
Chapitre 6

L’effet Efimov exploré avec des gaz d’atomes froids
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Ce dernier chapitre est consacré à la description des principales mani-
festations expérimentales de l’effet Efimov dans des gaz d’atomes ultra-
froids. Cette exploration détaillée a été rendue possible grâce aux réso-
nances de diffusion, appelées dans ce contexte résonances de Fano–Feshbach,
qui permettent d’ajuster la longueur de diffusion a à une valeur considé-
rablement plus grande (en valeur absolue) que la portée b des potentiels
inter-atomiques.

Dans ces expériences, la caractérisation des trimères d’Efimov se fait es-
sentiellement par un signal de pertes d’atomes ou de dimères. Le taux de
pertes passe par un maximum ou un minimum en des points bien parti-
culiers du diagramme énergétique E(a) rappelé en figure 1. Nous allons
détailler les processus en jeu en § 1 et montrer comment il a été possible
d’observer les principales caractéristiques de la physique d’Efimov de part
et d’autre de la résonance, ce qui revient à relier la physique pour a < 0 à
celle pour a > 0 (§ 2).

Signalons qu’il est également possible d’utiliser des méthodes de spec-
troscopie (incohérente ou cohérente) basées sur un processus de photo-
association pour étudier différentes facettes de l’effet Efimov. Nous ne
aborderons pas ici et nous renvoyons les lecteurs intéressés vers LOMPE,
OTTENSTEIN et al. (2010), NAKAJIMA, HORIKOSHI et al. (2011), MACHTEY,
SHOTAN et al. (2012), YUDKIN, ELBAZ et al. (2019) et YUDKIN, ELBAZ et al.
(2020).

Les expériences menées entre 2006 et 2010 sur les gaz d’atomes froids
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FIGURE 1. Représentation schématique des énergies E des trimères d’Efimov en
fonction de 1/a (l’échelle n’est pas respectée). Le nombre imaginaire pur s0 a pour
module |s0| = 1.00624 (cf. chapitre 5).

ont révélé une propriété inattendue. On attendait pour le paramètre à trois
corps R0 des valeurs a priori aléatoires, au moins dans le modèle d’inter-
action de portée nulle. En fait, pour les interactions de van der Waals en
r−6 qui sont dominantes dans ce domaine de basse température, on trouve
que le paramètre à trois corps est étroitement lié au rayon de van der Waals,
RvdW = 1

2

(
mC6/~2

)1/4. Nous discuterons l’origine de ce lien en nous ap-
puyant sur le formalisme de l’approche hypersphérique (§ 3).

La dernière partie (§ 4) sera consacrée à la présentation de quelques ef-
fets allant au delà de celui initialement considéré par Efimov. Nous nous
intéresserons notamment au cas des fermions, éventuellement accompa-
gnés d’une particule supplémentaire pour les lier. Notre présentation sera
loin d’être exhaustive ; nous renvoyons donc les lecteurs spécifiquement

intéressés par le problème quantique à petit nombre de corps vers le nu-
méro spécial des Comptes Rendus de Physique de l’Académie des Sciences
de janvier 2011 et vers les articles de revue récents de NAIDON & ENDO

(2017), GREENE, GIANNAKEAS et al. (2017) et D’INCAO (2018).

1 Le taux de recombinaison à trois corps

1-1 Loi d’échelle pour le coefficient L3

La plupart des expériences menées à ce jour sur les gaz d’atomes froids
utilisent un signal de perte d’atomes pour détecter les seuils d’appari-
tion des trimères d’Efimov. Ces pertes se produisent notamment quand
trois atomes (supposés ici être des bosons identiques) sont voisins l’un de
l’autre, avec la possibilité de former une molécule. Pour un gaz atomique
uniforme de densité moyenne ρA, la décroissance du nombre d’atomes NA
obéit alors à la loi

dNA
dt

= −g
(3)

3!
L3ρ

2
ANA. (1)

Dans cette équation, le facteur g(3) rend compte du groupement bosonique
qui doit être pris en compte si le gaz est non-dégénéré (effet Hanburry-
Brown et Twiss) : il correspond à la somme des différentes contributions
liées à la symétrie d’échange des trois bosons et il vaut alors g(3) = 3! =
6. Pour un condensat pur, il n’y a pas de corrélations densité-densité et
g(3) = 1. On pourra consulter KAGAN, SVISTUNOV et al. (1985) et SÖDING,
GUÉRY-ODELIN et al. (1999) pour plus de détails.

Une simple analyse dimensionnelle, éventuellement complétée par un
traitement plus quantitatif (FEDICHEV, REYNOLDS et al. 1996), montre que
dans le cadre des interactions de portée nulle, le coefficient de perte L3

s’écrit comme

L3 = 3C(a)
~a4

m
(2)

Dans cette expression, le coefficient C est un nombre sans dimension dé-
pendant du rapport a/R0, où R0 est le paramètre à trois corps nécessaire
pour régulariser le problème au voisinage de l’origine. En dehors de tout
effet Efimovien, FEDICHEV, REYNOLDS et al. (1996) avaient prédit C = 3.9.
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the measured a− values should begin to deviate from the
universal a− ¼ −9.7rvdW value; see Fig. 1. However, this
conclusion is only tentative due to large experimental
uncertainties in the measured a− [17], unexpected temper-
ature dependence [45], and large systematic uncertainties in
the parameters of the underlying two-body Feshbach
resonance [17,37,38,43]. Although there are intriguing
experimental [15,46–55] and theoretical [52,56–58] results
for the heteronuclear cases, the possible influence of many
additional parameters (mass ratio, quantum statistics, and
inter- and intraspecies scattering lengths) makes the ques-
tion of universality in those systems a topic for an entirely
separate investigation.
In this Letter, we present a precise test of van der Waals

universality near a Feshbach resonance with sres ¼ 2.57
[19], which is intermediate between the narrow (sres ≪ 1)
and broad (sres ≫ 1) regimes. Specifically, we accurately
determine the value of a− by having precise control of
critical experimental parameters such as temperature,
density, and scattering length. Because of our tight control
of both systematic and statistical errors, ours is the first
measurement of a compelling nonuniversal a− value in a
homonuclear Efimov resonance.
A thorough characterization of the Feshbach resonance

and an accurate map of the scattering length are required
for precise determination of the a− value. Accordingly, we
perform high-precision spectroscopy on a pure gas of

Feshbach dimers and accurately determine their binding
energies. This measurement enables us to refine our two-
body model and accurately predict the scattering length in
our Efimov measurements [19]. In other Feshbach reso-
nance studies, methods based on number loss or thermal-
ization rate have occasionally given inconsistent results. By
contrast, dissociation spectroscopy of Feshbach dimers
isolates two-body physics and accurately determines res-
onance properties [59–62].
Precision molecular spectroscopy requires long inter-

rogation times under unperturbed conditions. We stabilize
the magnetic field to the milligauss-level and eject all
unpaired atoms, whose presence affects dimer lifetimes and
complicates the spectroscopy. A pure molecular sample is
prepared by starting with∼105 atoms confined in an optical
dipole trap and a temperature of ∼300 nK. We transfer a
fraction of atoms in the jF ¼ 1; mF ¼ −1i hyperfine state to
the dimer state bymagnetoassociation [63]. Subsequently, all
residual unpaired atoms are blasted away by multiple radio-
frequency (rf) and optical pulses, leaving a pure sample of
∼104 molecules. Lastly, the magnetic field B is ramped to
various values, corresponding to different binding energies,
where we perform rf spectroscopy.
We dissociate molecules by transferring one atom of the

pair from the jF ¼ 1; mF ¼ −1i interacting state to the
jF ¼ 1; mF ¼ 0i imaging state. The final state being nearly
noninteracting enables us to directly probe the dimer
binding energy. Additionally, the transition being magneti-
cally less sensitive near B values of interest allows long
molecular interrogation times, limited only by dimer life-
times, to achieve high spectral resolution. We scan the rf
frequency and measure the transferred fraction, keeping the
pulse energy low to limit saturation effects and dissociate a
maximum 50% of molecules. We fit the measured spectrum
to a functional form given by the Franck-Condon factor of
the bound-free transition [59], and we extract the molecular
binding energy Eb [19,64]. We repeat this procedure to
determine Eb at different magnetic field values, as depicted
in Fig. 2.
The universal expression Eb ¼ ℏ2=ðma2Þ is always

