
Boundary kernels for dissipative 
systems 

Shih-Hsien Yu   

Department of Mathematics 

National University of Singapore  

1 

Joint work with Tai-Ping Liu 
 Institute of Mathematics, Academia Sinica,  

Taipei, Taiwan 



Motivation: 
To develop mathematical study on  wave propagation in a system with 
boundary. 

• Cauchy’s problem in whole 
space 
 
 
 

• Initial boundary value problem 
in half space domain. 
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Some Simple Examples. 

ut + aux = 0.

Linear Transport Equation. 

u(x0,t0 ) = u(x0 - at0,0)t

x

x = x0 + a(t - t0 )

ut + aux = 0,   x,t > 0.

Linear Transport Equation in half space. 

x x

t t
a > 0a < 0

u(x0,t0 ) = u(x0 - at0,0) u(x0,t0 ) = u(0,t0 - x0 / a)

x0 = at0

u(x0,t0 ) = u(x0 - at0,0)
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Some Simple Examples. 

utt - uxx = 0

u(x,0) = f (x)

ut (x,0) = g(x)

ì

í
ï

î
ï

D’Alermbert Wave Equation 

t

x

u(x0 ,t0 ) =
1

2
( f (x0 + t0 ) + f (x0 - t0 ))

                                +
1

2
g(y)dy

x0 -t0

x0 -t0

ò

utt - uxx = 0,       x > 0.

u(x,0) = f (x)

ut (x,0) = g(x)

u(0,t) = 0.

ì

í

ï
ï

î

ï
ï

D’Alermbert Wave Equation in Half Space 

(Odd Extension) 

utt - uxx = 0,       x > 0.

u(x,0) = f (x)

ut (x,0) = g(x)

ux(0,t) = 0.

ì

í

ï
ï

î

ï
ï

(Even Extension) 
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Some Simple Examples. 

 

utt - Du = 0

u(
r
x,0) = f (

r
x)

ut (
r
x,0) = g(

r
x)

ì

í
ï

î
ï

D’Alermbert Wave Equation in 3D 

 

u(
r
x0 ,t0 ) =

1

4p t
g(

r
y)dSr

y

|
r
y-

r
x0 |=t

òò

                           +
1

4p t
f (

r
y)dSr

y

|
r
y-

r
x0 |=t

òò
æ

è
ç

ö

ø
÷

t

D’Alermbert Wave Equation in Half Space 

(Odd Extension) (Even Extension) 

 

utt - Du = 0,         x1 > 0

u(
r
x,0) = f (

r
x)

ut (
r
x,0) = g(

r
x)

u(0, x2 , x3,t) = 0.

ì

í

ï
ï

î

ï
ï

 

utt - Du = 0,         x1 > 0

u(
r
x,0) = f (

r
x)

ut (
r
x,0) = g(

r
x)

u
x1 (0, x2 , x3,t) = 0.

ì

í

ï
ï

î

ï
ï

R3

t

(
r
x0 ,t0 )

Kirchhoff’s formula. 
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Some Simple Examples. 

ut - uxx = 0

u(x,0) = f (x)

ì
í
î

Heat Equation 

t

x

u(x0 ,t0 ) =
e

-
(x0 -x)2

4 t0

4p t0

f (x)
-¥

¥

ò dx

                                

ut - uxx = 0,       x > 0.

u(x,0) = f (x)

u(0,t) = 0.

ì

í
ï

î
ï

Heat Equation in Half Space 

(Odd Extension) 

ut - uxx = 0,       x > 0.

u(x,0) = f (x)

ux(0,t) = 0.

ì

í
ï

î
ï

(Even Extension) 

O(1) t0
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Fundamental Solution, Green’s Identity, and Green’s function for 
a Convent Heat Equation 

(¶t + ¶x- ¶xx )u(x,t) = 0,    x > 0,   t > 0,

u(x,0) = d (x- y),

u(0,t) = 0.

Fundamental  Solution :    g(x,t) = e
-

(x-t )2

4t / 4pt

Green's idendity for  v(x,t) º u(x,t)- g(x- y,t) :  

v(x,t) = g(x,t -t )(v(0,
0

t

ò t )- vx(0,t ))dt - gx(x,t -t )
0

t

ò v(0,t )dt

v(0,t ) = -g(-y,t ).

