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Prochains séminaires

Vendredi 17 mars : Quantum Networks of the First Kind 


Gerhard REMPE, Max-Planck Institute of Quantum Optics, Garching, Allemagne 

Vendredi 24 mars : Émulation du modèle de Hubbard étendu aux interactions à longue portée 


François DUBIN, Centre de Recherche sur l’Hétéro-Epitaxie et ses Applications, CNRS, Sophia-Antipolis

Vendredi 31 mars : To thermalize or not?  Slow particle diffusion in Many-Body Localization 


Michael FLEISCHHAUER, University of Kaiserslautern-Landau, Allemagne

Vendredi 7 avril :  
Des doutes d'Einstein aux inégalités de Bell et aux technologies quantiques : la deuxième révolution quantique 


Alain ASPECT, Institut d'Optique-Université Paris-Saclay

Atelier “Open systems in Quantum Many-Body Physics”, vendredi 14 avril, 14h00-18h00
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Le problème à trois corps “à la Efimov”
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Problème à trois corps en 

interaction binaire résonante

V(r12) + V(r23) + V(r31)
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Notion de résonance dans ce contexte :


Les paramètres du potentiel binaires sont 
au seuil d’apparition d’un nouvel état lié  



4

Pourquoi étudier le potentiel en  ?1/r2

Interaction binaire  
à courte portée,  
mais résonante

Interaction effective  
à trois corps à longue portée : 

  V(R) ∝
1

R2

  : hyperrayon R ∝ (r2
12 + r2

23 + r2
31)1/2

propriété  
“émergente”

Vitaly Efimov, 1970

r12
r23

r31
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Buts du cours d’aujourd’hui

Continuer notre exploration du potentiel à un corps en 1/r2

• Quels états liés ? 

Discuter un exemple simple : l’interaction “charge - dipôle électrique”

• Quelle dynamique dans ce potentiel ?

Une symétrie “cachée” (ou symétrie dynamique) : l’invariance conforme

Invariance d’échelle discrète
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Rappel du cours précédent

Equation de Schrödinger  et  paramètre   α =
2mg
ℏ2

+ ℓ(ℓ + 1)

V(r) =
g
r2

On considère une particule en mouvement dans le potentiel  

La solution d’énergie nulle pour  α +
1
4

< 0
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La solution d’énergie nulle dans le potentiel en 1/r2

Cas α +
1
4

< 0
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1
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1.


Les états liés dans un potentiel en 1/r2
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Lien avec les fonctions de Bessel

On cherche une solution de l’équation de Schrödinger d’énergie négative E = −
ℏ2κ2

2m

−
d2u
dr2

+
α
r2

u(r) = − κ2 u(r)

α =
2mg
ℏ2

+ ℓ(ℓ + 1)

u(Ra) = 0

On fait le changement de variable    et de fonction  x = κr y(x) =
u(r)

r
= r ψ(r)

x2 y′￼′￼(x) + x y′￼(x) − (x2 + s2
0) y(x) = 0

et on arrive à :

s0 = α +
1
4

∈ iℝ

   Fonctions de Bessel→

On veut que     quand    :       ψ(r) → 0 r → + ∞ y(x) = Ki|s0|(x)
Fonction de Bessel modifiée de deuxième espèce
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Fonctions d’onde des états liés α +
1
4

< 0 s0 = α +
1
4

∈ iℝ
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α = − 2 α = − 4r ψE=0(r)
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La forme des états liés et leurs énergies

100 101 102 103 104

r/Ra

p
r
 
(r
)

Similarité entre    et  ψE=0(r) ψn(r)
ψE=0

Invariance d’échelle discrète : 


          ψn(r) ⟶ ψn−1(r)

Loi d’échelle sur les énergies : 


         En−1 ≈ λ2 En λ = eπ/|s0|

α = − 4
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Loi d’échelle sur l’énergie des états liés

En ≈
1
λ2

En−1 En ≈
1

λ2n
E0ou encore

Ea ≡
ℏ2

mR2
a

Unité d’énergie :

0 1 2 3 4
10�11

10�8

10�5

10�2

Rang n de l’état propre

|En|
Ea

↵ = �4 (�2 ⇡ 26)

↵ = �2 (�2 ⇡ 116)

Invariance d’échelle discrète très bien vérifiée !

