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Chemotaxis

» biased motion of cells in the direction of a chemical
gradient

» examples: immune response of the body, embryonal
morphogenesis, wound healing, metastasis

» tendency of cells to aggregate is counterbalanced by the
tendency to diffuse

» motion consists of series of runs and tumbles

» mean time for tumbling is much shorter than the mean
time for running; model it as a velocity jump process



The macroscopic point of view: the Keller-Segel
model

O¢n = An— xV - (nVS)
—AS=n

(or S—AS=n

or €0;S=DAS —aS+ (n)

S(t,x) concentration of the chemoattractant
n(t, x) cell density

mass M = /n(t,x)dx is conserved

Global existence or blow-up ?



Some results for the Keller-Segel model

» in d = 1 dimension we have global existence [Osaki-Yagi
2001] [Hillen-Potapov 2004]
» in d = 2 dimensions we have [Jager-Luckhaus 1992]

» global existence if the mass is small
> blow-up in finite time if the mass is large

Blow-up:
d 2 X ) 8
il t, d:4M(1——M) s
i .. |x|“ n(t, x)dx o <0ifM> .

therefore the solution can't be global.



Global existence:

%/npdx: —c/}Vn”/2|2dx+c/np+1dx

Using a Gagliardo-Nirenberg inequality

/np+1dx < cM/}vnP/2|2dx

we get control of f nPdx, if M is small.

This method doesn’t give the optimal M.



Global existence for M < 8w/ [Blanchet-Dolbeault-Perthame
2004, 2006]

E(t) :/ n/ogndx—i—l n(t,x) n(t,y) log|x — y| dxdy
R2 47 R2xR2
d€
— = —/ n |Viogn — xVS|? dx
dt R2

log-HLS inequality with optimal constant [Beckner 1993].

M
— [ nlog ndx+/ n(x)n(y) log |x — y| dxdy > C(M)
2 Jge R2xR?

Combine to get control of [ nlog ndx if M < 8x/x.

M = 8x/x: aggregation in infinite time [Blanchet, Carrillo,
Masmoudi 2008]



Higher Dimensions

If d > 3 then critical space is L9/2

small ||nol|,4/= = global existence

/|x|2 no(x)dx < C (/ no(x)dx) 7 . blowup

[Corrias-Perthame-Zaag 2004] [Corrias-Perthame 2006]



The microscopic point of view:
Othmer-Dunbar-Alt kinetic model

Of +v -V, f = / T[S](t, x, v, vV')f(t,x,v")dV

v

— / T[SI(t, x, v/, v)f(t,x,v)dV,
v

—AS=p :—/ f(t,x,v)dv
%

(or S—AS=p or..)

f(t,x,v) > 0 is the cell density

S(t,x) is the density of the chemoattractant
T[S] > 0 is the turning Kernel

V = velocity space = unit ball

mass conserved, but no energy



Why are kinetic models important?

We can predict the behavior of the population if we know the
behavior of individual cells.

On many occasions only kinetic models can describe
accurately phenomena such as traveling waves in E-coli.

T = \V)K(v,V)
tumbling rate:

t / XN t / X
():1%’(8 V’VN) —%(85 _VSS)

where N is a nutrient, S is the the chemoattractant.
K (v, v') accounts for the persistence of the trajectories.

(PNAS 2011, joint work with J. Saragosti, V.Calvez,
B.Perthame, A.Buguin and P. Silberzan)



Dispersion estimates
[Bardos-Degond 1985], [Castella-Perthame 1996]

hf+v-V,f=0, f(0,x,v) = fo(x,v)

1
()l org < —|t|d(l_l) 1foll Lg1e
q p

1<g<p<

Solution is f(t,x,v) = fo(x — tv, v).