accurate for large enough a. A more refined expression
Eb ¼ ℏ2=½mða − āÞ2%, which introduces the mean scatter-
ing length ā ≈ 0.956rvdW [66], is valid at smaller values of
a as long as a ≫ rvdW=sres [65]. However, such treatments
are inadequate for narrow and intermediate resonances.
To better compare to our experimental data, we developed a
coupled-channel model [19] capable of describing our
high-precision Eb data. We fine-tune the model’s param-
eters, the singlet and triplet scattering potentials, to accu-
rately match most of our measurements to within 1%, as
depicted in Fig. 2’s inset. As a result, we determine a
particular linear combination of the singlet and triplet
scattering lengths of 0.2470aS þ 0.9690aT ¼ 1.926ð2Þa0
[19], further constraining the previously reported values
of aS ¼ 138.49ð12Þa0 and aT ¼ −33.48ð18Þa0 [67,68].
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FIG. 1. Survey of experimental a− values in homonuclear
systems, inspired by [15]. Previous results (blue circles)
[3,17,37,41–45] show a tentative dependence of the a− value
on the Feshbach resonance strength parameter sres. Our meas-
urement (red star; red band in the inset) is the strongest evidence
of departure from the −9.7' 15%rvdW value (dashed line and
gray area) predicted by van der Waals universality [4,5,7,9]. The
inset shows calculations for a− based on a single van der Waals
potential [7] with N ¼ 1 − 7 s-wave two-body bound states
(green squares) and results from our multichannel model [19]
with N ¼ 2 − 5 (black triangles).
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between r and rþ dr in regions of high local velocity@kLðrÞ, which is proportional to [mdr=@kLðrÞ] (m being
the particle mass), the time spent classically in that interval
dr (see Ref. [26]). It is possible that there could be an
additional suppression as well, through quantum reflection
from a potential cliff [27]. Systems supporting many bound
states, such as the neutral atoms used in ultracold experi-
ments with their strong van der Waals attraction, clearly
exhibit this suppression. In general, a finite-range two-
body potential that supports many bound states decreases
steeply with decreasing interparticle distance r, starting
when r=rvdW & 1, at which point the potential cliff plays
a role analogous to a repulsive potential for low-energy
scattering. We demonstrate this fact by showing that the
three-body parameter in the presence of many two-body
bound states roughly coincides with that for a 100% re-
flective two-body model potential, where the two-body
short-range potential well is replaced by a hard sphere.

The starting point for our investigation of the universal-
ity of the three-body parameter is the adiabatic hyper-
spherical representation [18,28]. This representation
offers a simple and conceptually clear description by re-
ducing the problem to the solution of the ‘‘hyperradial’’
Schrödinger equation:

!
$ @2
2!

d2

dR2þW"ðRÞ
"
F"ðRÞþ

X

"0!"

W""0ðRÞF"0ðRÞ¼EF"ðRÞ:

(1)

Here, the hyperradius R describes the overall size of the
system; " is the channel index; ! ¼ m=

ffiffiffi
3

p
is the three-

body reduced mass for particle masses m; E is the total
energy; and F" is the hyperradial wave function. The
nonadiabatic couplings W""0 drive inelastic transitions,
and the effective hyperradial potentials W" support bound
and resonant states. To treat problems with deep two-body
interactions—necessary to see strong inside-the-well sup-
pression—requires us to solve Eq. (1) for two-body model
interactions that support many bound states, a challenge for
most theoretical approaches. Using our recently developed
methodology [29], however, we have treated systems with
up to 100 two-body rovibrational bound states and have
solved Eq. (1) beyond the adiabatic approximation. Here,
the universality of the three-body parameter is analyzed for
a number of model potentials, one of then being the usual
Lennard-Jones potential:

va
#ðrÞ ¼ $C6

r6
ð1$ #6=r6Þ; (2)

where # is adjusted to give the desired value of a and
number of bound states. The other short-ranged potential
models used here, namely, vsch, v

b
# and v

hs
vdW, can be found

in Ref. [26].
Figure 1(a) shows the adiabatic potentialsU" at jaj ¼ 1

obtained using the potential va
# above supporting 25 dimer

bound states. At first glance, it is difficult to identify any
universal properties of these potentials. Efimov physics,
however, occurs at a very small energy scale near the

FIG. 1 (color online). (a) Full energy landscape for the three-body potentials at a ¼ 1 for our va
# model potential. (b) Effective

diabatic potentials W" relevant for Efimov physics for va
# with an increasingly large number of bound states (#&

n is the value of # that
produces a ¼ 1 and n s-wave bound states). The W" converge to a universal potential displaying the repulsive barrier at R ' 2rvdW
that prevents particles’ access to short distances. (c)–(e) demonstrate the suppression of the wave function inside the potential well
through the channel functions !"ðR; $; ’Þ for R fixed near the minima of the Efimov potentials in (b). (c) shows the mapping of the
geometrical configurations onto the hyperangles $ and ’. (d) and (e) show the channel functions, where the ‘‘distance’’ from the origin
determines j!"j1=2, for two distinct cases: in (d) when there is a substantial probability to find two particles inside the potential well
(defined by the region containing the gray disks) and in (e) with a reduced probability—see also our discussion in Fig. 2. In (d) and (e),
we used the potentials vsch and va

#, respectively, both with n ¼ 3.
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FIGURE 2. Recombinaison à trois corps assistée par la formation intermédiaire
d’un état d’Efimov d’énergie quasi-nulle, du côté a < 0 de la résonance (a ≈ a(n)− ).
L’état final contient un dimère fortement lié non décrit par l’approche du pseudo-
potentiel.

Quand on prend en compte les effets liés à la physique d’Efimov, les
processus en jeu dans cette recombinaison à trois corps diffèrent selon que
l’on s’intéresse à la partie a < 0 ou a > 0 et nous allons donc les détailler
dans ce qui suit.

Notons que la mesure de L3 dans un gaz d’atomes froids piégés est gé-
néralement affectée par la température. La limite ∼ ~a4/m est notamment
remplacée par ∼ ~λ4/m quand la longueur d’onde thermique λ devient
inférieure à a. Nous n’aborderons quasiment pas ces effets de température
finie dans ce qui suit et nous renvoyons le lecteur intéressé par exemple
vers REM, GRIER et al. (2013) et EISMANN, KHAYKOVICH et al. (2016), dans
lesquels le chauffage qui accompagne ces processus de recombinaison est
pris en compte dans la dynamique du gaz.

1-2 Partie a < 0 de la résonance.

De ce côté de la résonance, les trimères se forment directement à partir
d’une collision entre trois atomes libres (figure 2). Au seuil de formation, là
où la longueur de diffusion s’approche d’un des a(n)− , ces trimères ont une
énergie quasi-nulle, une grande extension et ils ont donc un recouvrement
fort avec la fonction d’onde des atomes libres. Une fois ce trimère formé,
il peut se désintégrer en relâchant un atome libre et un dimère fortement
lié (non décrit par l’approche pseudo-potentiel, mais bien présent pour les

potentiels interatomiques réels). On s’attend donc à une augmentation de
L3 autour de chaque valeur a = a

(n)
− .

Cet effet a été initialement prédit par ESRY, GREENE et al. (1999a) et
on trouvera des références détaillées dans les articles de revue récents de
NAIDON & ENDO (2017), GREENE, GIANNAKEAS et al. (2017) et D’INCAO

(2018). L’analyse de la recombinaison à trois corps et de la formation de
dimères fortement liés conduit à l’expression suivante 1 pour le coefficient
L3 (BRAATEN & HAMMER 2004) :

a < 0 : C(a) ≈ C ′ sinh(2η)

sin2
[
|s0| ln(a/a

(0)
− )
]

+ sinh2 η
(3)

avec C ′ ≈ 4590. Ce résultat dépend d’un paramètre ajustable, le nombre
sans dimension η, appelé paramètre d’inélasticité.

La signification physique du paramètre η est relativement simple : pour
tenir compte des pertes à trois corps et établir le résultat (3), on résout
l’équation de Schrödinger pour la fonction d’onde hyperradiale φ(R) en
modifiant la condition aux limites aux courtes distances. Jusqu’ici, nous
avons posé pour R� |a|, k−1 :

φ(R) ∼ 1√
R

sin [|s0| ln(R/R0)] ∼ 1√
R

[
ei|s0| ln(R/R0) − e−i|s0| ln(R/R0)

]
(4)

où les deux termes à l’intérieur du crochet peuvent s’interpréter comme les
ondes sortantes et entrantes dans une collision à trois corps : dans cette col-
lision, l’hyperrayon a initialement une valeur grande devant toutes les lon-
gueurs caractéristiques du problème. Il décroît vers des valeurs de l’ordre
de la portée des potentiels, ce qui correspond à la situation physique où les
trois particules sont relativement proches l’une de l’autre. Il repart ensuite
vers l’infini, ce qui signifie qu’au moins une des trois particules est loin des
deux autres. La description d’une collision inélastique se fait en imposant
au flux de sortie de la collision d’être strictement inférieur au flux entrant,
ce qui revient à poser la condition aux limites :

φ(R) ∼ 1√
R

[
e−2η ei|s0| ln(R/R0) − e−i|s0| ln(R/R0)

]
. (5)

1. La structure de cette expression est très voisine de celle donnant la transmission d’une
cavité optique Fabry-Perot, connue sous le nom de fonction d’Airy. Cette similarité n’est bien
sûr pas fortuite, les deux problèmes étant formellement similaires.
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FIGURE 3. Coefficient normalisé de pertes par recombinaison à trois corps,
C(a) ≡ L3/(3~a4/m), du côté a < 0 de la résonance avec η = 0.1 (trait continu
bleu), η = 0.3 (trait tireté rouge) et η = 1 (trait pointillé noir).