λ = eπ/|s0|

r
V(r) Ra
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Energie de l’état fondamental pour α < − 1/4

10�1 100 101
10�9

10�6

10�3

100

|↵|

|E
0
|/
E

a

Ea ≡
ℏ2

mR2
a

α = − 1/4

approche WKB, valable  
pour |α | ≫ 1/4

r
V(r) Ra Rb

Utilisation de la fonction de Bessel  

quand , i.e. 

Ki|s0|

α + 1/4 → 0− |s0 | → 0

Lien avec la renormalisation : 
Essin & Griffith 2006, Ovdat & Akkermans 2021 
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Quelle valeur donner au paramètre  ?α

A ce stade, paramètre libre

Pour le problème à trois corps identiques d’Efimov, nous verrons (cours 5 et 6)

s0 = α +
1
4 λ = eπ/|s0|

α ≈ − 1.263 s0 ≈ i × 1.00624 λ = eπ/|s0| ≈ 22.7

Facteur d’échelle sur les énergies      :  c’est très grand !λ2 ≈ 515

Pour le problème , nous verrons (cours 3 et 4) que  peut être ajusté via le rapport  mMM α M/m

r12
r23

r31

Facteur d’échelle  plus petit, donc 
plus favorable pour les expériences

λ2



15

2.


L’interaction “charge - dipôle électrique”

charge - charge : V(r) ∼
q1q2

r
dipôle - dipôle : V(r) ∼

D1D2

r3
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Hamiltonien “charge-dipôle”

Energie d’interaction :    V =
q D ⋅ r
4πϵ0r3

=
qD

4πϵ0r2
cos θ

q

D

✓ r

Equation de Schrödinger en coordonnées sphériques

Séparation des variables “angle - rayon”

valeur critique du dipôle ?
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La valeur critique du dipôle pour avoir α = − 1/4

Résolution du problème angulaire : [−∇2
θ + D̃ cos θ] f(θ) = α f(θ)

Un outil commode : les polynômes de Legendre
−∇2

θPn(cos θ) = n(n + 1) Pn(cos θ)

xPn(x) =
n

2n + 1
Pn−1(x) +

n + 1
2n + 1

Pn+1(x)

D̃ =
2mrqD
4πϵ0ℏ2

α

0 0.5 1 1.5 2

�0.5

�0.25

0

D̃c

D̃

↵

D̃c ≈ 1.279

D̃

électron face à une molécule dipolaire : mr ≈ melectron

Dc = 5.5 10−30 C.m = 1.6 Debye
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L’expérience de Desfrançois et al  (1992)

Une molécule dipolaire peut-elle capturer un électron ?

Xe*  +   M                 Xe+   +    M- Xe* :  état de Rydberg avec n de 7 à 70

State-selected Rydberg electron attachment to sulfur hexafluoride clusters 
at different collision energies 

c. Desfrangois, N. Khelifa, A. Lisfi, and J. P. Schermann 
Laboratoire de Physique des Lasers. Universite Paris-Nord. 93430 Villetaneuse. France 

(Received 25 March 1991 j accepted 17 December 1991 ) 

Rate constants for negative-ion formation have been measured for the electron transfer 
reactions between state-selected Rydberg atoms and sulfur hexafluoride clusters at various 
collision energies. At low values of the principal quantum number of the Rydberg atoms, post-
attachment interactions not only lead to Coulombic complex formation and internal to 
translational energy exchange, but also to a new effect which corresponds to an evaporative 
process due to the influence of the positive atomic core upon the negative clusters. 