Green's function for (¶t + ¶x- ¶xx)u(x,t) = 0,    x > 0,   t > 0,  u(0,t) = 0.

where 
7 



Dirichlet-Neumann Relationship 

(¶t + ¶x- ¶xx )v(x,t) = 0,    x > 0,   t > 0,

v(x,0) = 0,

v(0,t) = -g(-y,t).

V(x,s) º e-st

0

¥

ò v(x,t)dt,   W(x,s) º e-xx

0

¥

ò v(x,s)dx.

W(x,s) =
(1-x)V(0,s)-Vx(0,s)

s+x -x 2
;   x± =

1± 1+ 4s

2

Laplace-Laplace transformation:   

x > 0,  s>0,

V(x,s) = ex+x (1-x+ )V(0,s)-Vx(0,s)

-(x+ -x- )
+ ex-x (1-x- )V(0,s)-Vx(0,s)

-(x- -x+ )

(1-x+ )V(0,s)-Vx(0,s) = 0. vx(0,t) = -
1

2
(
e

-
t

16

pt
- Erfc(

t

4
))*vt (0,t)
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Dirichlet-Neumann Relationships is valid for boundary value 
problems. 

(¶t + ¶x- ¶xx)v(x,t) = 0,    x > 0,   t > 0,

v(x,0) = 0

V(x,s) º e-st

0

¥

ò v(x,t)dt,   W(x,s) º e-xx

0

¥

ò v(x,s)dx

(1- x+ )V(0,s)-Vx(0,s) = 0.

Example: given Robin Boundary Condition av(0,t)+ vx(0,t) = f (t).

V(0,s) = L( f ) / (1+ a- x+ ),     L( f ) = e-st f (t)dt.
0

¥

ò

v(0,t) = -e
a2

+a

4
t

*
3+ 2a

8
d (t)+

1

2
(

1

p t
-

1

4
Erfc(

t

4
))*¶t )

æ

è
ç

ö

ø
÷ * f (t)
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¶t r + ¶xu = 0,   

¶t u+ ¶x r = ¶xxu,

u(x,0) = r(x,0) = 0,

u(0,t) = ub(t),

ì

í
ï

îï

ì

í
ï

îï

x > 0,   t > 0.
   ,

Fundamental  Solution[Liu- Zeng,1994] :    G(x,t) =
g11 g12

g21 g22

æ

è
ç
ç

ö

ø
÷
÷

| g11 - e- td (x) |,  | gjk |£O(1) e
-

(x-t )2

Ct + e
-

(x+t )2

Ct
æ

è
ç

ö

ø
÷ / t + e

-
|x|+ t

C
ì
í
ï

îï

ü
ý
ï

þï
,    ( j ,k) ¹ (1,1).

Laplace-Laplace transformation:   

R(x,s) = e-st r(x,t)dt
0

¥

ò ,   

T(x,s) = e-xxR(x,s)dx
0

¥

ò

ì

í

ï
ï

î

ï
ï

U(x,s) = e-stu(x,t)dt
0

¥

ò ,   

W(z ,s) = e-xxU(x,s)dx,
0

¥

ò

ì

í

ï
ï

î

ï
ï

Example: Linear Compressible Navier-Stokes Equation in Half-Space 
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s x

x s-x 2

æ

è
ç
ç

ö

ø
÷
÷

T

W

æ

è
ç

ö

ø
÷ =

U(0,s)

R(0,s)-xU(0,s)-Ux(0,s)

æ

è
ç

ö

ø
÷ ,  sR(0,s)+Ux(0,s) = 0.

W(x,s) =
Ux(0,s)+xU(0,s)

x
2

-
s2

1+ s

,

Laplace-Laplace transformation:   

R(x,s) = e-st r(x,t)dt
0

¥

ò ,   

T(x,s) = e-xxR(x,s)dx
0

¥

ò

ì

í

ï
ï

î

ï
ï

U(x,s) = e-stu(x,t)dt
0

¥

ò ,   

W(z ,s) = e-xxU(x,s)dx,
0

¥

ò

ì

í

ï
ï

î

ï
ï

U(x,s) = ex+x Ux(0,s)+x+U(0,s)

x+ - x-

+ ex-x Ux(0,s) +x-U(0,s)

x- - x+

x± = ±s / 1+ s.

