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Background: Known Estimates Regularity Problem for Navier—Stokes Equation

Bounds on Rate of Growth of Enstrophy
Saturation of Estimates as Optimization Problem

» Navier-Stokes equation (Q = [0, L]9, d = 2,3)

%+(V-V)V+VP7VAV:O, in Q x (0, T]
V.v=0, in Qx (0, 7]
VvV =1\p inQatt=0
Boundary Condition onT x (0, T]

» 2D Case

» Existence Theory Complete — smooth and unique solutions
exist for arbitrary times and arbitrarily large data

» 3D Case

» Weak solutions (possibly nonsmooth) exist for arbitrary times

» Classical (smooth) solutions (possibly nonsmooth) exist for
finite times only
Possibility of “blow—up” (finite—time singularity formation)

» One of the Clay Institute “Millennium Problems” ($ 1M!)
http://wuw.claymath.org/millennium/Navier-Stokes_Equations
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Background: Known Estimates Regularity Problem for Navier—Stokes Equation
Bounds on Rate of Growth of Enstrophy
Saturation of Estimates as Optimization Problem

What is known? — Available Estimates

» A Key Quantity — Enstrophy
e [1vxufan (= [9vB)

» Smoothness of Solutions <= Bounded Enstrophy
(Foias & Temam, 1989) =

NaN

2

max E(t) <oo 177
t€[0,T]
E(0)

ot
» Can estimate dgd(tt) using the momentum equation, Sobolev's
embeddings, Young and Cauchy-Schwartz inequalities,

» REMARK: incompressibility not used in these estimates ....
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Background: Known Estimates Regularity Problem for Navier—Stokes Equation

Bounds on Rate of Growth of Enstrophy
Saturation of Estimates as Optimization Problem

» 2D Case: dE(2) 2
t 2

<
dt — v £(t)

» Gronwall's lemma and energy equation yield V; £(t) < oo
» smooth solutions exist for all times

» 3D Case:

» corresponding estimate not available ....
» upper bound on &(t) blows up in finite time
£(0)
1 4C802,

V3

E(t) <

» singularity in finite time cannot be ruled out!
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Background: Known Estimates Regularity Problem for Navier—Stokes Equation
Bounds on Rate of Growth of Enstrophy
Saturation of Estimates as Optimization Problem

Problem of Lu & Doering (2008), |

» Can we actually find solutions which “saturate” a given

estimate?
» Estimate digt) < c&(t)? at a fixed instant of time t
dé
max (t)

veH(Q), V=0 dt
subject to E(t) = &

where

>
de(t) = —v||Av|3 + / v-Vv.-AvdQ
dt o

> & is a parameter

» Solution using a gradient—based descent method
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Background: Known Estimates

Saturation of Estimates as Optimization Problem

Problem of Lu & Doering (2008), Il

Enstrophy Growth Rate vs Enstrophy
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Background: Known Estimates Regularity Problem for Navier—Stokes Equation
Bounds on Rate of Growth of Enstrophy

Saturation of Estimates as Optimization Problem

dE(t) < c£(t)3 over a

» How about solutions which saturate 7 <

finite time window [0, T]?

max { max E(t)]
voEH(Q), V-v=0 [ t€[0,T]

subject to £(t) = &

where
»

S(t):/otdfls_ﬂdT—i-So

» & is a parameter
> maxco, 7] £(t) nondifferentiable w.r.t initial condition
= non-smooth optimization problem

» In principle doable, but will try something simpler first ...
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Instantaneous Bounds for 1D Burgers Problem
Saturation of Estimates Fin e Bounds for 1D Burgers Problem

nstantaneous Bounds for 2D Navier-Stokes Problem

PROBLEM I

INSTANTANEOUS AND FINITE-TIME
BouNDS FOR GROWTH OF ENSTROPHY
IN 1D BURGERS PROBLEM

joint work with Diego Ayala (McMaster)
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Instantaneous Bounds for 1D Burgers Problem
Saturation of Estimates Finite—Time Bounds for 1D Burgers Problem

Instantaneous Bounds for 2D Navier—Stokes Problem
» Burgers equation (2 =1[0,1], u : R" xQ —R)
ou ou d%u
— +u——v—>=0 in Q
ot Ox Ox?
u(x) = ¢(x) at t=0
Periodic B.C.
Enstrophy : £(t) = %fol lux(x, t)|? dx
» Solutions smooth for all times
» Questions of sharpness of enstrophy estimates still relevant

de(t) 3/ 1\ s
gt fz(ﬂz) 20K
» Best available finite-time estimate

3 N2/ 1 \4/3 3
< L L 3
seyr= [+ () ()] o
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Instantaneous Bounds for 1D Burgers Problem
Saturation of Estimates Finite—Time Bounds for 1D Burgers Problem
Instantaneous Bounds for 2D Navier—Stokes Problem