I. INTRODUCTION 
During recent years, increased attention has been paid 

to negatively charged van der Waals clusters which are of 
interest for ion chemistry, either in the gas phase (atmo-
spheric processes), or in condensed phases (oxydation re-
duction in solutions, biochemistry) and for fundamental 
atomic and molecular physics (solvated electrons). Three 
different techniques for negative cluster production have 
mainly emerged: glow gas discharge in supersonic expan-
sions, low-energy electron-beam bombardment and thermal 
Rydberg electron attachment. The former has been used for 
the creation of new stable species I and to obtain high ion 
yields for further optical studies.2•3 The second technique is 
suitable for dissociative or evaporative attachment processes 
in the electron energy range in between a few tens of me V 
and several eV.4•5 In order to explore the thermal energy 
domain, Kondow and his colleagues6 were the first to use 
Rydberg atoms, formed by electron impact, for cluster stud-
ies. Improved energy resolution has since been achieved with 
laser excitation of state-selected Rydberg atoms.7•8 

In a previous communication, we have reported8 pre-
liminary measurements of principal quantum number n de-
pendence of electron transfer rates for the following process: 

Xe* * (nj) + (SF 6 ) N -+ Xe + + (SF 6 ) N . (l ) 

In this work, we extend our previously communicated 
workS to the study of the influence of the relative collision 
energy on the attachment rates. In Sec. II, our experimental 
setup is presented in more detail and, in Sec. III, our experi-
mental results. In Sec. IV, we discuss these results and com-
pare them with previous data and models. 

II. EXPERIMENT 
A. Apparatus 

A schematic drawing of our experimental setup is dis-
played in Fig. 1. We use an entirely pulsed crossed-beam 
experiment with a pulsed excitation laser and a time-of-flight 
mass spectrometer. 

A differentially pumped pulsed valve (Lasermetrics 
LPV) creates a supersonic beam of xenon atoms [stagnation 
pressure 2 bars; nozzle diameter 0.1 mm; nozzle temperature 
300 K; full width at half maximum (FHWM) 100 ,us]. This 

beam is first submitted to a pulsed and synchronized elec-
tron bombardment (electron energy 100 V; FHWM 150,us) 
and is further collimated. A pair of electric deflection plates 
( ± 1.5 keY) removes the charged species and undesirable 
Rydberg atoms in undefined states. Only ground state and 
metastable xenon atoms penetrate into the collision region. 

A pulsed amplified YAG laser is frequency tripled (35 
m] at 355 nm, 10 ns, 20 Hz) and pumps a tunable dye laser 
(Coumarine 460 and 480) delivering 0.5 to 1 m] per laser 
shot in the 460 to 495 nm tuning range. The laser beam en-
ters a quartz optical fiber (600 ,urn i.d.) and is further fo-
cused into the collision region in order to excite the metasta-
ble xenon atoms towards nj Rydberg states (9..;n..;25). For 
lower n values, the results would be much more difficult to 
interpret due to the dominant influence of the atomic ionic 
core and for n larger than 25, the attachment rates exhibit no 
significant variations. The Y AG laser is synchronized with 
the xenon pulsed valve at the maximum metastable peak 
intensity in the collision region. 

A similar pulsed valve with a 0.1 mm conical nozzle at 
300 K is fed by either neat SF6 , or SF6 (5%) in 7 bars of rare 
gases (He, Ar, Kr, Xe). The produced supersonic beam is 
skimmed 1 em downstream (conical skimmer, entrance 
diam 1 mm) and 10 em downstream crosses, at right angle, 
the atomic and laser beams in the collision region. An inde-

b 
FIG. I. Experimental setup. (a) Cluster pulsed valve. (b) Xenon pulsed 
valve. (c) Xenon beam electron bombardment. (d) Field ionization region 
(3000 VI cm) for destruction of undefined Rydberg atoms and charged par-
ticles removal. (e) Tunable pulsed laser beam. (f) Thermal SF 6 calibration 
inlet. (g) MCP ion detector. 