Ux(0,s)+x+U(0,s) = 0. ux(0,t) = -
e-t

p t
*ut (0,t).

(Conti.) 

Dirichlet-Neumann Relationship 

11 



The method for solving  initial-boundary value problems: 

ut = P(¶x)u,   u(x,t) ÎRn,  x > 0.

• Subtract (fundamental solution) *(initial data) 
• Take Laplace-Laplace transformation. 
• Compute the roots of the characteristic polynomial 

 
 

• Express the Dirichlet-Neumann relation to obtain the full 
boundary data 

• Use the fundamental solution, Green’s Identity, and full 
boundary data to reconstruct the solution in the interior of the 
space domain. 
 
 

     

det(s- P(x)) = 0 with s>0, Re(x) > 0.
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The method for an initial-boundary value problem: 

ut = P(¶
x1 ,¶x2 ,..,¶xm )u,   u(x1,.., xm,t) ÎRn,  x1 > 0.

• Subtract (fundamental solution)* (initial data)  
• Take Laplace-Laplace transformation. 
• Compute the roots of the characteristic polynomial 

 
 

• Express the Dirichlet-Neumann relation to obtain the full 
boundary data. 

• Use the Fundamental solution, Green’s identity, and full 
boundary datum to reconstruct the solution in the interior of 
space domain. 
 
 

     

det(s- P(x,ih2,..., ihm)) = 0 with s>0, Re(x) > 0,h j ÎR.
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 Example: A 2x2 System in half 2-D Space domain 

(¶t + L¶x)+
¶x ¶y

¶y -¶x

æ

è

ç
ç

ö

ø

÷
÷

- D

æ

è

ç
ç

ö

ø

÷
÷

u(x, y,t)

v(x, y,t)

æ

è
ç

ö

ø
÷ =

0

0

æ

è
ç

ö

ø
÷ ,

t > 0

x > 0

yÎR

u(0, y,t) = ub(y,t);    v(0, y,t) = vb(y,t);   u(x, y,0) = v(x, y,0) = 0.

 

U(x,h,s) = e-st e- iyh

-¥

¥

ò
0

¥

ò u(x, y,t)dydt;  U(x,h,s) = e-xxU(x,h,s)dx
0

¥

ò .

V(x,h,s) = e-st e- iyh

-¥

¥

ò
0

¥

ò v(x, y,t)dydt;  V(x,h,s) = e-xxV(x,h,s)dx
0

¥

ò .

Ub(h,s) = e-st e- iyh

-¥

¥

ò
0

¥

ò ub(y,t)dydt.

Vb(h,s) = e-st e- iyh

-¥

¥

ò
0

¥

ò vb(y,t)dydt.

 

s+ (L +1)x -x 2 +h2 ih

ih s+ (L -1)x - x 2 +h2

æ

è

ç
ç

ö

ø

÷
÷

U

V

æ

è
ç
ç

ö

ø
÷
÷

=
(-x + L +1)Ub -Ux

(-x + L -1)Vb -Vx

æ

è
ç
ç

ö

ø
÷
÷

x=0

,

L Î(0,1).
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U

V

æ

è
ç
ç

ö

ø
÷
÷

=
1

p(x, ih,s)

s+ (L -1)x - x 2 +h2 -ih

-ih s+ (L +1)x -x 2 +h2

æ

è

ç
ç

ö

ø

÷
÷

(-x + L +1)Ub -Ux

(-x + L -1)Vb -Vx

æ

è
ç
ç

ö

ø
÷
÷

x=0

,

Characteristic Polynomial: p(x,ih,s) = (s+ Lx -x 2 +h2 )2 -x 2 +h2

For s> 0,  h ÎR,  the roots are x=x j (h,s),  j=1, 2, 3, 4

Re(x1),  Re(x2 ) > 0 > Re(x3),  Re(x4 ).