“Small” Problem of Lu & Doering (2008), |

» Estimate df,(tt) < c&(t)%/3 at a fixed instant of time t
ax d&(t)
ueH(Q) dt
subject to £(t) = &
where
>

2 [ () e

» &y is a parameter

» Solution (maximizing field) found analytically!
(in terms of elliptic integrals and Jacobi elliptic functions)
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Instantaneous Bounds for 1D Burgers Problem
Saturation of Estimates Finite—Time Bounds for 1D Burgers Problem
Instantaneous Bounds for 2D Navier—Stokes Problem

“Small” Problem of Lu & Doering (2008), I

Enstrophy Growth Rate vs Enstrophy
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[dS(t)}

dt

max
—— finite—time estimate

instantaneous estimate is sharp (far from saturated)
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Instantaneous Bounds for 1D Burgers Problem
Saturation of Estimates Finite—Time Bounds for 1D Burgers Problem
Instantaneous Bounds for 2D Navier—Stokes Problem

Finite—Time Optimization Problem (I)

» Statement
max &(T)
pEHY(Q)

subject to £(t) = &

T, & — parameters

» Optimality Condition

L o2y

qu’eHl ;7)(((]3, ()bl) = 7/0 ﬁ dx

u'|
0 t=0

1 92
/ ¢
=T Y |t:T dx )\/0 Ox?

t=|
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Instantaneous Bounds for 1D Burgers Problem
Saturation of Estimates Finite—Time Bounds for 1D Burgers Problem
Instantaneous Bounds for 2D Navier—Stokes Problem

Finite—Time Optimization Problem (II)

» Gradient Descent
) = (M _ T(")Vj((/)(")), n=1,...,
o0 = ¢,

where V.7 determined from adjoint system via H* Sobolev preconditioning
_Outou” &u*

ot ox  Uox

2
u*(x) = —%(x) att=T

=0 in Q

Periodic B.C.

» Step size 7(" found via arc minimization

v ={llol = Eat
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Instantaneous Bounds for 1D Burgers Problem
Saturation of Estimates Finite—Time Bounds for 1D Burgers Problem

Instantaneous Bounds for 2D Navier—Stokes Problem

» Two parameters: T, & (v =1073)

» Optimal initial conditions corresponding to initial guess with
wavenumber m = 1 (local maximizers)

Fixed & = 103, different T Fixed T = 0.0316, different &
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Saturation of Estimates

£

?ﬁaxte[o,'ﬁ E(t) versus T*

10"
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argmax,c(o, 7] &(t) versus &

10

argmaxcpo, 11 €(t) ~ C&O°
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Instantaneous Bounds for 1D Burgers Problem
Finite—Time Bounds for 1D Burgers Problem

Instantaneous Bounds for 2D Navier—Stokes Problem
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Saturation of Estimates

Instantaneous Bounds for 1D Burgers Problem

Finite—Time Bounds for 1D Burgers Problem
Instantaneous Bounds for 2D Navier—Stokes Problem

» Sol'ns found with initial guesses ¢(™(x) = sin(2rmx), m=1,2,...

¢ ()

m=1, & =10° m=2, & = 10°
>

Change of variables leaving Burgers equation invariant (L € Z*):
x=L¢ (xe[0,1], £€0,1/L]), T=t/L?
t
V(7€) = Lu(x(€), 1(7)), &r) = L% (13)

12
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Instantaneous Bounds for 1D Burgers Problem
Saturation of Estimates Finite—Time Bounds for 1D Burgers Problem

Instantaneous Bounds for 2D Navier—Stokes Problem

» Solutions for m =1 and m = 2, after rescaling

6| 3| 4
4
/
4| 2| #
)
2 1 /
- o /
Zo <9 i/
2 z 1 //
7
4 . /
/
/

o 01 02 03 04 05 08 07 08 09 1 © 01 02 03 04 05 06 07 08 09 1

» Using initial guess: ¢(®)(x) = sin(2rmx), m=1, or m =2
O (x) = esin(2rmx) + (1 — €)sin(2mnx), m# n, € > 0

sin(41x) ~ sin(41x)

s n(2T[x)/ 1

» All local maximizers with m = 2,3, ... are rescaled copies of
the m = 1 maximizer
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Instantaneous Bounds for 1D Burgers Problem
Saturation of Estimates Finite—Time Bounds for 1D Burgers Problem