La détermination de (3) à partir de cette nouvelle condition aux limites est
décrite par BRAATEN & HAMMER (2004) et BRAATEN & HAMMER (2006).

Le paramètre η varie selon les espèces atomiques et la force des transi-
tions conduisant vers les dimères fortement liés. On vérifiera sur la figure
3 que ce coefficient L3 (normalisé par la valeur "nue" 3~a4/m) passe par un
maximum pour toutes les valeurs de a égales à un des a(n)− (l’argument du
sinus est alors un multiple de π).

On définit la longueur de recombinaison (ESRY, GREENE et al. 1999a) :

ρ3 = (µL3/~)
1/4 (6)

où µ = m/
√

3 est la masse réduite à trois corps. On s’attend à ce que les
résonances décrites ci-dessus ne soient bien visibles que si cette longueur
est plus faible que la longueur d’onde thermique des particules, ce qui im-
pose de travailler avec des gaz suffisamment froids (voir par exemple la
figure 9). Cette condition est plus difficile à remplir pour les trimères exci-
tés que pour le trimère fondamental n = 0, puisque L3 augmente avec n

1

the measured a− values should begin to deviate from the
universal a− ¼ −9.7rvdW value; see Fig. 1. However, this
conclusion is only tentative due to large experimental
uncertainties in the measured a− [17], unexpected temper-
ature dependence [45], and large systematic uncertainties in
the parameters of the underlying two-body Feshbach
resonance [17,37,38,43]. Although there are intriguing
experimental [15,46–55] and theoretical [52,56–58] results
for the heteronuclear cases, the possible influence of many
additional parameters (mass ratio, quantum statistics, and
inter- and intraspecies scattering lengths) makes the ques-
tion of universality in those systems a topic for an entirely
separate investigation.
In this Letter, we present a precise test of van der Waals

universality near a Feshbach resonance with sres ¼ 2.57
[19], which is intermediate between the narrow (sres ≪ 1)
and broad (sres ≫ 1) regimes. Specifically, we accurately
determine the value of a− by having precise control of
critical experimental parameters such as temperature,
density, and scattering length. Because of our tight control
of both systematic and statistical errors, ours is the first
measurement of a compelling nonuniversal a− value in a
homonuclear Efimov resonance.
A thorough characterization of the Feshbach resonance

and an accurate map of the scattering length are required
for precise determination of the a− value. Accordingly, we
perform high-precision spectroscopy on a pure gas of

Feshbach dimers and accurately determine their binding
energies. This measurement enables us to refine our two-
body model and accurately predict the scattering length in
our Efimov measurements [19]. In other Feshbach reso-
nance studies, methods based on number loss or thermal-
ization rate have occasionally given inconsistent results. By
contrast, dissociation spectroscopy of Feshbach dimers
isolates two-body physics and accurately determines res-
onance properties [59–62].
Precision molecular spectroscopy requires long inter-

rogation times under unperturbed conditions. We stabilize
the magnetic field to the milligauss-level and eject all
unpaired atoms, whose presence affects dimer lifetimes and
complicates the spectroscopy. A pure molecular sample is
prepared by starting with∼105 atoms confined in an optical
dipole trap and a temperature of ∼300 nK. We transfer a
fraction of atoms in the jF ¼ 1; mF ¼ −1i hyperfine state to
the dimer state bymagnetoassociation [63]. Subsequently, all
residual unpaired atoms are blasted away by multiple radio-
frequency (rf) and optical pulses, leaving a pure sample of
∼104 molecules. Lastly, the magnetic field B is ramped to
various values, corresponding to different binding energies,
where we perform rf spectroscopy.
We dissociate molecules by transferring one atom of the

pair from the jF ¼ 1; mF ¼ −1i interacting state to the
jF ¼ 1; mF ¼ 0i imaging state. The final state being nearly
noninteracting enables us to directly probe the dimer
binding energy. Additionally, the transition being magneti-
cally less sensitive near B values of interest allows long
molecular interrogation times, limited only by dimer life-
times, to achieve high spectral resolution. We scan the rf
frequency and measure the transferred fraction, keeping the
pulse energy low to limit saturation effects and dissociate a
maximum 50% of molecules. We fit the measured spectrum
to a functional form given by the Franck-Condon factor of
the bound-free transition [59], and we extract the molecular
binding energy Eb [19,64]. We repeat this procedure to
determine Eb at different magnetic field values, as depicted
in Fig. 2.
The universal expression Eb ¼ ℏ2=ðma2Þ is always

accurate for large enough a. A more refined expression
Eb ¼ ℏ2=½mða − āÞ2%, which introduces the mean scatter-
ing length ā ≈ 0.956rvdW [66], is valid at smaller values of
a as long as a ≫ rvdW=sres [65]. However, such treatments
are inadequate for narrow and intermediate resonances.
To better compare to our experimental data, we developed a
coupled-channel model [19] capable of describing our
high-precision Eb data. We fine-tune the model’s param-
eters, the singlet and triplet scattering potentials, to accu-
rately match most of our measurements to within 1%, as
depicted in Fig. 2’s inset. As a result, we determine a
particular linear combination of the singlet and triplet
scattering lengths of 0.2470aS þ 0.9690aT ¼ 1.926ð2Þa0
[19], further constraining the previously reported values
of aS ¼ 138.49ð12Þa0 and aT ¼ −33.48ð18Þa0 [67,68].
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FIG. 1. Survey of experimental a− values in homonuclear
systems, inspired by [15]. Previous results (blue circles)
[3,17,37,41–45] show a tentative dependence of the a− value
on the Feshbach resonance strength parameter sres. Our meas-
urement (red star; red band in the inset) is the strongest evidence
of departure from the −9.7' 15%rvdW value (dashed line and
gray area) predicted by van der Waals universality [4,5,7,9]. The
inset shows calculations for a− based on a single van der Waals
potential [7] with N ¼ 1 − 7 s-wave two-body bound states
(green squares) and results from our multichannel model [19]
with N ¼ 2 − 5 (black triangles).
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between r and rþ dr in regions of high local velocity@kLðrÞ, which is proportional to [mdr=@kLðrÞ] (m being
the particle mass), the time spent classically in that interval
dr (see Ref. [26]). It is possible that there could be an
additional suppression as well, through quantum reflection
from a potential cliff [27]. Systems supporting many bound
states, such as the neutral atoms used in ultracold experi-
ments with their strong van der Waals attraction, clearly
exhibit this suppression. In general, a finite-range two-
body potential that supports many bound states decreases
steeply with decreasing interparticle distance r, starting
when r=rvdW & 1, at which point the potential cliff plays
a role analogous to a repulsive potential for low-energy
scattering. We demonstrate this fact by showing that the
three-body parameter in the presence of many two-body
bound states roughly coincides with that for a 100% re-
flective two-body model potential, where the two-body
short-range potential well is replaced by a hard sphere.

The starting point for our investigation of the universal-
ity of the three-body parameter is the adiabatic hyper-
spherical representation [18,28]. This representation
offers a simple and conceptually clear description by re-
ducing the problem to the solution of the ‘‘hyperradial’’
Schrödinger equation:

!
$ @2
2!

d2

dR2þW"ðRÞ
"
F"ðRÞþ

X

"0!"