(s+ (L -1)x1 - (x1)2 )((-x1 + L +1)Ub -Ux)- ih((-x1 + L -1)Vb -Vx)
x=0

= 0

(s+ (L -1)x2 - (x2 )2 )((-x2 + L +1)Ub -Ux)- ih((-x2 + L -1)Vb -Vx )
x=0

= 0

ì

í
ï

îï

x1 = (s+ Lx1 +
1

4
)1/2 +

1

2

æ

èç
ö

ø÷

2

+h2 ,  x2 = (s+ Lx2 +
1

4
)1/2 -

1

2

æ

èç
ö

ø÷

2

+h2 ,  x3 = - (s+ Lx3 +
1

4
)1/2 -

1

2

æ

èç
ö

ø÷

2

+h2 ,   

x4 = - (s+ Lx4 +
1

4
)1/2 +

1

2

æ

èç
ö

ø÷

2

+h2 .

(Conti.) 

Dirichlet-Neumann Relationship 
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The Boundary Kernel in the Laplace domain 

Ux

Vx

æ

è
ç
ç

ö

ø
÷
÷

x=0

=
K11(h,s;x1,x2 ) K12 (h,s;x1,x2 )

K21(h,s;x1,x2 ) K22 (h,s;x1,x2 )

æ

è
ç
ç

ö

ø
÷
÷

Ub

Vb

æ

è
ç
ç

ö

ø
÷
÷

,

K11(h,s;x1,x2 ) =
-1- (x1)2 - 2x2 - (x2 )2 - x1(2 + x2 ) + s+h2 + L2

1+ x1 + x2 - L

K12 (h,s;x1,x2 ) = -
ih

1+ x1 + x2 - L

K21(h,s;x1,x2 ) = -i
(-(x1)2 + s+h2 + x1(-1+ L))(-(x2 )2 + s+h2 + x2 (-1+ L))

1+ x1 + x2 - L

K22 (h,s;x1,x2 ) =
-1- (x1)2 - 2x2 - (x2 )2 - x1(2 + x2 ) + s+h2 + L2

1+ x1 + x2 - L

(Conti.) 
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Inversion to Space-Time variables 

 

1.    Analytic extend variable  s in  xi (h,s) from s> 0 to sÎSÌ C via p(xi ,h,s) = 0. 

2.    Classify  the roots of p(x,h,s) = 0 into two types: 

       Non-Characteristic root: If xi (h,s) is analytic in s for | s |,|h | 1.

       Characteristic root: otherwise.  

x1(h,s) and  x4 (h,s) :  Non-Characteristic.

x2(h,s) and  x3(h,s) :  Characteristic.
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Non-Characteristic root. 

x1(h,s) =
x1(h,s)- x1(h,0)

s
s+x1(h,0)

                            « L-1 x1(h,s)-x1(h,0)

s

é

ë
ê

ù

û
ú*¶t + x1(h,0)d (t).

C

Re(s) = 0Re(s) = -s 0

L-1 x1(h,s)- x1(h,0)

s

é

ë
ê

ù

û
ú(t)

=
1

2p i
est x1(h,s) - x1(h,0)

s

é

ë
ê

ù

û
úds= O(1)e-s 0t / t .

Re(s)=0

ò

(Conti.) 
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Characteristic root. 

p(x,h,s) = det
s+ (L +1)x - x 2 +h2 ih

ih s+ (L -1)x -x 2 +h2

æ

è

ç
ç

ö

ø

÷
÷

= 0.

x = x2(h,s)« ex2 (h,s)x

0 = det
s + (L +1)iV +V 2 +h2 ih

ih s + (L -1)iV +V 2 +h2

æ

è

ç
ç

ö

ø

÷
÷

.

x2(h,s (V )) = iV « eiVx

 The wave train is written in x and s variables.

 The wave train is written in x and V  variables.

  s  is the spectrum w.r.t. (V ,h).

Comparison on the Laplace variable and the Fourier variable in the normal direction.  

(Conti.) 

The Laplace variable in the normal direction. 