J. Chern. Phys. 96 (7). 1 April 1992 0021-9606/92/075009-08$06.00 @ 1992 American Institute of Physics 5009 

Xe

Xe*

e-

M

M- détectés par 
spectrométrie 

de masse

M possibles : acétonitrile, cyclohexanone, 
acétone, cyclobutanone, acétaldhyde,…
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Taux de capture de l’électron par la molécule dipolaire

Xe

Xe*

e-

MM

M-

Xe*  +   M                 Xe+   +    M-

VOLUME 73, NUMBER 18 PHYSICAL REVIEW LETTERS 31 OcToBER 1994

We have chosen the study of aldehydes, ketones, and
cyanides since they are closed-shell molecules with avail-
able dipole moments [20], which lie between 2 and
4 D. Some of them, such as acrolein, were directly dis-
carded since their electron affinities were already known
to be positive [4]. For the others, the presence of a dipole-
bound state was experimentally detected by the shape of
the n dependency of the anion formation rate constant.
Pyruvonitrile, for instance, gives birth to previously un-
observed anions with a smooth creation rate n depen-
dency over the whole n = 7 to 70 explored range and
thus behaves like molecules which are known to pos-
sess positive electron affinities [18,19,21]. On the con-
trary, the anions reported here exhibit n dependences of
their creation rates, which are strongly peaked (Fig. 1) as
for the previously reported acetonitrile anion [17]. The
peak n values do not directly correspond to the ther-
moneutral values (equality of the Rydberg atom ioniza-
tion potential and the anion electron-binding energies),
but they are approximately correlated to the molecule
dipole moments p, (small p, values correspond to large
peak n values). In order to ascertain the dipole-bound na-
ture of these anions, field detachment measurements have
been performed. When anions possess very small binding
energies (~1 meV), acceleration and focusing fields are
increased until they are large enough to detach anions to-
tally. The nondetection thus directly provides a measure
of the critical electric detachment field. For larger values
of the electron-binding energies, electric field detachment
is performed by means of a set of three grids perpendic-
ular to the ion path [16]. In both cases we calculate the
quasiclassical tunneling probability of the excel electron
in a bound negative-ion state, with binding energy Eb,
through the potential-energy barrier lowered by the exter-
nal electric field when the molecular dipole moment and
the applied field are antiparallel. We thus obtain experi-
mental Eb values by fitting the experimental field detach-
ment probability curves. In all cases, we observe only one

s 0,4-

10 15 20 25 30 35 40 45 50 55
Rydberg quantum number n

sharp transition in these curves, suggesting that anions are
always created in a single ground state. This confirms
a prediction of Garrett [22] which states that the infinite
number of excited electronic states existing in the fixed
nuclear approximation shrinks to only one for low dipole
values (~3 D) when nuclear motion is included. Criti-
cal detaching fields are determined with a precision better
than 10%, but, as previously discussed [17],the above Eb
determination can be altered by dynamical processes oc-
curring during the field detachment process. Since anion
and neutral configurations are expected to be almost iden-
tical, these Eb values can be considered as estimates of
the adiabatic electron affinities.
The obtained Eb values (Table I) almost cover our

experimental range which is determined by the mini-
mum electric field in the time-of-fiight spectrometer
(15 V/cm) and the maximum detachment field we can
apply (30 kV/cm). For a p, /r2 binding potential, the
critical detachment field F is classically related to the
electron-binding energy Eb by the expression (in a.u.)
27p,F /4 = Eb. Our measured Eb values lie between 0.1
and 17 meV. Even if larger dipole moments correspond
to larger Eb values (e.g., cyanide compounds), rather
different Eb values can be associated with the same dipole
moment p, (see, ketones and trifiuoromethylbenzene).
This tneans that general trends can be deduced from a
large set of measurements while individual Eb values
also depend on specific properties other than p, for each
individual molecule. The lowest molecular dipole giving
an experimentally observed anion is here p, = 2.66 ~
0.06 D (pivaldehyde), while we did not observe propanal
or formaldehyde anions (2.52 and 2.33 D).
Ab initio calculations of such small electron affini-

ties are still very difficult but, as shown by Garrett [3],
rather accurate Eb values can be derived from a pseu-
dopotential method. More recently, Clary described a
simple method leading to accurate energy levels and au-
todetachment widths for dipole-bound anions of sym-
metric top molecules [9]. Along these guidelines, we
performed model calculations as follows. We take the
excess electron-molecule pseudopotential as V(r, 8) =
V~(r, 8) + V (r) + Vsa(r), where r and 8 are the excess
electron cylindrical coordinates with respect to the molec-
ular symmetry axis, and V~, V, and Vsa are the dipo-
lar, charge-induced dipole, and short range potential terms
which are expressed as (in a.u.)