W""0ðRÞF"0ðRÞ¼EF"ðRÞ:

(1)

Here, the hyperradius R describes the overall size of the
system; " is the channel index; ! ¼ m=

ffiffiffi
3

p
is the three-

body reduced mass for particle masses m; E is the total
energy; and F" is the hyperradial wave function. The
nonadiabatic couplings W""0 drive inelastic transitions,
and the effective hyperradial potentials W" support bound
and resonant states. To treat problems with deep two-body
interactions—necessary to see strong inside-the-well sup-
pression—requires us to solve Eq. (1) for two-body model
interactions that support many bound states, a challenge for
most theoretical approaches. Using our recently developed
methodology [29], however, we have treated systems with
up to 100 two-body rovibrational bound states and have
solved Eq. (1) beyond the adiabatic approximation. Here,
the universality of the three-body parameter is analyzed for
a number of model potentials, one of then being the usual
Lennard-Jones potential:

va
#ðrÞ ¼ $C6

r6
ð1$ #6=r6Þ; (2)

where # is adjusted to give the desired value of a and
number of bound states. The other short-ranged potential
models used here, namely, vsch, v

b
# and v

hs
vdW, can be found

in Ref. [26].
Figure 1(a) shows the adiabatic potentialsU" at jaj ¼ 1

obtained using the potential va
# above supporting 25 dimer

bound states. At first glance, it is difficult to identify any
universal properties of these potentials. Efimov physics,
however, occurs at a very small energy scale near the

FIG. 1 (color online). (a) Full energy landscape for the three-body potentials at a ¼ 1 for our va
# model potential. (b) Effective

diabatic potentials W" relevant for Efimov physics for va
# with an increasingly large number of bound states (#&

n is the value of # that
produces a ¼ 1 and n s-wave bound states). The W" converge to a universal potential displaying the repulsive barrier at R ' 2rvdW
that prevents particles’ access to short distances. (c)–(e) demonstrate the suppression of the wave function inside the potential well
through the channel functions !"ðR; $; ’Þ for R fixed near the minima of the Efimov potentials in (b). (c) shows the mapping of the
geometrical configurations onto the hyperangles $ and ’. (d) and (e) show the channel functions, where the ‘‘distance’’ from the origin
determines j!"j1=2, for two distinct cases: in (d) when there is a substantial probability to find two particles inside the potential well
(defined by the region containing the gray disks) and in (e) with a reduced probability—see also our discussion in Fig. 2. In (d) and (e),
we used the potentials vsch and va

#, respectively, both with n ¼ 3.
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FIGURE 4. Recombinaison à trois corps assistée par la formation intermédiaire
d’un état d’Efimov d’énergie quasi-nulle, du côté a > 0 de la résonance. L’état
final fait intervenir le dimère faiblement lié d’énergie −~2/ma2. Le taux de re-
combinaison normalisé C(a) présente des minima (a(n)+ ) et des maxima (a(n)p )
correspondant à un processus d’interférence entre les différents canaux condui-
sant à cet état final. Contrairement au cas a < 0, le calcul de ce taux peut être
fait entièrement dans le cadre du modèle du pseudo-potentiel et il ne nécessite pas
l’introduction d’un paramètre supplémentaire (en dehors de R0).

(l’expression de L3 fait intervenir a4).

1-3 Partie a > 0 de la résonance.

Dans ce cas, l’existence du dimère faiblement lié d’énergie −~2/ma2
ouvre une nouvelle voie de recombinaison à trois corps (figure 4) : trois
atomes libres entrant en collision peuvent donner naissance à un de ces
dimères, le troisième atome repartant de manière isolée. Un tel processus
peut être analysé entièrement dans le cadre de notre approche en terme
de pseudo-potentiel, puisqu’il ne fait pas intervenir d’états fortement liés.
Le résultat du calcul du coefficient L3 ne fait donc pas intervenir de para-
mètre ajustable (contrairement au cas a < 0 où η intervient) et on trouve
(ESRY, GREENE et al. 1999b ; BEDAQUE, BRAATEN et al. 2000 ; PETROV 2004 ;
BRAATEN & HAMMER 2007a ; D’INCAO 2018) :

a > 0 (dimères faiblement liés) : C(a) ≈ C ′′ sin2

[
|s0| ln

(
a

a
(1)
+

)]
(7)
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avec 2

a
(0)
+ ≈ 0.20 a

(1)
∗ C ′′ ≈ 67.1. (8)

L’annulation de ce taux pour les valeurs a(n)+ = a
(0)
+ enπ/|s0| s’inter-

prète comme un effet d’interférence destructive entre les différents che-
mins conduisant à la production du dimère lors d’une collision de trois
atomes. Dans un tel processus, l’hyperrayon est initialement très grand,
il décroît, puis repart à l’infini. Plusieurs canaux correspondant aux po-
tentiels hypersphériques peuvent avoir simultanément une contribution
significative et le terme en sin2[· · · ] de (7) peut être compris comme une os-
cillation de Stückelberg, résultant du couplage entre ces différents canaux.
L’article de revue de D’INCAO (2018) fournit une description détaillée de
ces différents chemins.

Notons qu’on trouve également dans la littérature la notation a(n)p pour
le maximum de la fonction sin2[· · · ] intervenant dans (7). Chaque maxi-
mum a

(n)
p est à mi-chemin (en coordonnées logarithmiques) entre deux

minima successifs a(n)+ et a(n+1)
+ , et on a donc :

a(n)p = a
(n)
+

√
22.7 ≈ a

(n+1)
∗ . (9)

La variation de C(a) pour a > 0 est tracée en figure 5.

1-4 Lien entre les deux côtés de la résonance.

Dans le régime universel, on peut relier les points remarquables côté
a < 0, c’est-à-dire les valeurs seuils a(n)− pour l’existence d’un trimère, et les
points remarquables côté a > 0, c’est-à-dire le croisement ‘dimère-trimère’
a
(n)
∗ , ou encore le minimum du taux de recombinaison à trois corps a(n)+ .

Le résultat de BRAATEN & HAMMER (2006) [leurs équations (200) et (201)]
affiné par GOGOLIN, MORA et al. (2008) [leur équation (19)] donne :

a
(n)
−

a
(n)
∗
≈ −21.31 (10)

2. Nous repérons ici a(0)+ par rapport à a(1)∗ au lieu de a(0)∗ . En effet, quand on va au delà
de la limite de portée nulle et qu’on considère un potentiel réel de type van der Waals, la
branche du trimère n = 0 ne croise pas la branche du dimère, ce qui entraîne que le point
a
(0)
∗ est repoussé à l’infini (voir la discussion à la fin de § 2-1).

100 101 102
0

20

40

60

a/a
(1)
+

C
(a
)

FIGURE 5. Coefficient normalisé de pertes par recombinaison à trois corps,
C(a) ≡ L3/(3~a4/m), du côté a > 0 de la résonance. La valeur de a(n)+ est
≈ 4.5 a

(n)
∗ ≈ 0.20 a

(n+1)
∗ , où a(n)∗ désigne le point de rencontre entre dimère et la

n-ème branche du trimère. Dans le modèle qui conduit à cette prédiction, la recom-
binaison se fait uniquement vers le dimère faiblement lié qui existe de ce côté-ci de
la résonance.

ce qui signifie que a(n)− est en fait proche (en valeur absolue) de a(n+1)
∗ :

a
(n)
−

a
(n+1)
∗

≈ −0.939 = − 1

1.065
. (11)

On déduit de cette relation le lien entre a− et a+, qui sont les quantités les
plus facilement accessibles à partir de la mesure du taux de recombinaison
à trois corps entre atomes du gaz :

a
(n)
−

a
(n)
+

= −4.7 (12)

Ces principales relations sont récapitulées sur la figure 6, extraite de XIE,
GRAAFF et al. (2020).
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In this Letter, we instead work with an intermediate-
strength Feshbach resonance in 39K, centered at 33.5820
(14) G and with width 54.772 G [31]. Too weak to obey van
der Waals universality, our resonance gives rise to a
correspondingly smaller re, and a larger magnitude að0Þ−
[31]. The Efimov features hence tend to occur at higher
values of jaj=re, away from the yellow zone. We have
carefully characterized four distinct triatomic Efimov
features associated with a single Feshbach resonance, an
unprecedented achievement. For each measured feature, we
study the temperature dependence of its location in order to
extract a T → 0 value, thus minimizing the hazard repre-
sented by the purple zone. These four locations yield three
independent ratios which give a measure of redundancy
(see Fig. 1). We identify three of these features which are
arranged in Efimov universal ratios and one (the one at the
lowest value of jaj) which is distinctly nonuniversal.
Further confidence in our experimental observables comes
from excellent agreement with our theoretical analysis,
performed using a complete two-body coupled-channel
model and a realistic three-body model built upon hyper-
spherical adiabatic representation, which incorporates the

proper hyperfine structure and a variable number of singlet
and triplet two-body bound states [31–33].
The Efimov feature for a < 0 (the triatomic resonance)

was studied in our previous work [31]. Here, for a > 0, we
first discuss the atom-dimer scattering resonance, which
manifests as enhanced atom-dimer inelastic decay rate,
βAD. After the evaporative cooling in a pancake-shaped
crossed dipole trap, we end up with a spin-polarized cloud
at various temperatures. An admixture of atoms and dimers
is generated by magnetoassociation of the dimers and
followed by a step to precisely control the atom density.
We then hold the samples at different magnetic fields and
track the populations of the dimers as they either break
apart on their own or react with free atoms. The dimers in
nonground Zeeman sublevels are known to dissociate
spontaneously and spin flip into d-wave exit channels
[44,45]. This decay process contributes to a background
loss of dimers as shown in Fig. 2(a). The pure dimer
lifetime shows a peak around a ¼ 65a0. We calculate this
lifetime using coupled-channel methods [46–48] and find
that the position and height of the peak are very sensitive
to interference between different d-wave decay paths.