The Fourier variable in the normal direction. 
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G+

eiyh

-¥

¥

ò
1

2p i
est ¶x2(h,s)

¶s
ds

G+ +G-

ò
æ

è
ç

ö

ø
÷ dh

= eiyh

-¥

¥

ò
1

p
cos V 2 +h2( )

1/2

t( )e(- iLV- V 2+h2( ))t
dV

-¥

¥

ò
æ

è
ç

ö

ø
÷ dh =

1

p
e

iyh-iLVt- V 2+h2( )t
cos V 2 +h2( )

1/2

t( )d
(V ,h )ÎR2

òò Vdh

Laplace-Fourier Path Definition: {s (V )ÎC | p(iV ,h,s (V )) = 0,   V ÎR}

The connection between the Laplace-Fourier variable. 

eiyh

-¥

¥

ò
1

2p i
est ¶x2(h,s)

¶s
ds

Re(s)=0

ò
æ

è
ç

ö

ø
÷ dh =

eiyh

-¥

¥

ò
1

2p i
est ¶x2(h,s)

¶s
ds

G+ +G0 +G-

ò
æ

è
ç

ö

ø
÷ dh

The key transform 

G-

G0

Cauchy’s integral formula. 

x2 = iV

x2 = iV

(Conti.) 
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1

p
e

ixV+iyh-iLVt- V 2+h2( )t
cos V 2 +h2( )

1/2

t( )d
(V ,h )ÎR2

òò Vdh = W(x- Lt,y,t),

(¶t

2 - ¶x

2 - ¶y

2 )W = 0

W(x, y,0) =
e

-
x2

+y2

4 t

4p t
 

¶t W(x, y,0) = 0.

ì

í

ï
ï
ï

î

ï
ï
ï

t

R2

 | x |= t

 | x | -t < O(1) t

(Conti.) 
 

More precisely, 

where g satisfies 

Hadamard’s method of decent  
21 



 
1

1+ x1 + x2 - L

q(x,h,s) =  
p(x,h,s)

(x - x1)(x - x4 )
= x 2 + q1(h,s)x + q0 (h,s) = (x -x2 )(x -x3).

 
1

1+ x1 + x2 - L
=

1+ x1 + x3 - L

1+ x1 + x2 - L( ) 1+ x1 + x3 - L( )

=
1+ x1 - q1(h,s) - x2 - L

1+ x1 - L( )
2
- 1+ x1 - L( )q1(h,s) + q0 (h,s)

               =
1+ x1 - q1(h,s) - L

1+ x1 - L( )
2
- 1+ x1 - L( )q1(h,s) + q0 (h,s)

                                         -
-x2

1+ x1 - L( )
2
- 1+ x1 - L( )q1(h,s) + q0(h,s)

The divisor in the Boundary Kernel in the Laplace domain: 
x1(h,s) and  x4 (h,s) :  Non-Characteristic.

x2(h,s) and  x3(h,s) :  Characteristic. 
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Recombination of the boundary kernel 

K11(h,s;x1,x2 ) =
-1- (x1)2 - 2x2 - (x2 )2 - x1(2 + x2 ) + s+h2 + L2

1+ x1 + x2 - L

K12 (h,s;x1,x2 ) = -
ih

1+ x1 + x2 - L

K21(h,s;x1,x2 ) = -i
(-(x1)2 + s+h2 + x1(-1+ L))(-(x2 )2 + s+h2 + x2 (-1+ L))

1+ x1 + x2 - L

K22 (h,s;x1,x2 ) = -
-1+ s+h2 + x2 (-1+ L) + 2L - L2 + x1(-1+ x2 + L)

1+ x1 + x2 - L

x1(h,s) and  x4 (h,s) :  Non-Characteristic

x2(h,s) and  x3(h,s) :  Characteristic

(x - x2 )(x - x3) = x 2 + q1(h,s)x + q0 (h,s)

K11(h,s;x1,x2 ) = A11(h,s) + B11(h,s)x2

K12(h,s;x1,x2 ) = A12 (h,s)+ B12 (h,s)x2

K21(h,s;x1,x2 ) = A21(h,s)+ B21(h,s)x2

K22 (h,s;x1,x2 ) = A22 (h,s) + B22 (h,s)x2

where Aij (h,s),  Bij (h,s) satisfy 

$h0 ,  s 0 > 0  '  " h < h0

Aij (h,s) and Bij (h,s) are analytic for

sÎ{z | Re(s) > -s 0}.
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Long wave component of the boundary kernel on the boundary 