V~(r, 8) = —p, cos8/r for r ) p, /2,
V(r, 8) = 8r cos8/p —for r & p, /2,
V (r) = (a/2r )f(r), —

FIG. 1. The n dependences of relative rate constants for
the formation of acetouitrile (filled triangles), cyclohexanone
(open circles), acetone (open triangles), cyclobutanone (open
squares), aud acetaldhyde (diamonds) anions in collisions ofXe**(nf) atoms.

where

f(r) = 1 —exp[—(r/ru) ],
VsR(r) = Vc exp[—(r/r, ) ].

2437

  grand: 
3.9 Debye
D   moyen: 

2.7 Debye
D

Dtheo.
c = 1.6 Debye

Desfrançois et al, Phys. Rev. Lett. 73, 2436 (1994)
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Energie de liaison de l’édifice M-

VOLUME 73, NUMBER 18 PHYSICAL REVIEW LETTERS 31 OcToaER 1994

TABLE I. Experimental electron binding energies of molecular anions measured by field
detachment. Formaldehyde and propanal anions were not observed (see text).

Molecule

Formaldehyde HCHO
Propanal CH3CH2CHO
Pivaldehyde(CH 3)3CCHO
Butanal CH3(CH2), CHO
Acetaldehyde CH 3CHO
2-butanone CH3CH2COCH3
Trifluoromethylbenzene C7H5F3
Cyclohexanone C6H»O
Acetone CH3COCH 3
Cyclopentanone C5H80
Cyclobutanone C&H60
Methylacrylonitrile CH2CCH3CN
Acrylonitrile CH2CHCN
Acetonitrile CH3CN

p (D)

2.33
2.52
2.66
2.72
2.75
2.78
2.86
2.87
2.88
2.88
2.89
3.69
3.87
3.92

Eb (meV)

( 0.1 (not obs. )( 0.1 (not obs. )
0.50
0.7
0.36
1.0
2.2
3.3
1.5
1.7
1.0
6.3
6.9
1 1.5

As can be seen from these expressions, V„and V van-
ish for r values lower than p, /2 and ro, respectively, while
VsR tends to V, & 0 for r & r„ thus taking into account
the short-range repulsion due the Pauli exclusion princi-
ple. In order to restrict the number of pseudopotential
parameters and because they are not all independent from
each others, we take ro = o. '/ and V, = 1 a.u. , keeping
only p„a, and r, as actual physical parameters. Electron-
binding energies are then calculated using Clary's rota-
tionally adiabatic theory [9] with total angular momentum
J = 0, since Eb does not depend on 1 but only on the
molecular rotational constant B and the above pseudo-
potential parameters. The calculated Eb values are dis-
played in Fig. 2 as a function of the dipole moment p, for
two sets of molecular parameters, together with all known
experimental values from our measurements (Table I),
those of Lineberger et al. for cyanomethyl [7], acetalde-
hyde enolate [8], and alkali halide anions [23] and Bowen
et al. measurement for LiH [24]. The first set of param-
eters (r, = 2.7 a.u. , B = 1 cm ', u = 4 A ) is suitable
for small diatomic anions (such as LiH and LiC1 ), while
the second set (r, = 4.2 a.u. , B = 0.1 cm, u = 8 A )
corresponds to molecular parameters for heavier diatomics
(e.g., CsC1 ) and for most molecules of the present work.
Except for very large polar molecules for which the pa-
rameter r, should be larger than 4.2 a.u. , the two dis-
played curves should correspond to the region inside
which observation of molecular dipole-bound anions can
be expected. If we set a lower physical limit to E& equal
to the rotational constant B, we thus conclude that the
minimum dipole moment required to bind an extra elec-
tron must lie between 2.0 and 2.2 D.
This result is in very good agreement with the original

predictions of Garrett [3] and Crawford [6] who suggested
that "any real gas phase molecule or radical with p, ~ 2 D
probably can bind an electron and almost certainly if

p, & 2.5 D." We might, nevertheless, stress the experi-
mental difficulties which one would encounter in explor-
ing the region between 2.0 and 2.5 D. Light diatomics
with dipole moment in this range do not seem to exist, and
one must then deal with heavy diatomics or polyatomic
molecules for which the corresponding electron-binding
energies should lie between 0.01 and 0.1 meV and with
rotational constants B around O. l cm '. Such weak bind-
ing energies would require external electric fields used
for mass selection lower than 0.5 and 15 V/cm,

