws/One convex entropy The case of a superquadratic convex flux
Degenerate convex fluxes
Proof of regularizing effect

Comparison with known results

eLax-Oleinik estimate dyu(t,x) < 1/at= u € BV)o(R% x R) —
special to scalar cons. laws, space dim. 1, 4 > 0and f” > a > 0)

elLions-Perthame-Tadmor (1994), and later Perthame-Jabin (2002)
prove that u € W,)P(R%. x R) for s < % and 1 < p < 3. Proof is
based on kinetic formulation + velocity averaging.

eDelellis-Westdickenberg (2003): regularizing effect no better than
than B%r’r for r >3 or B,1/3’r for 1 < r < 3, using ONLY that the

entropy production is a bounded signed Radon measure (not > 0)

= Thm1 gives a regularity estimate in the Delellis-Westdickenberg
optimality class
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Scalar conservation laws/One convex entropy The case of a superquadratic convex flux
Degenerate convex fluxes
Proof of regularizing effect

The case of degenerate convex fluxes |

Consider the case where the flux f € C?(R) is convex, but f” is not
uniformly bounded below by a positive constant. More precisely:

f"(v) > 0 for each v € R\ {vi1,...,vp}

DC
P Pw) 2 auly — w5 for v near v, k=1.....n

for some vi,...,v, € Rand a1, (1,...,an, 6, > 0.
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Scalar conservation laws/One convex entropy The case of a superquadratic convex flux
Degenerate convex fluxes
Proof of regularizing effect

The case of degenerate convex fluxes |l

Thm 2:

Assume that f € C?(R) satisfies (DC). Let O be a nonempty
convex open subset of R% x R, and let u € L*°(O) satisfy the
conservation law and one entropy condition

{ Beu+ OxF(u) =0,

Aen(u) + Oxq(u) = —p, (t,x) € O

Assume that p is a signed Radon measure on O and that

n">a>0.

oo,loc
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Scalar conservation laws/One convex entropy The case of a superquadratic convex flux
Degenerate convex fluxes
Proof of regularizing effect

Proof of regularizing effect |

Notation: henceforth, we denote

D(s,)d(t, x) := ¢(t — s5,x — y) — #(t, x)

(7Y

Idea: use a quantitative variant of Tartar's convergence proof of
the vanishing viscosity method by compensated compactness

and
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Scalar conservation laws/One convex entropy The case of a superquadratic convex flux
Degenerate convex fluxes
Proof of regularizing effect

Step |: compensated compactness

Quantitative analogue of the Murat-Tartar div-curl lemma. Set

2= (4n) E=Cen (5ih)

One has E, B € L*°(0) and

{ divex B =0, (conservation law) _
in O

divex E = —D(s )it (entropy condition)

In particular, there exists

m e Lip(O), st. B=JVim
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Scalar conservation laws/One convex entropy The case of a superquadratic convex flux
Degenerate convex fluxes
Proof of regularizing effect

Step |: compensated compactness (seq.)

Let x € C(0O). Applying Green's formula shows that
/ X°E - JD(s,,)Bdtdx = — / X°E - Vi xDys ) mdtdx
o o

— /O(VLXX2) . ED(SJ)FG'th — /(9 X2D(s,y)7TD(s,y):U

Since m € Lip(O), one has

ID(s,y)mlleee < Lip(m)(Is] + ly[) < [[Blle==(Is| + |yl)
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Scalar conservation laws/One convex entropy The case of a superquadratic convex flux
Degenerate convex fluxes
Proof of regularizing effect

Step |: compensated compactness (end)

Therefore, one has the upper bound

/ X°E - JD(s ) Bdtdx < C(|s| + |y|)
@

with C = C (Hu]Loo(oy/ ’M’aX)
supp(x)

which leads to an estimate of the form
/(’) XZ(D(SJ)“ Dys,y)a(u) — Dys,yym(u) D(S,y)f(“))dtdx

< C(Isl+Iyl)

Next we give a lower bound for the integrand in the left-hand side.
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Scalar conservation laws/One convex entropy The case of a superquadratic convex flux
Degenerate convex fluxes
Proof of regularizing effect

Step 2: a pointwise inequality

Lemma: For each v, w € R, assuming ", > a > 0, and that gq
is an entropy flux, i.e.