Instantaneous Bounds for 2D Navier—Stokes Problem

Location of Singularities in C from the Fourier spectrum

|| ~ C|lk|™@e?" as k — oo

Im{z}

Z_{k+1}
[ ]

Re{z}

Analyticity strip for a meromorphic function
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Instantaneous Bounds for 1D Burgers Problem
Saturation of Estimates Finite—Time Bounds for 1D Burgers Problem

Instantaneous Bounds for 2D Navier—Stokes Problem

EQ

» RED — instantaneously optimal (Lu & Doering, 2008)
» BOLD BLUE — finite-time optimal (T =0.1)
» DASHED BLUE — finite-time optimal (T = 1)
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aneous Bounds for 1D Burgers Problem
Saturation of Estimates i Time Bounds for 1D Burgers Problem
Instantaneous Bounds for 2D Navier—Stokes Problem

Summary & Conclusions (1)

» Some evidence that optimizers found are in fact global
> Exponentsin  max.cp 1 E(t) = C& as & — o0

theoretical optimal optimal
eoretica (instantaneous) (finite—time)
estimate [Lu & Doering, 2008] [present study]
a 3 1 3/2

» more rapid enstrophy build—up in finite—time optimizers than in
instantaneous optimizers

> theoretical estimate not sharp = finite—time optimizers offer
insights re: refinements required (work in progress)

» Finite—time maximizers (almost) saturate Poincaré’s inequality
(largest kinetic energy for a given enstrophy)
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Instantaneous Bounds for 1D Burgers Problem
Saturation of Estimates Finite—Time Bounds for 1D Burgers Problem

Instantaneous Bounds for 2D Navier—Stokes Problem

PROBLEM II

INSTANTANEOUS BOUNDS FOR
GROWTH OF PALINSTROPHY IN 2D
NAVIER-STOKES PROBLEM

joint work with Diego Ayala (McMaster)
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Instantaneous Bounds for 1D Burgers Problem
Saturation of Estimates Finite—Time Bounds for 1D Burgers Problem

Instantaneous Bounds for 2D Navier—Stokes Problem

» 2D vorticity equation in a periodic box (w = e; - w)

— +J(w, ) =vAw where J(f,g) = f.g, — f,8x

» Enstrophy uninteresting in 2D flows (w/o boundaries)

1d 5 5
—— dQ = — Vw) dQ <0
YT Qw v /Q( w) <
» Evolution equation for the vorticity gradient Vw
oVw

+(u-V)Vw=vAVw+ Vw:-Vu

“STRETCHING” TERM

ot

» Palinstrophy

P(t) = /(Vw(t,x))2 dQ = /(Vmp(t,x))2 dQ
Q Q



Instantaneous Bounds for 1D Burgers Problem
Saturation of Estimates Finite—Time Bounds for 1D Burgers Problem

Instantaneous Bounds for 2D Navier—Stokes Problem

» Estimates for the Rate of Growth of Palinstrophy

LA /Q J(A, ) D> dQ — v /Q (A%)da £ R,(v)

dZEt) < &573 (Doering & Lunasin, 2011)
v
dzgt) < Q12952 (Ayala, 2012)
v

» Using Poincaré’s inequality (may not be sharp)

dP() _ Cpo
dt — v
» Bound on growth in finite time
G Lt

max P(t) < P(0)+ P(0)? (Doering & Lunasin, 2011)

202 1674
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Instantaneous Bounds for 1D Burgers Problem
Saturation of Estimates Finite—Time Bounds for 1D Burgers Problem
Instantaneous Bounds for 2D Navier-Stokes Problem

Are the Instantaneous Estimates for 221 Sharp7

Solve the following problem: for v, &, Pg > 0

R
o v(¥)
subject to: /(Az/))2 dQ =&
Q

/ (VAY)? dQ = Py
Q
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Instantaneous Bounds for 1D Burgers Problem
Saturation of Estimates Finite—Time Bounds for 1D Burgers Problem
Instantaneous Bounds for 2D Navier-Stokes Problem

Some Remarks

» in 2D flows nonlinearities identically vanish for
Yo £ {eigenfunction of A} = J(A¢o, o) =0, R.,(¢) <0

> In the limit Py = P(0) — 0 (equivalently, v — o0)
max |— [ (A%)? dQ}
YEH(Q) [ /Q( ¥)
subject to: / (A)? dQ = &
Q
/ (VAY)?dQ = Po
Q