L
-1

e
iyh

-h0

h0

ò K ij (h,s;x1,x2 )Vb(h,s)dh
é

ë

ê
ê

ù

û

ú
ú
(t)

£O(1)
|W(x,z,t -t ) |

t -t
*

(x,z)

e
-

x2 +z2

4(t-t )

t -t

æ

è

ç
ç
ç

ö

ø

÷
÷
÷0

max(
t

2
,t-1)

ò

(x,z)=(-L(t-t ),y)

*
y
| vb(y,t ) | dt

+O(1)

tÎ(max(t-1,
t

2
),t )

|h|<h0

max | V̂b(h,t ) | +O(1) e
-

t-t

C0

0

t

ò ¶t vb(×,t )
Ly
1

+ vb(×,t )
Ly
1

æ

èç
ö

ø÷
dt .

Let  Vb(h,s) and V̂b(h,t) be the Fourier-Laplace transformation and Fourier  

transformation of  an input  function vb(y,t).

For  (i, j ) ¹ (2,1),  
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Energy estimates for short wave components and the global 
wave structure.  

(¶t + L¶x) +
¶x ih

ih -¶x

æ

è
ç
ç

ö

ø
÷
÷

- (¶x

2 -h2 )
æ

è
ç
ç

ö

ø
÷
÷

û(x,h,t)

v̂(x,h,t)

æ

è
ç

ö

ø
÷ =

0

0

æ

è
ç

ö

ø
÷ ,

t > 0

x > 0

h ³h0

û(0,h,t) = ûb(h,t);    v̂(0,h,t) = v̂b(h,t);   û(x,h,0) = v̂(x,h,0) = 0.

¶t

j ¶xû(0,h,t )
2

+ ¶t

j ¶x v̂(0,h,t )
2( )e-h2 (t-t ) dt

0

t

ò

                         £ O(1)
k=0

1

å ¶t

k+ j ûb(h,t )
2

+ ¶t

k+ j v̂b(h,t )
2( )e-h2 (t-t ) dt ,   j = 0,1.

0

t

ò

        

(Short wave component.) 

25 



(conti.) 
(Space-time exponential decay.) 
 

 
-¥

¥

ò e-a (y-bt )

0

¥

ò
u

v

æ

è
ç

ö

ø
÷ i (¶t + L¶x)+

¶x ¶y

¶y -¶x

æ

è

ç
ç

ö

ø

÷
÷

- D

æ

è

ç
ç

ö

ø

÷
÷

u

v

æ

è
ç

ö

ø
÷ dxdy = 0,   a ,b > 0.

-¥

¥

ò ¶g ¶xu(0, y,t )
2

+ ¶g ¶xv(0, y,t )
2( )ea (y-bt )-

a (b-a-1)

4
(t-t )

dydt
0

t

ò

        £ O(1)
k=0

1

å
-¥

¥

ò ¶g ¶t

kub(y,t )
2

+ ¶g ¶t

k vb(y,t )
2( )ea (y-bt )-

a (b-a-1)

4
(t-t )

dydt ,
0

t

ò

where g = (g 1,g 2 ),  ¶g = ¶g 1

t ¶y

g 2

,   g 1 +g 2 ³ 2.

        

 

¶xu(0, y,t) + ¶xv(0, y,t) £ e
-

a |y|

4
-

a (b-a-1)t

8

iO(1)
k=0

1

å
-¥

¥

ò ¶g ¶t

kub(y,t )
2

+ ¶g ¶t

kvb(y,t )
2( )ea (y-bt )-

a (b-a-1)

4
(t-t )

dydt
0

t

ò
æ

è
ç

ö

ø
÷

1/2

                                                                                                   for  y > 2bt.
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The conclusion from the example. 

t

y

(Lt,0,t)

(Lt,0,0)

(0,bt,,t)

(0,-bt,,t)

x

(¶t + L¶x)+
¶x ¶y

¶y -¶x

æ

è

ç
ç

ö

ø

÷
÷

- D

æ

è

ç
ç

ö

ø

÷
÷

u(x, y,t)

v(x, y,t)

æ

è
ç

ö

ø
÷ =

0

0

æ

è
ç

ö

ø
÷ ,

27 