FIG. 1. Efimov universality. The bottom panel shows trimer (EðnÞ
t ) and dimer (Ed) energies as a function of a−1, with energy levels

distorted to make clearer the resonance locations. The nth trimer is resonant with three free atoms at a ¼ aðnÞ− , and with the dimer at
a ¼ aðnÞ$ . The middle panel depicts the rate coefficients for inelastic collisions. The three-body recombination coefficient L3 peaks at
each value of aðnÞ− , while the atom-dimer relaxation coefficient βAD peaks at each value of aðnÞ$ . The entire structure is log-periodic with
period 22.7. For a > 0, L3=a4 shows quantum interference, with each local maximum aðnÞp spaced from the corresponding local
minimum aðnÞþ by

ffiffiffiffiffiffiffiffiffi
22.7

p
. Each value of aðnÞp is related to the corresponding aðnÞ− by a factor of exactly −1, but is offset from the nearest

value of a$ by 6.5%. Going from relative to absolute values of a requires a single absolute scale indicated by the oval circle. All these
ratios are for the zero-range limit; the dashed curves suggest the possibility of perturbations as jaj enters the region, indicated by yellow
shading, where it is not large compared to the effective range re. The range of the yellow zone may be “adjusted” by choosing atomic
species with different re. The purple shading represents regions of large jaj that are prone to systematic effects such as those caused by
finite temperature and density.
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FIGURE 6. Liens entre les côtés a < 0 et a > 0 pour les principales caractéris-
tiques de la physique d’Efimov. Figure extraite de XIE, GRAAFF et al. (2020).

2 Observation des principales caractéristiques

2-1 Première observation sur le césium

Dans le domaine des gaz d’atomes froids, la première mise en évidence
claire d’un effet Efimov a été faite par KRAEMER, MARK et al. (2006). L’ex-
périence a été menée sur un gaz de césium préparé dans son état hyperfin 3

le plus bas |f = 3,mf = 3〉 autour d’une résonance de Feshbach. L’atome
de césium se prête bien à ce type d’expériences pour deux raisons :

— La longueur de diffusion "de fond" abg, c’est-à-dire bien en dehors
d’une résonance [cf. cours 2020-21], est grande devant la portéeRvdW :
a ≈ 2200 a0 ≈ 20RvdW, ce qui assure qu’on aura généralement affaire
à des résonances larges, pour lesquelles l’universalité liée à la descrip-

3. Rappelons que le noyau de 133Cs a un spin i = 7/2 de sorte que le couplage hyperfin
avec le spin 1/2 de l’électron de valence donne naissance à deux états, f = 3 et f = 4.
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Fig. 2 Calculated magnetic field B dependence of the two-body s-wave scattering length a in the absolute ground state |F =
3, m F = 3〉 in 133Cs. Main panel Overview of the s-wave scattering length in the accessible experimental region. Only contri-
butions from molecular states with zero angular momentum are considered. I–IV Zoom in of the relevant magnetic field regions
including s-, d- and g-wave bound states. I Feshbach resonance at −12.3 G gives rise to a strong variation of a(B) in the low
magnetic field region. Several high order resonances sit both on positive and negative values of scattering length. II Four d-wave
resonance deeply shape the region around 500 G, the broadest ones is centered at about 495 G. III The two overlapping s and g
resonances near 550 G. IV The region between 800 G and 900 G is dominated by the broad s-wave resonance centered at 787.16 G
and by the broad d-wave resonance at 820.37 G. Letters in the different panels refer to the orbital angular momenta of the narrow
resonances

Gauss. An important additional feature is a broad d-wave resonance near 820 G, which occurs at a very large
and negative background scattering length of about −4200 a0.

3 The Efimov Effect

The Efimov effect [1] is a fascinating and counterintuitive phenomenon occurring in a resonantly interacting
three-body system. For extensive review on Efimov physics and related universal phenomena the reader may be
referred to Refs. [23,25]. Here we present the basic elements of Efimov’s scenario and we discuss its particular
impact on experiments with ultracold gases.

3.1 The Efimov scenario

Figure 3 illustrates the Efimov scenario, consisting of a geometric series of trimer states for large values of the
scattering length a. The ladder of three-body bound states is plotted versus the inverse scattering length 1/a.
Zero energy corresponds to the tri-atomic threshold, and for positive energy (E > 0) the system consists of
three free atoms with nonzero kinetic energy. Below the tri-atomic threshold (E < 0), one can identify two
different regions. For a >0, the pair-wise potential supports a universal weakly-bound dimer state with binding
energy given by Eq. (4). The corresponding threshold in the three-body picture is the atom-dimer threshold.
The a <0 region is called the Borromean region, where counter-intuitively a series of three-body bound states
can form although the two-body sub-systems are unbound. For a <0 the n-th trimer state crosses the tri-atomic
threshold at a(n)

− and for a >0 the states merge with the atom-dimer threshold at a(n)
∗ , where n ≥ 0 is an integer

number. With this convention, the Efimov state with largest binding energy is referred to as the first state and
it is labelled with n = 0. While this state crosses the tri-atomic threshold at a(0)

− , within Efimov’s window of
universality3, it may leave this window at the a > 0 side, therefore losing its Efimov character. In this case,

3 Efimov’s window of universality corresponds to the region 1/|a|%1/r0 and Eb % h̄2/(mr2
0 ).

FIGURE 7. Prédiction théorique pour la longueur de diffusion a(B) d’un gaz
de césium dans l’état |f = 3,mf = 3〉, quand on ne prend en compte que les
couplages aux dimères de moment cinétique nul. Figure extraite de FERLAINO,
ZENESINI et al. 2011.

tion en terme de pseudo-potentiel sera assurée. Quand on prend seule-
ment en compte les interactions avec les états moléculaires de moment
cinétique nul, on arrive ainsi au diagramme a(B) de la figure 7.

— Le césium étant un élément lourd, les effets relativistes jouent un rôle
important dans la dynamique du couplage électronique. Cela ajoute
des couplages significatifs avec des états moléculaires de moment ci-
nétique non nul, et vient donc enrichir le diagramme a(B). Un zoom
sur la région de faible champ magnétique (marquée par le symbol I
en figure 7) est représenté en figure 8.

KRAEMER, MARK et al. (2006) ont étudié la variation du taux de re-
combinaison à trois corps en se plaçant autour de B = 7.5 G, où a prend
des valeurs grandes en valeur absolue et négatives. Leur résultat princi-
pal est montré en figure 9. Pour les points à basse température (10 nK), on
constate une augmentation forte du taux de recombinaison à trois corps au
voisinage de a(0)− = −872 (22) a0, correspondant au seuil d’apparition du
trimère d’Efimov fondamental. La ligne continue rouge de la figure 9 cor-
respond à un ajustement par la prédiction théorique (3) pour η = 0.10 (3).

Il est intéressant de comparer les propriétés du trimère observé par
KRAEMER, MARK et al. (2006) et celles du trimère fondamental He3 ob-
servé par SCHÖLLKOPF & TOENNIES (1994) (voir chapitre précédent).
Comme montré par LEE, KOEHLER et al. (2007), ces deux trimères ont en
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Efimov Resonances in Ultracold Quantum Gases 117

Fig. 2 Calculated magnetic field B dependence of the two-body s-wave scattering length a in the absolute ground state |F =
3, m F = 3〉 in 133Cs. Main panel Overview of the s-wave scattering length in the accessible experimental region. Only contri-
butions from molecular states with zero angular momentum are considered. I–IV Zoom in of the relevant magnetic field regions
including s-, d- and g-wave bound states. I Feshbach resonance at −12.3 G gives rise to a strong variation of a(B) in the low
magnetic field region. Several high order resonances sit both on positive and negative values of scattering length. II Four d-wave
resonance deeply shape the region around 500 G, the broadest ones is centered at about 495 G. III The two overlapping s and g
resonances near 550 G. IV The region between 800 G and 900 G is dominated by the broad s-wave resonance centered at 787.16 G
and by the broad d-wave resonance at 820.37 G. Letters in the different panels refer to the orbital angular momenta of the narrow
resonances

Gauss. An important additional feature is a broad d-wave resonance near 820 G, which occurs at a very large
and negative background scattering length of about −4200 a0.