Quadratic problem = can be solved analytically
(Lagrange multipliers)
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Instantaneous Bounds for 1D Burgers Problem
Saturation of Estimates Finite—Time Bounds for 1D Burgers Problem
Instantaneous Bounds for 2D Navier-Stokes Problem

Simplified Formulation

» Palinstrophy and Enstrophy constraints hard to satisfy exactly —
require projection on intersection of two manifolds in H*()

» Py constraint + Poincaré’s inequality = Upper bound on &

/ (VAY)?dQ =Py

@ — /(A@z})2 dQ < C Py

/¢2 dQ < C /(v¢)2 dQ @
Q Q

» Simpler maximization problem (one constraint)

Ry
. Qﬁ?ﬂ) (v)

subject to: /(VA¢)2 dQ =Py
Q
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antaneous Bounds for 1D Burg Problem
Saturation of Estimates Finite—Time Bounds for 1D Burge roblem
Instantaneous Bounds for 2D Navier-Stokes Problem

Numerical Solution of Maximization Problem

» Discretization of Gradient Flow

dy e B
= v R(0), $(0) = vo

YD) = () — A7) TR (M), (0 = gy
> Gradient in H*(Q) (via variational techniques)

[Id—L8A% V'R, = V2R, (Periodic BCs)
VER, (1) = A% J(AY, ) + DJ(1h, A%) + J(A*), Ap) — 2vA%)

» Constraint satisfaction via arc minimization
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Instantaneous Bounds for 1D Burgers Problem
Saturation of Estimates Finite—Time Bounds for 1D Burgers Problem
Instantaneous Bounds for 2D Navier-Stokes Problem

Results: small Py

-05 L L L L L L L L L
2010
00 0002 0004 0006 0008 0Ol 0012 0014 0016 0018 002
Po

Py — 15102
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Instantaneous Bounds for 1D Burgers Problem
Saturation of Estimates Finite—Time Bounds for 1D Burgers Problem

Instantaneous Bounds for 2D Navier—Stokes Problem

Results: large P

] — Analytical Estimate
] max dt ~CP?

o Power—Law Fit
] max 92 ~ C 731 .58+0.02

10-3 L L L L L L
02 512 5102 51°2 510°2 510°2 510°2 5 10°
Po

wy). PO 1N =256

. i"

o
B
2
o
-2
B
o
0 02 04 05 o0

aixy), PO= 100N =256

xy). PO = 100000, N = 1024

Py~ 10°
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antaneous Bounds for 1D Burgers Problem
Saturation of Estimates inite—Time Bounds for 1D Burgers Problem
Instantaneous Bounds for 2D Navier-Stokes Problem

Results: Vortex Structure (Py = 4.6 - 10°)

X
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Instantaneous Bounds for 1D Burgers Problem
Saturation of Estimates Finite—Time Bounds for 1D Burgers Problem
Instantaneous Bounds for 2D Navier-Stokes Problem

Open Questions

» The role of the second (enstrophy) constraint

» Presence of other nontrivial branches
(found in 3D, but not in 1D case)

» Analytic characterization of the maximizers in the limit
Po — oo (via asymptotic analysis)

A3 [A2J(AY,Y) + AJ(, A%Y) + J(A%Y, Ap)] =0 in Q
where J(f,g) = frg, — f 8«

» Next: saturation of finite—time estimates for  max;>o P(t)
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Instantaneous Bounds for 1D B rs Problem
Saturation of Estimates Finite—Time Bounds for 1D Burgers Problem
Instantaneous Bounds for 2D Navier-Stokes Problem

Summary & Conclusions (I1)

Exponents: Analysis vs. Variational Optimization

ANALYSIS  OPTIMIZATION

1D Burgers instantaneous
[Lu & Doering, 2008] 5/3 5/3
1D Burgers finite—time
[Ayala & Protas, 2011] 3 3/2
2D Navier-Stokes instantaneous ot 5/3

[Doering & Lunasin, 2011; present study]

2D Navier—Stokes finite-time 5 5
[Doering & Lunasin, 2011; present study] )

3D Navier-Stokes instantaneous 3 3
[Lu & Doering, 2008]

3D Navier-Stokes finite—time N/A 7?7?