1

[fo(x — tv, V) 1p1s < a1y 1foll a0
t| E

Q=



Strichartz estimates for the kinetic transport
equation
[Castella-Perthame 1996 , Keel-Tao 1998]

Of +v-Vif =g, f(0,x,v)=fhix,v)

If

LrLfLd S ifo L2, + g L g



Global existence results for the O-D-A kinetic
model
e d = 3 [Chalub, Markowich, Perthame, Schmeiser, 2004]

If
T[S](t, x,v, V') S S(t,x + ev) + S(t, x —eV)

then we have global existence of weak solutions.

e d =2 [Hwang, Kang, Stevens 2005]
If
TISI(t.x, v V') < S(Ex + €v) £ [VS(tx + ev)
+ S(t,x —ev') + |VS(t, x — eV')]

then we have global existence of weak solutions.



Using dispersion and Strichartz estimates we can
show:

Theorem

d =3, ||fo||,3- small and

HLi

TISI(t, x, v, v') S S(t,x + v) + [VS(t,x + V)|
+ S(t,x — V') +|VS5(t,x — V)|

—> global existence of weak solutions.

Theorem

d = 3, large data and

T[S|(t, x,v,v') S S(t,x+v)+ S(t,x — V') +|VS(t,x + v)|.
= global existence of weak solutions.



Sketch of the proof of the first Theorem

By Strichartz:
If

L. T IIRHS

<
LiLPLd ~ ||f0 Lk

RHS(t, x,v) = / |VS(t,x — V)| f(t,x,v)dv' + -

< |IVS(t,x — v/)||Lq: If(t, x, v’)||L3/ 4.

Take the LILP norm of both sides:

IRHS (£, %, V)l g1p S IV S x = V) gy [1F(E %, V)] 215,

~Y



|VS(t,x — V,)HL;‘L"; < |IVS(t, x — V')
< [IVS(t, )l 4

< |lp(t, )l
< [[f(t,x, V)l 1py9

!
¢,
L9 14

therefore
IRHS (e, %, )l zug S IF(ex V) [Faes,
Take LY
IRHS (e )l ipizas || 11 CE Vs | = 11 e
t




Sketch of the proof of the second Theorem

f(t,x,v)

t
S/ /|V5(t—s,x—sv+v)|f(t—s,x—sv,v')dv'ds—l—---
0

:/0t|VS(t—s,x—(s—l)v)|,0(t—s,x—(s—1)v—v)ds+---

Apply the dispersion estimate with

1<qg<p<

N W
=}

I
w
N
Q|
|
T | =
N————
A
|_l



1Fllerg <

t
/ [VS(t —s,x— (s =1)v)p(t — s,x = (s = 1)v — V)|l ;pya d5 + -
0

t
1
S/‘ o HVS(t_S?X)p(t_sax_V)HLqu d5+
0 ’5—1‘ <Ly
|
:/ —1le ||VS(t—S,-)||Lq ||10(t_57')||Lpd5+“'
o lIs |

t
1
< M/ = 1t —s,x,v:) || pyg ds 4 - --
0 |S_1| X =V



Turning Kernels without the x + v, x — v/ structure

d = 3, we have global existence in each of the following cases:

v

TISI(t, x, v, V') S 1+ |IS(t, )| 1=

v

TIS(t,%, v, V) S 1+ [[S(t, )= and [|fo]] 2 is small

v

T[S](t, x, v, v') S T+ [IS(t, )|}, where 0 < o < B4

v

T[S)(t, x,v,v') <14 |5(t, )|, still open



d = 2, we have global existence in each of the following cases:

» T[S](t,x,v,V) <
o 1—e¢
L+ [[S(t ) + IVS(t, M s a>0
- T[S)(tx v v') < 1 e (IS(E, Y3 and 0 < o < 1

» o =1and M small (M < 7)



Sketch of the proof of ...

d =3, TISI(tx v, V') S 1+ [IS(t, )l
t
Fleoxr) < [ IS(e= 5. ple = 5. = su)ds -
0

t
o ds
£t %, V)l e S /o [S(t = s, )} [lo(t =5, ) 1a 3/a-1/p)

IS, e < MY [Ip(t, )15

lot, Y < CM) [lo(t, )15



”—+"—, ds
1£(t,x, V)|l pe < ||P HLP $3(1/q—1/p) T

If o« =1then3(1/g—1/p) <1 <= a%+§ > 1, it doesn't
work.