10

10
Dipole moment Ij/D

FIG. 2. Electron-binding energies of molecular anions as a
function of parent molecular dipole moments. Solid and dashed
lines correspond to results of pseudopotential calculations, re-
spectively, for "large" and "small" molecules (see text). Down
triangles correspond to excited dipole-bound anions and open
circles to the present work experimental values given in Ta-
ble I. Up triangles are results of ab initio calculations of
nucleic base anions. The solid square and the open dia-
monds correspond to photoelectron spectroscopy experimental
determinations.
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Courbes : deux modélisations possibles de la 
physique à courte distance (notre paramètre )Ra

Cette expérience mériterait d’être reprise avec  
des molécules froides :

Valeur la plus basse mesurée  Debye 
alors qu’on prédit  Debye

D = 2.6
Dc = 1.6

Uniquement un état lié a été détecté alors 
qu’on en attend (naïvement) une infinité

Desfrançois et al, Phys. Rev. Lett. 73, 2436 (1994)
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TABLE I. Experimental electron binding energies of molecular anions measured by field
detachment. Formaldehyde and propanal anions were not observed (see text).

Molecule

Formaldehyde HCHO
Propanal CH3CH2CHO
Pivaldehyde(CH 3)3CCHO
Butanal CH3(CH2), CHO
Acetaldehyde CH 3CHO
2-butanone CH3CH2COCH3
Trifluoromethylbenzene C7H5F3
Cyclohexanone C6H»O
Acetone CH3COCH 3
Cyclopentanone C5H80
Cyclobutanone C&H60
Methylacrylonitrile CH2CCH3CN
Acrylonitrile CH2CHCN
Acetonitrile CH3CN

p (D)

2.33
2.52
2.66
2.72
2.75
2.78
2.86
2.87
2.88
2.88
2.89
3.69
3.87
3.92

Eb (meV)

( 0.1 (not obs. )( 0.1 (not obs. )
0.50
0.7
0.36
1.0
2.2
3.3
1.5
1.7
1.0
6.3
6.9
1 1.5

As can be seen from these expressions, V„and V van-
ish for r values lower than p, /2 and ro, respectively, while
VsR tends to V, & 0 for r & r„ thus taking into account
the short-range repulsion due the Pauli exclusion princi-
ple. In order to restrict the number of pseudopotential
parameters and because they are not all independent from
each others, we take ro = o. '/ and V, = 1 a.u. , keeping
only p„a, and r, as actual physical parameters. Electron-
binding energies are then calculated using Clary's rota-
tionally adiabatic theory [9] with total angular momentum
J = 0, since Eb does not depend on 1 but only on the
molecular rotational constant B and the above pseudo-
potential parameters. The calculated Eb values are dis-
played in Fig. 2 as a function of the dipole moment p, for
two sets of molecular parameters, together with all known
experimental values from our measurements (Table I),
those of Lineberger et al. for cyanomethyl [7], acetalde-
hyde enolate [8], and alkali halide anions [23] and Bowen
et al. measurement for LiH [24]. The first set of param-
eters (r, = 2.7 a.u. , B = 1 cm ', u = 4 A ) is suitable
for small diatomic anions (such as LiH and LiC1 ), while
the second set (r, = 4.2 a.u. , B = 0.1 cm, u = 8 A )
corresponds to molecular parameters for heavier diatomics
(e.g., CsC1 ) and for most molecules of the present work.
Except for very large polar molecules for which the pa-
rameter r, should be larger than 4.2 a.u. , the two dis-
played curves should correspond to the region inside
which observation of molecular dipole-bound anions can
be expected. If we set a lower physical limit to E& equal
to the rotational constant B, we thus conclude that the
minimum dipole moment required to bind an extra elec-
tron must lie between 2.0 and 2.2 D.
This result is in very good agreement with the original