one has

(w—v)(a(w) = a(v)) = (n(w) = n(W)(F(w) = F(v)) = Hlw - v/*

Remark: Tartar noticed that the quantity above is nonnegative for
a general convex flux f
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Scalar conservation laws/One convex entropy The case of a superquadratic convex flux

Degenerate convex fluxes
Proof of regularizing effect

Proof: WLOG, assume that v < w, and write
(w = v)(g(w) —q(v)) - (W) (w) = £(v))
/ d§/ O (¢)d¢— / d§/ f'(¢
SR )F(Q)ded

=1 [ [ 60 - - Fededc

"¢
23// Ydedc

O
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Scalar conservation laws/One convex entropy The case of a superquadratic convex flux
Degenerate convex fluxes
Proof of regularizing effect

Step 3: conclusion

The inequality in Step 2 with v = u(t,x) and w = u(t + s, x + y)
shows that

D(s,y)u D(s,y)q(u) - D(s,y) ( ) D(sy f(u) > %’D U|4

Inserting this lower bound in the final estimate obtained in Step 1,

0X2!D(s,y)UI4dth < C(Is[ +Iy])

which is the announced B/ / . estimate for the entropy solution u.
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Scalar conservation laws/All convex entropies

Regularizing effect with all convex entropies

Let f € C2(R). Assume that u € L°(R, x R) is a weak solution
of the Cauchy problem

— uln

{ Oru+ 0xf(u)=0, xeR, t>0

u’t:O

satisfying the entropy condition

Den(u) + Drequ) = — / " (v)dm( -, v)

R

for each C? convex entropy 7 with entropy flux g, where m is a
bounded signed Radon measure on R. x R x R.
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Scalar conservation laws/All convex entropies

Kinetic formulation

Equivalently, u satisfies the kinetic formulation of the scalar
conservation law

(K) { WM, + f'(V)OM, =0,m, x,veR, t>0
Mu‘t:O:MUm

where M, is defined by the formula

- +1[0,u](v) ifu>0
Mu(v) = { “,q(v)  ifu<0
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Scalar conservation laws/All convex entropies

Optimal regularizing effect

Thm 3. (F.G. - B. Perthame)

Let f € C?(R) satisfy f” > a > 0 and assume that u = u(t, x) is
an element of L*°(R;. x R) that satisfies the kinetic formulation
(K) with m a signed Radon measure on Ry X R x R. Then

ue B3 (RY xR).

00,loc

According to the counterexample of Delellis-Westdickenberg ('03),
the regularizing effect so obtained is optimal

Corollary Under the same assumptions as above, one also has

uEBl/p’p(R+xR) for each p > 3.

oo,loc
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Scalar conservation laws/All convex entropies

Step 1. Varadhan's interaction identity

Consider the system of PDEs

0tA+0xB=C
atD+axE: F

with compactly supported A, B, C, D, E, F in R x R. Define the
interaction (also used by Tartar, Bony, Cercignani, Ha...)

/ / D(t,y)dxdv

has compact support in R% and therefore

/OOO I'(t)dt =0
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Scalar conservation laws/All convex entropies

Therefore

//RXR(AE— DB)(t, 7)dzdt
__ //RXR C(t, %) </Xoo D(t,y)dy> dxdt
_ //RXR F(t,y) (/_yoo A(t,x)dx) dydt

Apply this with

A(t,x,v) = x(t,x)D(q n
D(t, x,w):= x(t,x)Dq n

u(v)

M
M, (w)

and integrate in v < w
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Scalar conservation laws/All convex entropies

Step 2: pointwise lower bound

Lemma.
For each &, u € R, one has

A(u, ) ::// 1g, (v—w)(d'(v)—a'(w))
X (My(v) = Ma(v))(My(w)—Mag(w))dvdw

> talu— .
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Scalar conservation laws/All convex entropies

Step 3: conclusion

Define
Q:= //// A(t,z,v)E(t,z,w) — D(t,z,w)B(t, z, v))dzdtdvdw

= // x(t, 2)*A(u(t, 2), u(t, z + h))dzdt
By step 2

Q> b [ [ xt.2Plutt.z + ) — u(e,2) ok

while step 1 implies that

= O(|A[)
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Presentation of the system
Weak solutions
Regularizing effect