TMay not be sharp due to Poincaré’s inequality
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Introduction: Universality in Turbulence
Validating KLB via Optimization

Sharpening KLB Theory of 2D Turbulence Results: Full-band Forcing Forcing Consistent with KLB

PROBLEM I11

SHARPENING
KRAICHNAN—-LEITH-BATCHELOR
(KLB) THEORY OF 2D TURBULENCE

Joint Work with:

» Mohammad Farazmand and Nicholas Kevlahan (McMaster)
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Introduction: Universality in Turbulence
Validating KLB via Optimization
Sharpening KLB Theory of 2D Turbulence Results: Full-band Forcing Forcing Consistent with KLB

KLB — A Classical Theory for 2D Turbulence

Kraichnan(1967), Leith(1968) and Batchelor(1969)

P> Forced Navier—Stokes equation

o]
8—:+U-Vu

—Vp+vAu+f

V-u=0

» Homogeneous, Isotropic, Statistically
Stationary Flow

Log E(k)

» Existence of two inertial ranges,
energy and enstrophy inertial ranges
€ = energy dissipation rate

— enstrophy dissipation rate Inverse Energy Forward Enstrophy
n p y p i Cascade = Cascade
ERKk=53 kg < k< kS Y
E(k) X Log k
2/31—3
n?/3k ki <k <ki . K KK 5
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Introduction: Universality in Turbulence
Validating KLB via Optimization
Sharpening KLB Theory of 2D Turbulence Results: Full-band Forcing Forcing Consistent with KLB

Bounds on the Cascade Slopes

P. Constantin, C. Foias & O. Manley, phys. Fluids 6, 427-429, (1994)
C. V. Tran & T. G. Shepherd, physica b 165, 199212, (2002)

10* :
k= ke < k< kS
E(k) 0({ 5 107 _5/\3\\—3 1
k=B K< k<K 2/~
J//j{«‘gg?\
10° b -1 B J

» Band-limited forcing and
No large—scale dissipation

10770 / P . o ~ i
l<a<3 and 3>5 / . ~_
. -5
» Band-limited forcing and 107t o
Large—scale dissipation //

E(k)
\ y
Iy
s ,/
s/
/
/
|
W

10 —
l<a<3 and 3<p03<5 10° Lot
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Introduction: Universality in Turbulence
Validating KLB via Optimization
Sharpening KLB Theory of 2D Turbulence Results: Full-band Forcing Forcing Consistent with KLB

Has this theory been confirmed by experimental data?

NO! .

k
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Introduction: Universality in Turbulence
Validating KLB via Optimization
Sharpening KLB Theory of 2D Turbulence Results: Full-band Forcing Forcing Consistent with KLB

An Optimization Approach

» Does forcing consistent with the KLB theory exist?
» Find it with a Variational Optimization Approach

min J(f)
fe L2(07 T;LQ(Q))

where

1 T
g0 25 [ [ 1k O-E(P dk a5 o riae

k=53 kf < k< kS
Eo(k) 0.8
k=3 kP < k<Kk;
» Solution using adjoint—based methods of PDE—constrained
optimization
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Introduction: Universality in Turbulence
Validating KLB via Optimization

Sharpening KLB Theory of 2D Turbulence Results: Full-band Forcing Forcing Consistent with KLB

Optimal Forcing

107 ‘

10' L w 1 X |
£ 107/ :
e

10° 10* 102

Ef(t7 k) = § K=k ‘f(ta k)’2 dS(k),
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Introduction: Uni ality in Turbulence
Validating KLB v
Sharpening KLB Theory of 2D Turbulence Results: Full-band Forcing Forcing Consistent with KLB

Energy Spectra

10° : ‘
A -5/3
A =
107 . ]
gl ]
bt 10
10° . ]
\
\
1078 L L ¥
10° 10" 10?
k
- - - Conventional Forcing —— Optimal Forcing
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Introduction: Universality in Turbulence
Validating KLB via Optimization
Sharpening KLB Theory of 2D Turbulence Results: Full-band Forcing Forcing Consistent with KLB

Vorticity Fields

Conventional Forcing Optimal Forcing
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Introduction: Universality in Turbulence
Validating KLB via Optimization
Sharpening KLB Theory of 2D Turbulence Results: Full-band Forcing Forcing Consistent with KLB

Energy and Enstrophy “Injection”

-3

x 10

Energy/Enstrophy “injection”



Introduction: Universality in Turbulence
Validating KLB via Optimization
Sharpening KLB Theory of 2D Turbulence Results: Full-band Forcing Forcing Consistent with KLB

Summary & Conclusions (1)

» KLB scaling is feasible with
“appropriate” forcing

> Large—scale energy
dissipation (inherent in
phenomenological theories)
is a part of reconstructed
forcing

» The optimal forcing is not
robust (Navier—Stokes lacks
smooth dependence on the
data — inverse problem is
ill-posed)
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Introduction: Universality in Turbulence
Validating KLB via Optimization
Sharpening KLB Theory of 2D Turbulence Results: Full-band Forcing Forcing Consistent with KLB
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