predictions of Garrett [3] and Crawford [6] who suggested
that "any real gas phase molecule or radical with p, ~ 2 D
probably can bind an electron and almost certainly if

p, & 2.5 D." We might, nevertheless, stress the experi-
mental difficulties which one would encounter in explor-
ing the region between 2.0 and 2.5 D. Light diatomics
with dipole moment in this range do not seem to exist, and
one must then deal with heavy diatomics or polyatomic
molecules for which the corresponding electron-binding
energies should lie between 0.01 and 0.1 meV and with
rotational constants B around O. l cm '. Such weak bind-
ing energies would require external electric fields used
for mass selection lower than 0.5 and 15 V/cm,

10

10
Dipole moment Ij/D

FIG. 2. Electron-binding energies of molecular anions as a
function of parent molecular dipole moments. Solid and dashed
lines correspond to results of pseudopotential calculations, re-
spectively, for "large" and "small" molecules (see text). Down
triangles correspond to excited dipole-bound anions and open
circles to the present work experimental values given in Ta-
ble I. Up triangles are results of ab initio calculations of
nucleic base anions. The solid square and the open dia-
monds correspond to photoelectron spectroscopy experimental
determinations.

2438
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3.


Potentiel en  et invariance conforme1/r2

Propriétés également présentes pour

• le gaz de Bose à deux dimensions en champ classique (Pitaevskii & Rosch, 1997) 


• le gaz de Fermi à trois dimensions dans le régime unitaire (Werner & Castin, 2006)

Lev Pitaevskii (1933-2022)
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Invariances pour une particule quantique libre ?

Niederer (1972) : on considère une particule quantique libre, avec l’hamiltonien   Ĥ =
̂p2

2m

Quelles sont les transformations de l’espace et du temps qui laissent cette équation invariante ?

iℏ
∂ψ
∂t

= Ĥ ψ

Question plus générale que la recherche d’une relation entre états propres 

Réponse à 3D : un groupe à 12 paramètres

3 pour les translations

3 pour les rotations

3 pour les changements de repère galiléens

3 types de transformations supplémentaires



23

Les trois transformations “supplémentaires”

Translation dans le temps : r′￼ = r t′￼ = t + t0

Dilatations : r′￼ = λr t′￼ = λ2t

Expansions : r′￼ =
r

γt + 1
t′￼ =

t
γt + 1

La combinaison de ces trois transformations forme un groupe à trois paramètres 

[M] = (γ1 γ2
γ3 γ4)

det(M) = γ1γ4 − γ2γ3 = 1

r′￼ =
r

γ3t + γ4
t′￼ =

γ1t + γ2

γ3t + γ4

Invariance “conforme”
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Invariance conforme

L’invariance conforme trouvée pour la particule libre se généralise telle quelle : 

• au cas d’une particule dans un potentiel en 1/r2

• au cas de  particules en interaction binaire N ∑
i<j

1
r2
ij

et - avec une modification simple - au cas où un potentiel harmonique  est également présent
1
2

mω2r2

Symétrie “cachée” ou symétrie “dynamique”, qui va 
au delà des symétries de translation et de rotation

Génère de nouvelles constantes du mouvement, en plus de l’impulsion et du moment cinétique 

r′￼ =
r

γ3t + γ4
t′￼ =

γ1t + γ2

γ3t + γ4



25

4.

Le cas uni-dimensionnel


Francesco Calogero Bill Sutherland
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Le problème à  corps considéréN

x1 x2 xN−1 xNx3

Ĥ =
N

∑
i=1 ( p2

i

2m
+

1
2

mω2x2
i ) + ∑

i<j

g
(xi − xj)2

Confinement harmonique global 
+ 

interactions binaires répulsives en 1/r2

Quels états propres, quelles énergies ?