The polytropic Euler system Sl 6 o (el

Presentation of the polytropic Euler system

Unknowns: p = p(t, x) (density) and u = u(t, x) (velocity field)
Orp + Ox(pu) =0
{ Oe(pu) + Ox (pu® + Kp?) =0
eHyperbolic system of conservation laws, characteristic speeds
My i=u+0p" >u—0p" = A_, With@z\/ﬂz%_l
eAlong C? solutions (p, u), Euler's system has diagonal form
Orwy + A\yO0xwy =0,
{ Orw_ + A\_0xw_ =0,
where wi = wy (p, u) are the Riemann invariants

Wy ::u+p9>u—p9:: w_
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Presentation of the system
Weak solutions
Regularizing effect

The polytropic Euler system Sl 6 o (el

DiPerna’s existence result

eR. DiPerna (1983): for each initial data (p™, u™) satisfying

(0" — p,u™) € C&(R) and p" >0

there exists an entropy solution (p, u) of polytropic Euler s.t.

0<p<p" = sup (5w (", u") —w (o, ")
x€
inf w_(p™, u™) = u, < u < u*=supw,(p™,u™)
x€ER xER

eDiPerna’s argument appliesto vy =1+ ﬁ for each n > 1,
elmproved by G.Q. Chen, by P.-L. Lions, B. Perthame, E. Tadmor,
and P. Souganidis by using a kinetic formulation of Euler’s system
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Presentation of the system
Weak solutions
Regularizing effect

The polytropic Euler system Sl 6 o (el

Admissible solutions

Def: Let O C R% x R open. A weak solution U = (p, pu) s.t.
0<pe<p<p* and wu, <u<u for(t,x)eO
is called an admissible solution on O iff for each entropy ¢,
9ed(U) + 0xp(U) = —p[d]

is a Radon measure such that

I1[8ll a0y < CIID?ll Lo ((pn p ¢ [ ,0%])

eExample: any DiPerna weak solution whose viscous approximation
Uec = (pe, peue) satisfies the uniform lower bound p. > p,. > 0 on O
for each € > 0 is admissible on O.

eExistence of admissible solutions in the large?
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Presentation of the system
Weak solutions
Regularizing effect

The polytropic Euler system Sl 6 1o (el

Regularizing effect for polytropic Euler

Thm 4: Assume that v € (1,3) and let O C R%. x R be open.
Any admissible solution of Euler's system on O satisfies

()t Pt < oMt
//O|(p7u)(t+s,x+)/) (p, u)(t, x)["dxdt < [In(|s| + |y])|?

whenever |s| + |y| < 3.

Rmk: For v = 3, the same method shows that (p, u) € Biﬁfc((’))

Francois Golse Regularizing Effects for Hyperbolic Equations



Presentation of the system
Weak solutions
Regularizing effect

The polytropic Euler system Sl 6 1o (el

Previous results

eFor v = 3, by using the kinetic formulation and velocity averaging,
one has (Lions-Perthame-Tadmor 1994, and Jabin-Perthame 2002)

p,pu€ W P(Rp xR)foralls<i, 1<p<é

e The kinetic formulation for v € (1, 3) is of the form

Oex + Ox[(06 + (1 = 0)u(t, x))x] = Ocem with m >0

and y = [(wy — )€~ wlE  fora= 30

The presence of u(t, x) in the advection velocity — only bounded,
not smooth — forbids using classical velocity averaging lemmas
(Agoshkov, G-Lions-Perthame-Sentis, DiPerna-Lions-Meyer, ... .)
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Presentation of the system
Weak solutions

The polytropic Euler system Rl s it
Sketch of the proof

Remarks on the proof

We use two important features of Euler's polytropic system.
eFact no.1: with 4 = 77_1

)\+ o Wy . _ 1 140 1—40
(A) _“4<W> with A = <1—9 1+9>
and for v € (1, 3) one has 6 € (0,1), leading to the coercivity
estimate

(::EEZD LA <Z) >  (asinh(a) + bsinh(b)) + (1 — 6) x (> 0)