3 The Efimov Effect

The Efimov effect [1] is a fascinating and counterintuitive phenomenon occurring in a resonantly interacting
three-body system. For extensive review on Efimov physics and related universal phenomena the reader may be
referred to Refs. [23,25]. Here we present the basic elements of Efimov’s scenario and we discuss its particular
impact on experiments with ultracold gases.

3.1 The Efimov scenario

Figure 3 illustrates the Efimov scenario, consisting of a geometric series of trimer states for large values of the
scattering length a. The ladder of three-body bound states is plotted versus the inverse scattering length 1/a.
Zero energy corresponds to the tri-atomic threshold, and for positive energy (E > 0) the system consists of
three free atoms with nonzero kinetic energy. Below the tri-atomic threshold (E < 0), one can identify two
different regions. For a >0, the pair-wise potential supports a universal weakly-bound dimer state with binding
energy given by Eq. (4). The corresponding threshold in the three-body picture is the atom-dimer threshold.
The a <0 region is called the Borromean region, where counter-intuitively a series of three-body bound states
can form although the two-body sub-systems are unbound. For a <0 the n-th trimer state crosses the tri-atomic
threshold at a(n)

− and for a >0 the states merge with the atom-dimer threshold at a(n)
∗ , where n ≥ 0 is an integer

number. With this convention, the Efimov state with largest binding energy is referred to as the first state and
it is labelled with n = 0. While this state crosses the tri-atomic threshold at a(0)

− , within Efimov’s window of
universality3, it may leave this window at the a > 0 side, therefore losing its Efimov character. In this case,

3 Efimov’s window of universality corresponds to the region 1/|a|%1/r0 and Eb % h̄2/(mr2
0 ).

FIGURE 8. Prédiction théorique pour la longueur de diffusion a(B) d’un gaz de
césium dans l’état |f = 3,mf = 3〉, quand on ajoute les couplages aux dimères
de moment cinétique non nul. L’axe des abscisses indique le champ magnétique
exprimé en Gauss. Figure extraite de FERLAINO, ZENESINI et al. 2011.

commun le fait que leur branche énergétique, prolongée du côté des va-
leurs de a petites et positives, ne croise jamais la branche du dimère [voir
également BRUCH & SAWADA (1973) et YUDKIN, ELBAZ et al. (2020)]. De
ce point de vue, ni le trimère He3, ni le trimère Cs3 de KRAEMER, MARK

et al. (2006) ne satisfont l’ensemble des critères que l’on peut imposer à
un édifice efimovien. En revanche, l’état observé par KRAEMER, MARK et
al. (2006) est indubitablement un état borroméen puisqu’il existe dans une
zone a < 0 pour laquelle il n’existe pas de dimère dans un état faiblement
lié (il y a bien sûr des dimères Cs2 fortement liés, mais c’est une autre phy-
sique). Par comparaison, rappelons que He3 a été observé pour a > 0, donc
dans une zone où le dimère He2 faiblement lié existe : ce n’était donc pas
un état borroméen.

Signalons également que l’expérience de KRAEMER, MARK et al. (2006)
a exploré de manière continue une zone de champ magnétique conduisant
à des longueurs de diffusion de part et d’autre de a = 0. En plus du pic
remarquable montré en figure 9 obtenu pour a < 0, les auteurs ont égale-
ment observé des pics du côté a > 0. Toutefois, il est important de signaler
qu’on ne s’attend pas dans ce cas à une relation universelle entre les deux
domaines. Ces relations universelles sont obtenues entre les zones a < 0 et

120 F. Ferlaino et al.

no
n 

un
iv

er
sa

l r
eg

io
n

- - - -

(a) (b)

K

K

K

K

Fig. 4 Recombination length ρ3calculated within effective field theory for (a) negative and (b) positive values of the scattering
length according to Eqs. (9a) and (9b), respectively. For the free parameters a−(+) and η−(+), we have chosen the values corre-
sponding to the Cs Efimov features [2]; see Table 2. The solid grey lines result from setting the sin2-terms to 1. The unitarity
limited recombination length is also shown for 100, 10, 1 and 0.1 nK (from light to dark regions)

field theory, and need to be experimentally determined [42]. As we will discuss in the next section, Eqs.(8),
(9a), and (9b) are commonly used to fit the experimentally measured values for the recombination rate, with
all the four quantities a−, a+, η− and η+ being left as free parameters5.

For ultralow, but finite temperatures the three-body recombination length is unitarity limited [43] to

ρmax
3 = 5.2

h̄√
mkB T

. (10)

The unitarity limit imposes an upper value for the measurable recombination length. At T =10 nK, this limit
corresponds to ρmax

3 =6 × 104 a0 and at T =100 nK it is about a factor of three lower. As shown in Fig. 4, the
unitarity limit also sets the number of Efimov features that can be realistically observed in the experiments.
While the first Efimov maximum is visible even for comparatively high temperatures (T $ 100 nK), the next
maximum requires a temperature of about a factor of 500 lower to be observable. Such a low temperature
is hardly accessible in current experiments. This limitation clarifies the reason why none of the experiments
on Efimov physics was able to unambiguously observe two consecutive maxima6, although two neighboring
minima have been successfully revealed [6,9]; see Sect. 6.

The above discussion has focused on the three-body behavior at the tri-atomic threshold. Similar argu-
ments apply to the atom-dimer threshold (a > 0). When an atom-dimer system resonantly couples to an
Efimov trimer the scattering rate resonantly increases. Here the dominant loss mechanism is collisional relax-
ation, also known as vibrational quenching. During an atom-dimer collision, the dimer can relax into a more
deeply bound two-body state and the binding energy is converted into kinetic energy. This two-body process
is described by the rate equation ṅD = ṅA = −βnDnA, where nD(A) is the dimer (atom) density and β is the
relaxation-rate coefficient. At the atom-dimer Efimov resonance position a =a∗ the relaxation rate exhibits a
resonant increase. Effective field theory provides a universal formula for the relaxation-rate coefficient β at
zero temperature [44–46]

β = CAD(a)
h̄a
m

, (11)

where CAD(a) incorporates the typical log-periodic oscillator behavior of the Efimov effect and reads as

CAD(a) = 20.3 sinh(2η∗)
sin2 [s0 ln(a/a∗)] + sinh2 η∗

. (12)

5 To analyze experiments the data for a > 0 and a < 0 are often fitted independently. The comparison of the results for a−
and a+ then provides a test for the universal relation.

6 Using an updated scattering length determination [11] the second maximum observed in Ref. [9] may be interpreted as
resulting from the pole of the Feshbach resonance and not from an Efimov state.
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Fig. 4 Recombination length ρ3calculated within effective field theory for (a) negative and (b) positive values of the scattering
length according to Eqs. (9a) and (9b), respectively. For the free parameters a−(+) and η−(+), we have chosen the values corre-
sponding to the Cs Efimov features [2]; see Table 2. The solid grey lines result from setting the sin2-terms to 1. The unitarity
limited recombination length is also shown for 100, 10, 1 and 0.1 nK (from light to dark regions)

field theory, and need to be experimentally determined [42]. As we will discuss in the next section, Eqs.(8),
(9a), and (9b) are commonly used to fit the experimentally measured values for the recombination rate, with
all the four quantities a−, a+, η− and η+ being left as free parameters5.

For ultralow, but finite temperatures the three-body recombination length is unitarity limited [43] to

ρmax
3 = 5.2

h̄√
mkB T

. (10)

The unitarity limit imposes an upper value for the measurable recombination length. At T =10 nK, this limit
corresponds to ρmax

3 =6 × 104 a0 and at T =100 nK it is about a factor of three lower. As shown in Fig. 4, the
unitarity limit also sets the number of Efimov features that can be realistically observed in the experiments.
While the first Efimov maximum is visible even for comparatively high temperatures (T $ 100 nK), the next
maximum requires a temperature of about a factor of 500 lower to be observable. Such a low temperature
is hardly accessible in current experiments. This limitation clarifies the reason why none of the experiments
on Efimov physics was able to unambiguously observe two consecutive maxima6, although two neighboring
minima have been successfully revealed [6,9]; see Sect. 6.