g > 0
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Le problème à deux corps

x1 x2

Ĥ =
2

∑
i=1 ( p2

i

2m
+

1
2

mω2x2
i ) +

g
(x1 − x2)2

= ĤCdM + Ĥrel

Mouvement du centre de masse : ĤCdM =
̂P2

2M
+

1
2

Mω2x2 simple oscillateur harmonique, M = 2m

Mouvement relatif : Ĥrel =
̂p2

2mr
+

1
2

mrω2x2 +
g
x2

mr = m/2



28

Etat fondamental du problème à deux corps 1D

x1 x2Ĥrel =
̂p2

2mr
+

1
2

mrω2x2 +
g
x2

On choisit l’unité de longueur pour l’oscillateur harmonique aho = ℏ/mrω

Il faut alors résoudre l’équation aux valeurs propres :

−ψ′￼′￼(x) + (x2 +
α
x2 ) ψ(x) =

2E
ℏω

ψ(x) α =
2mrg

ℏ2

On peut vérifier qu’une solution exacte est :  ψ(x) = xs+1 e−x2/2

avec     solution positive de   :s s2 + s − α = 0

E = ℏω (s +
3
2 )

s = −
1
2

+ α +
1
4

mr = m/2
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Le spectre du problème à deux corps

Etat fondamental : E =
ℏω
2

+ ℏω (s +
3
2 ) = ℏω(s + 2)

Spectre de niveaux équidistants, comme 
pour un pur oscillateur harmonique !

ℏω

ℏω

ℏω

x1 x2

Ĥ =
2

∑
i=1 ( p2

i

2m
+

1
2

mω2x2
i ) +

g
(x1 − x2)2

ECdM Erel

Ψ(x1, x2) = e−2X2 xs+1 e−x2/2 = (x1 − x2)s+1 e−(x2
1+x2

2)
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Le résultat pour le problème à  corps N

x1 x2 xN−1 xNx3Calogero

En = ℏω (n +
N(N − 1)

2
s +

N2

2 )
ℏω

ℏω

ℏω

n = 0

n = 1

n = 2

n = 3

On garde un spectre de niveaux équidistants !!!

Etat fondamental : 

Ψ(x1, …, xN) = ∏
i<j

(xi − xj)
s+1

exp (−∑
i

x2
i /2a2

ho)

Vij =
g

(xi − xj)2
α =

mg
ℏ2

s = −
1
2

+ α +
1
4

> 0

. 

. 

.



31

Dynamique du système 1D

ℏω

ℏω

ℏω

. 

. 

.

|Φ(0)⟩ = ∑
ν

cν |Ψν⟩Etat initial quelconque

|Ψ0⟩

|Ψ1⟩

|Ψ2⟩

|Ψ3⟩

|Φ(t)⟩ = e−iE0t/ℏ ∑
ν

cν e−inνωt |Ψν⟩A l’instant  :t

⟨𝒪̂⟩(t) = ∑
ν,ν′￼

c*ν cν′￼
⟨Ψν | 𝒪̂ |Ψν′￼

⟩ ei(nν−nν′￼)ωt

Evolution de la valeur moyenne d’un opérateur  :𝒪̂

Quantité toujours périodique de période  2π/ω

x1 x2 xN−1 xNx3
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Le mouvement classique à une dimension

t

x
i

(i
=

1,
··
·,

N
)

  particules en interaction répulsive


 

N

Vij =
g

(xi − xj)2

Vitesses incidentes : v1, v2, … , vN

Quelles ont les vitesses finales ?

v′￼i = vN+1−i, i = 1,⋯, N

Réponse : un simple échange !
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Bilan général

Mouvement quantique (ou classique) dans un potentiel en  1/r2

• Cas répulsif (ou attractif faible avec ) : invariance d’échelle continueα > − 1/4

V(r) =
g
r2

α =
mg
ℏ2

+ ℓ(ℓ + 1)

• Cas attractif fort   : régularisation indispensable au voisinage de α < − 1/4 r = 0

Brisure de l’invariance d’échelle continue

Une invariance d’échelle discrète subsiste, avec une suite infinie d’états liés      En < 0

En+1

En
= λ−2 λ = eπ/|s0| s0 = α +

1
4

∈ iℝ

Nombreux résultats exacts liés à une symétrie “cachée” (ou symétrie dynamique)