This replaces the pointwise inequality (Step 2) in the scalar case
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Presentation of the system
Weak solutions

The polytropic Euler system Rl s it
Sketch of the proof

Remarks on the proof |l

eFact no.2: Euler’s polytropic system satisfies the relation

oA\ DN
O <)\+—/\—> B <)\— —)\+>

Hence there exists a function A = A(w;, w_) such that

A S
@ o-n) = (725 0 )

so that one can take

Af(wy,wo) = Ay (wy, wo) = eMwew=) — (w, — W_)%

in Lax entropies given in Riemann invariant coordinates by

k
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Presentation of the system
Weak solutions

The polytropic Euler system Rl s it
Sketch of the proof

The case v =3

The kinetic formulation of the isentropic Euler for v = 3 is
Oex +E0xx = Ocem with m >0

with
X(ta X, g) = l[wf(t,x),WJr(t,x)](E)

W:I:(tax) = U(t,X) + %p(t,x)
Pbm: applying the interaction identity requires a lower bound of

[ 6t = n)€ = PPy (e x. 9Dy (e x. m)ded
for ¢ € C*°(R) such that 1(_ ) < & < 1(_oc 20
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Presentation of the system
Weak solutions
Regularizing effect

The polytropic Euler system Sketch of the proof

The case v = 3 (sequel)

For (t,x) and (s, y) given, there are 3 cases

(1) w_(t—s,x—y)<w_(t,x) <wy(t,x) <wy(t—s,x—y)
(2) w_(t,x) <w_(t—s,x—5) <wy(t,x) <wy(t—s,x—y)
(3) wo(t.X) < wi(t.x) < w.(t—s,x—y) < wit—s,x—y)
With {a, b, c,d} ={w(t,x), ws(t +s,x+y)} and a<b<c<d

1[c,d](§) + l[a,b](é) in case (1)

+Dsy x(t, x,§) = { L) (&) — 1pap () in case (2-3)
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Presentation of the system
Weak solutions

The polytropic Euler system Rl s it
Sketch of the proof

The case v = 3 (sequel)

Lemma: Let € > 0 and assume that 1(_. .y < ¢ < 1(_5. o). Then

/ O(€ — m)(E — MPAeat(©) — 1o (€)) Loy () — Lpo.y (m))dEdln
> L(e A (d = Q) + (e A (b a)))
whenever

d—b>1le and c—a>1le.

Rmk: the truncation ¢ and the lower bound on d — b and ¢ — a
are essential; in general

//(5 P (pea(6) — 1) Apeay(7) — Lpoy (m))dEdly

may take negative values
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Presentation of the system
Weak solutions

The polytropic Euler system Rl s it
Sketch of the proof

a b c d

Sign of (11c,q1(§) — 1[a,51())(L[c,a1(7) — Lap)(m)) for [§ —n] < 2e:
blue=positive, red=negative, white=0
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Presentation of the system
Weak solutions

The polytropic Euler system Rl s it
Sketch of the proof

The case v = 3 (sequel)

Therefore
p(t,x) > 1le and p(t+s,x+y) > 1le
imply that
[ o6 = e = 02Dy (e 5 ODey (e x )
> %((e A Ds,yW+)4 + (en Ds,yw,)4)

provided that
1(—5,5) <¢< 1(—26,25) .
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Presentation of the system
Weak solutions

The polytropic Euler system Rl s it
Sketch of the proof

The case v = 3 (end)

Thm 5: Assume that 7 = 3 and let O C R%. x R be open. Any
weak entropy solution of Euler's system on O such that

inf p(t
(t,lxn)eo plt;x) >0

satisfies
p,ue BYYA(0)

0o,loc

i.e. foreach K € O

// lu(t+ 5, %+ h) — u(t, x)|*dxdt < Cre([s] + [h])
K
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Conclusion

Final remarks

ethe Tartar-DiPerna compensated compactness method, which has
been used to prove the existence of weak solutions with large data,
can also give new regularity estimates for hyperbolic (systems of)
conservation laws

ethere remain many open questions in this direction:
(a) extensions to scalar equations in space dimension > 1
(b) handle solutions of polytropic Euler without excluding cavitation

(c) handle a more general class of systems than only the polytropic
Euler system with power pressure law
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