If & < 1 we can find p, g such that
3(1/g-1/p) <1

and



Blow-up for the kinetic model

Let d =2 and
T[S](t,x,v, V') == (v-V5(t,x)),

or
T[SI(t,x,v, V') =|VS5(t,x)| + v - V5(t, x)

(cells always choose ‘good’ directions)

In the spherically symmetric case we can show:
» |If the mass is small we have global existence

» If the mass is large we have blow-up in finite time

» optimal mass?



Sketch of the proof of blow-up

dt2/ Ix|2f(t, x, v)dxdv _// v)dxdv

i 2/ Ix|?f(t, x, v)dxdv =

//||ftx )dxdv

+c// -V S(t, x))+p(t, x)dxdv
—c//x v) |[VS(t, x)| f(t,x, v)dxdv



// Iv|?f(t, x, v)dxdv < M

//(x- V) (v - VS(E %))+ (£, x)dxdy = c/(x VS) pdx = —cM?

//(X v) [VS(t, x)| f(t,x, v)dxdv = Z—f, where P >0

e / Ix|?f(t, x, v)dxdv < ¢ + (cM — cM?)t + ¢(P(0) — P(t))

< c+ (cM — cM?)t + P(0)



Global existence for small mass
We use a comparison argument.

Of +v- -V, f <(v-VS), p

1 r
spherical symmetry implies: VS = (——/ Ap(A)dA)

rJo

~ X

Oef + v - Vif < %/Or)\p(/\)d)\ (X;">7p< M (ﬂ)ip

- 2nr r

Find comparison function k(x, v) such that

fo(x,v) < k(x,v), v-VXk>ﬁ<X.V> /kdv

— 27r r

If M is small then f(t,x,v) < k(x,v) for all t.



Models with Internal variables

[Erban & Othmer, Dolak& Schmeiser, ...]
p(t,x,v,y1, -+ ,yn) density of cells

Oep+v-Vp+V, - (G(y.5)p) =
/ T[S](t7 X7 V? V”y)p(t7 X7 VIJ.y)dV/

— / T[S](t,x, V', v,y)p(t, x, v, y)dV

T =My)K(v,v'), Kbounded , Ay) <1+ |yl
G(y,S)S1+|y|+S*“where0<a<1



Hyperbolic models of chemotaxis

model proposed by Dolak and Hillen, 2003

O +Vp=pVS—j
—AS=p

[Natalini, Di Russo, 2010] Local existence of classical
solutions, Global existence of small solutions, initial data in
H*(RY), s > d/2+1

Proof uses old method of Klainerman combined with recent
estimates of [Natalini et al] for dissipative equations.

Can we improve?



Nonlinear Wave equation

Op+pe = =V (pVS)
p(0) € H*(RY), p.(0) € H**(RY)

Scaling shows that critical s is %.

Can we prove local or global well-posedness at the critical
level?

Low-regularity LWP is related to GWP.

Example: for some nonlinear wave equations with power
nonlinearities Ou = F(u) ~ uP it is possible to prove GWP by
proving LWP in H! (energy class) and using the fact that the
energy is conserved



At the critical regularity, if we can prove LWP then we can
usually also prove GWP for small data.

N
lullx S Do+ T |lullx

if s > critical then o > 0, so assume small T to bootstrap,
hence LWP.

if s = critical then a = 0, so assume small Dy to bootstrap,
hence GWP.

for LWP:

N
[ull (o, 1yxrey < Ntbomll x o, 71xrey + Ul x(p0, 71xm)

so assume small T to get LWP.



Ou=V-(uVS), —AS=u, u(0)c H*, 0,u(0)c H!
Energy estimates:

.
lu()l s < 1u(0) s +/O IV - (uVS)|| s dt

IV - (Y S) s S NNV SHs S Nullps VS oo + -

VSl S VS parzee S llull yaro-se

If s > d/2 — 1= critical + 1 we can bootstrap.



combine energy estimates + Strichartz estimates:
Ou=F, u(0)=up, u(0) =ty
||U||LgL; S Nlwoll e + [l s + ||F”L}H;‘*1

d>2,2<q<o00, 2<r<oo,u>0

2 1 1 1 d d
Sc@d-1)(:-2), =+%= 48
S0 (5-7) a = nt

-
/ [uV S|l s dt < TV? H”a_lL’HBHS
O t X
< T1/2||u||L,?°H§ a_luHLﬁLgo 4o

07 ul| 50 S OO 02y, (e > d/r)

< [[oco~u(0)]

Hu_i_...