The above discussion has focused on the three-body behavior at the tri-atomic threshold. Similar argu-
ments apply to the atom-dimer threshold (a > 0). When an atom-dimer system resonantly couples to an
Efimov trimer the scattering rate resonantly increases. Here the dominant loss mechanism is collisional relax-
ation, also known as vibrational quenching. During an atom-dimer collision, the dimer can relax into a more
deeply bound two-body state and the binding energy is converted into kinetic energy. This two-body process
is described by the rate equation ṅD = ṅA = −βnDnA, where nD(A) is the dimer (atom) density and β is the
relaxation-rate coefficient. At the atom-dimer Efimov resonance position a =a∗ the relaxation rate exhibits a
resonant increase. Effective field theory provides a universal formula for the relaxation-rate coefficient β at
zero temperature [44–46]

β = CAD(a)
h̄a
m

, (11)

where CAD(a) incorporates the typical log-periodic oscillator behavior of the Efimov effect and reads as

CAD(a) = 20.3 sinh(2η∗)
sin2 [s0 ln(a/a∗)] + sinh2 η∗

. (12)

5 To analyze experiments the data for a > 0 and a < 0 are often fitted independently. The comparison of the results for a−
and a+ then provides a test for the universal relation.

6 Using an updated scattering length determination [11] the second maximum observed in Ref. [9] may be interpreted as
resulting from the pole of the Feshbach resonance and not from an Efimov state.
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The parameter η∗ is again related to the trimer lifetime. Within effective field theory η∗ =η− =η+, while for
convenience all these three parameters are treated as independent when fitting the theoretical expression to
experimental results.

4 Efimov Resonances in Ultracold Quantum Gases of Cs Atoms

In summer 2005, an Efimov trimer state was observed in experiments performed by our group in Innsbruck
[2]. These experiments, conducted on optically trapped ultracold gases of Cs atoms, provided signatures of
both a tri-atomic Efimov resonance and a recombination minimum. Later experiments showed the appearance
of an atom-dimer Efimov resonance [58]. Figure 5 summarizes the main observations of Efimov resonances
in Cs for both the a < 0 and the a > 0 side.

All these experiments were based on the magnetically tunable interaction properties of Cs atoms in a mag-
netic field range between 0 and 150 G, henceforth referred to as the low-field region (region I in Fig. 2). The
accessible magnetic field range was technically limited by our previous magnetic coil setup, restricting the
tunability of the s-wave scattering length a to a range between −2500 a0 and 1600 a0. In 2010, we performed
a major upgrade of our setup, which now allows us to produce magnetic fields of up to 1.4 kG. With this new
setup, we have studied Efimov physics in the 550 region and in the 800 G region [19], henceforth referred
to as the high-field region, where two broad s-wave Feshbach resonances allow for a wide tunability of the
scattering length [31].

In this Section, we first present our observations on the tri-atomic Efimov resonances in both the low-
field and the high-field region (Sect. 4.1) and on the atom-dimer Efimov resonance observed in the low-field
region (Sect. 4.2). We then describe further Efimov resonances observed on other Feshbach resonances in Cs
(Sect. 4.3), and we discuss the behavior of the three-body parameter in our observations (Sect. 4.4).

4.1 Triatomic Efimov Resonances

To reveal the Efimov resonances at the tri-atomic threshold, we prepare an optically trapped thermal sample
of up to 5 × 104 Cs atoms at temperatures ranging from 10 to 250 nK. Our experimental procedure is based on
an all-optical cooling approach as presented in Refs. [47–49]. The atoms are prepared in their lowest internal
spin state (F = 3, m F = 3), where three-body recombination collisions are the dominant loss mechanism.
We measure the three-body loss rate L3 by recording the time evolution of the atom number N and the atom
temperature T for different magnetic field values in the region of interest [2,40]. In the following, we discuss
separately the recombination results obtained in the low- and high-field region.
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Fig. 5 Efimov resonances observed in ultracold cesium at low magnetic fields. a Observation of a triatomic Efimov resonance
in measurements of three-body recombination. The recombination length ρ3 is plotted as a function of the scattering length a.
The squares and the empty triangles show the experimental data for initial temperatures around 10 nK, and 200 nK, respectively
[2]. The solid curve represents the analytic model from effective field theory [23], where the scattering-length to magnetic-field
conversion is from [19]. The inset shows an expanded view for small positive scattering lengths with a minimum near 210 a0. The
displayed error bars refer to statistical uncertainties only. b Two-body loss rate coefficient β measured for inelastic atom-dimer
collisions [58] at two different temperatures, 40 nK (open triangles) and 170 nK (filled squares). Here a prominent atom-dimer
Efimov resonance shows up for a > 0. The solid lines represent fits based on universal effective field theory

FIGURE 9. Longueur de recombinaison à trois corps [définie en (6)] mesurée par
KRAEMER, MARK et al. (2006). Les carrés rouges (resp. triangles noirs) corres-
pondent à une température de 10 nK (resp. 200 nK). Figure adaptée de FERLAINO,
ZENESINI et al. 2011.

a > 0 encadrant une résonance a = ±∞, pas un point d’annulation de a.

2-2 Connexion des régions a < 0 et a > 0

En 2009, plusieurs groupes expérimentaux ont annoncé avoir réussi à
connecter les deux domaines a > 0 et a < 0 situés autour d’une résonance
a = ∞ : KNOOP, FERLAINO et al. (2009), GROSS, SHOTAN et al. (2009),
ZACCANTI, DEISSLER et al. (2009) et POLLACK, DRIES et al. (2009). Pour les
deux derniers cités, on pourra également consulter leur réanalyse partielle
des données dans ROY, LANDINI et al. (2013) et DYKE, POLLACK et al.
(2013).
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Compared to other atomic species currently available for
laser cooling techniques, lithium has the smallest range of
van der Waals potential, r0 ! 31a0. In addition, a number
of Feshbach resonances available for different Zeeman
sublevels of the jF ¼ 1i hyperfine state makes 7Li an
appropriate candidate for study of Efimov physics. In this
experiment, we work with a spin polarized sample in the
jF ¼ 1; mF ¼ 0i state, which is the one but lowest Zeeman
state [14]. In principle, two-body losses are possible from
this state; however, they are not large, as could be the case
for heavier atoms. For instance, 133Cs experiences large
dipolar losses caused by the second-order spin-orbit inter-
action [15]. We calculated the dipolar relaxation rate co-
efficients as a function of magnetic field via a coupled-
channels calculation by using recent interaction potentials
[16] and found them to be#3 orders of magnitude smaller
than the corresponding measured rate coefficients, if the
experimental losses were treated as purely two-body re-
lated. Moreover, the field-dependent profile of the calcu-
lated rates is qualitatively very different from the observed
rates. As a result, we exclude two-body losses and deter-
mine that the loss processes in the region of interest are
related to three-body recombination.

The jF ¼ 1; mF ¼ 0i state possesses two Feshbach
resonances, a narrow and a wide one, which we experi-
mentally detect by atom loss measurement at 845.8(7) G
and 894.2(7) G, respectively. The position of the wide
resonance is independently measured at 894.63(24) G by
molecule association technique [17]. These positions are in
agreement with theory within the uncertainty of the mag-
netic field calibration ($ 0:5%). In Fig. 1, two collision
properties are shown as a function of magnetic field: the
scattering length a and the effective range Re. These
quantities are extracted from the scattering phase shift
!ðkÞ at small relative wave numbers k by using the effec-
tive range expansion k cot!ðkÞ ¼ '1=aþ Rek

2=2 [18].
The region of universality strongly depends on the width

of the Feshbach resonance which is inversely proportional
to the effective range close to the resonance’s center

[19,20]. As a measure for the influence of the effective
range, the resonance strength sres ¼ 2r0=jRej has been
introduced [7,21]. In this way, a narrow or ‘‘closed-channel
dominated’’ resonance is characterized by sres ) 1 and has
a very narrow region of universality, for which jaj * jRej.
In this case, Re comes on a similar footing as and in
addition to the three-body parameter to determine the
short-range physics [19,22]. In contrast, a wide or ‘‘open-
channel dominated’’ resonance is characterized by sres *
1. Here, the universal region spans over a broad range of
magnetic field strengths for which a * r0 and the scatter-
ing problem can be described in terms of an effective
single-channel model [7].
The effective range is very large in the vicinity of the

narrow resonance which signifies its ‘‘close-channel domi-
nated’’ character while around the wide resonance, the
effective range is small and crosses zero near the pole of
the resonance (Fig. 1). This is a clear demonstration of an
‘‘open-channel dominated’’ resonance which expects to
provide a wide region of universality extended to tens of
Gauss around the resonance where sresðBÞ * 1.
In the experiment, we perform measurements of three-

body recombination loss as a function of magnetic field
near the wide Feshbach resonance. Each loss rate coeffi-
cient is calculated from a fit of a lifetime measurement
to the solution of the atom loss rate equation: _N ¼
'K3hn2iN ' !N, where K3 and ! are the three- and
single-body loss rates, respectively. ! is determined in-
dependently by measuring a very long decay tail of a low
density sample. This simplified model does not include
effects such as saturation of K3 to a maximal value Kmax

due to finite temperature (unitarity limit) [23], recombina-
tion heating and ‘‘anti-evaporation’’ [24]. The first and the
second effects can be neglected for K3 values which are
much smaller than Kmax. In our case, the highest measured
K3 values are at least an order of magnitude smaller than
Kmax, and therefore this assumption is reasonable. As for
the latter, we treat the evolution of our data to no more than
#30% decrease in atom number for which ‘‘anti-
evaporation’’ is estimated to induce a systematic error of
#23% towards higher values ofK3. This effect is evaluated
not to limit the accuracy of the reported results.
Our experimental setup is described in details elsewhere