. 1
e—1+u:---:crltlca/—|—§+e



X*P spaces (Bourgain, Klainerman and Machedon, KPV,...

lllxso = [lw- (7, )W (7, ) U, ) 2

we (7, &) = 1+ |7 £ [¢]]

Energy estimates become:

IB~F

Xs:b ~ HFl

Strichartz estimates become embeddings:

Xs—1,b—1

HUHL;’L; S llullxse
(Almost) all product estimates are now known:

HUVHXSl by 3 ”uHXSz by ”V||XS3 b3

[D'Ancona, Foschi and Selberg, 2012]

)



By ‘energy estimate’:

Xs:b 5 Do + H@(ua_lu)]

-1
Xs—1,b—1 — Do + ||Ua U‘

| ul bt
Want

Huailu‘ Xs,b—1 S Hqu(S’b

which is the same as
v xso-1 S (el xso [V 5416

By [D'Ancona, Foschi and Selberg] this works provided that
s > critical + 3 (and b = 3/4).



GWP for initial data in BS54, s = critical = n—4

2
n>0o
Following [Tataru] we define, for A\ = 2%, k € Z
Syu(T, &) = s\(7,)u(r,€), sa(r,€) adapted to |7| + |€] ~ A
Pau(€) = pA(€)U(r.€), pa(€) adapted to [¢] ~ A
Gau(7,8) = (1. €)(r,€), ax(r,€) adapted to [|7] — [¢]| ~ A

For fixed spacetime frequency \ let:

lull 2 = > d2 S Cull 2,
’ d

lully, = A~ 1ESaull 3.

lullr, = WSullerz + Nlull sy



Define

1/p
lullgsp = <Z A% HWA)

A
Frequency localized Strichartz:

H|V|_Ueiitlv‘P/\fHL‘jL; SANTe ||P,\f||L§

191777 P oAy, S X [ Perfll



Fy controls L{L:

11917 Sut o, S X7 Il

For proving existence we need something like:

10710 (uotv)| |v

Fs.1 5 ||U Fs,1 Fs:1

Write u =3 Suu, v=>,5,
We need to estlmate

079 (8,007 50) I,

Three cases: 1 << o, 1 = fa, p1 >> .



For py << pp:

1TV (S, 4|V, v)

ly, =

SNSmull ,,

ﬁMIMMJM%

1S\E7 V(S ul VI S,,v) [ligerz
>
<A (I1S\Fllyge + 1PAF s )

n—4
St llule, vy,

relevant only when A < ps.

SISl VIS, VHLle




DI I

>
M2 1 Sp2

<
HUHF“ZHVHFM >

AS 2

e, VIl

S ||U|| § F
~ Fsc,1 ||V|| 5
H2 " .

<
~ ||u||Fsc’1 ||V||F5671



If 111 ~ pp then
|0770 (S,uud 7 S,v) ||y, S ||Sus “aflsuszL%Li

8_15#2‘/”L§L§

ly,

5 ||5u1u||L§L§

n—2 n6
St lule, VI,

_ Sc
= M

ull, VI,
When we sum up we find:

Z}\sc Z ,Uic
A

M1 2

lullpea D D A< VI, S ullpea V] pecs

B2 ASp2

UHFHI HVHF‘Q S

In the remaining case 3 >> 1, we need to decompose
near/away from the cone |7| = [£|.



Blow-up for d = 2, large mass.

Let /(t) = 1 [ |x|?pdx. Then

2
dt J

d?l .
dl
M- &
C C p

cM — 'M? < 0= I(t) <0 in finite time

Therefore, positive solutions of large mass cannot exist
globally.



Open problems

» GWP for n <57

v

Spherical symmetry?

Is there a critical mass in 2 dimensions?

v

v

Other hyperbolic models.