[14]. In brief, we load atoms directly from a magneto-
optical trap into a single-beam far-detuned optical dipole
trap and perform a preliminary forced evaporation at the
wing of the narrow resonance at 824 G. During a second
evaporation step, we add a second beam which intersects
with the first, and the atoms are loaded into a tightly
confined crossed-beam dipole trap. A final evaporation
step is performed at a slightly higher magnetic field of
832 G. Evaporation at this step can proceed all the way to
the Bose-Einstein condensation (BEC) threshold but it is
interrupted before a degeneracy is reached. A transition to
the magnetic field of interest in which a lifetime measure-
ment will be taken is performed in two main steps. The first
is a rapid change in magnetic field over the position of the

FIG. 1 (color online). The scattering length a (solid line) and
the effective range Re (dashed line) as a function of magnetic
field near the two Feshbach resonances of the jF ¼ 1; mF ¼ 0i
state.
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FIGURE 10. Longueur de diffusion et portée effective pour le résonance de Fesh-
bach de 7Li. Figure extraite de GROSS, SHOTAN et al. (2009).

Nous allons nous intéresser à l’expérience de GROSS, SHOTAN et al.
(2009). Elle a été menée sur un gaz d’atomes de 7Li (bosons) préparés dans
l’état se connectant à |f = 1,m = 0〉 en champ nul (le niveau fondamental
de l’atome de 7Li est clivé en deux sous-niveaux hyperfins f = 1 et f =
2). Deux résonances de Feshbach à 846 G et 894 G entrent en jeu (figure
10), avec pour résultat une zone dans laquelle a diverge, tout en gardant
une valeur relativement faible pour la portée effective re (résonance large).
Cette configuration est donc bien adaptée à la recherche de l’universalité
efimovienne.

Nous présentons sur la figure 11 le résultat obtenu par GROSS, SHOTAN

et al. (2009) pour la mesure du coefficient L3 de part et d’autre de la réso-
nance.

— Côté a < 0 (correspondant aux grandes valeurs de B), L3 passe par
un maximum en a(0)− = −264 (11) a0 et un ajustement des mesures par
(3) donne η− = 0.236 (42). Ce résultat donne |a(0)− | ∼ 8.5 re, de sorte
que le régime universel est bien atteint. La température du gaz (1µK)
ne permet pas d’observer la résonance suivante, attendue pour une
valeur 22.7 fois plus grande de |a|.

— Côté a > 0 (correspondant aux petites valeurs de B), on observe le
début du comportement oscillant attendu pour L3 [cf. (7)]. On trouve

Feshbach resonance to avoid strong inelastic losses. The
second is an adiabatic approach to the target magnetic
field. After different waiting times, the remaining atoms’
number is determined by in situ absorption imaging.

For measurements in the positive scattering lengths, we
cut the evaporation at T ! 2 !K and "105 atoms with
peak density of"5# 1012 cm$3. We then shift rapidly to a
magnetic field of 858 G in less than 1 ms while crossing the
narrow resonance and wait for 500 ms to let the system
relax. Then, we ramp the magnetic field in 25 ms to 880 G,
roughly in the center of the region of interest, and wait
there for another 100 ms before the last move to the final
magnetic field (in 5 ms) where the measurements of life-
time and temperature are performed. For the negative
scattering lengths, we cut the evaporation at T ! 1 !K,
just on the verge of a BEC. A fast jump is then made to a
magnetic field of 930 G, far beyond the position of the wide
resonance. After a relaxation time, we slowly move to
915 G and wait there again before a last ramp to the final
magnetic field is performed.

For the treatment of three-body recombination loss in
the domain of universality, we adopt the language of
Refs. [4,5]. The convenient form to represent the theoreti-
cally predicted loss rate coefficient is K3 ¼ 3C&ðaÞ@a4=m
where m is the atomic mass and where & hints at the
positive (þ) or negative ($) region of the scattering
length. In that form, an a4 dependence [25] is separated
from the additional log-periodic behavior C&ðaÞ ¼
C&ð22:7aÞ which reflects the Efimov physics of infinite
series of weakly bound trimers. An effective field theory
provides analytic expressions for C&ðaÞ that we use in the
form presented in Refs. [4,5] to fit our experimental results.
For a > 0, CþðaÞ includes oscillations on log scale be-
tween the maximum recombination loss of CþðaÞ " 70
and the minimum which in an ideal system can be vanish-

ingly small [1]. For a < 0, C$ðaÞ displays resonance be-
havior each time an Efimov trimer state hits the continuum
threshold. The free parameters of the theory are a& which
are connected to the unknown short-range part of the
effective three-body potential and "& which describe the
unknown decay rate of Efimov states. Moreover, a$ de-
fines the resonance position in the decay rate and "& are
assumed to be equal.
Our experimental results are shown in Fig. 2. For posi-

tive scattering lengths, we observe a pronounced minimum
in the three-body recombination rate at a scattering length
of a ! 1160a0 which is much larger than r0 and in that
sense occurs deep within the universal region [26]. The
upper limit for universality, due to finite temperature, is
estimated to be at a ! 2800a0 (Kmax ! 6# 10$21 cm6=s)
[23]. Adjacent minima are expected at 1160a0=22:7 !
50a0, which is too close to the nonuniversal region, and
at 1160a0 # 22:7 ! 26000a0, well above the finite tem-
perature limit. Our measurements are fitted remarkably
well with the analytical expression of CþðaÞ for a large
range of scattering lengths as shown by a solid line in
Fig. 2. For lower scattering lengths, K3 saturates at
"130a0 (870 G). Interestingly, it occurs when sresðBÞ !
0:4, and it roughly corresponds to the position where the
effective range ReðBÞ starts to diverge due to the presence
of the scattering length’s zero crossing (see Fig. 1), and its
absolute value is about the same as that of the scattering
length [ReðB ¼ 870 GÞ ! $170a0]. From the fit, we ob-
tain aþ ¼ 243ð35Þa0,"þ ¼ 0:232ð55Þ. The upper limit for
the three-body recombination rate (dashed line in Fig. 2) is
represented by CþðaÞ ! 54:7, which is smaller than the
commonly known value of CþðaÞ ! 70 due to the rela-
tively large value of "þ.
Measurements of three-body recombination rates for

negative scattering lengths reveal a region of significant

FIG. 2 (color online). Three-body loss coefficient K3 is shown as a function of magnetic field and scattering length (insets). The solid
lines represent fittings to the analytical expressions of universal theory. The dashed lines represent the upper (lower) limit of K3 for
a > 0 (a < 0). The error bars consist of two contributions: the uncertainty in temperature measurement ("20%) which affects the
estimated atom density and the fitting error of the lifetime measurement.
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FIGURE 11. Taux de pertes à trois corps à travers une résonance de Feshbach pour
un gaz de 7Li. Figure extraite de GROSS, SHOTAN et al. (2009).

en particulier un minimum prononcé de L3 autour de a(1)+ = 1160 a0,
correspondant à l’interférence destructive mentionnée en § 1-3.

Nous avions annoncé en § 1-4 le lien entre les deux côtés de la résonance
avec pour une même branche de trimère

a
(n)
−

a
(n)
+

= −4.7 ou encore
a
(n)
−

a
(n+1)
+

= − 4.7

22.7
= −0.21. (13)

Le rapport entre les valeurs trouvées expérimentalement a(0)− = −264 a0

et a(1)+ = 1160 a0 conduit au rapport −0.23, proche de celui attendu si
l’on suppose que les deux mesures portent sur deux trimères consécutifs.
Comme l’écrivent GROSS, SHOTAN et al. 2009 dans leur conclusion, "This
seems like an observation of the long hunted universal behavior of a three-body
observable in a physical system with resonantly enhanced two-body interactions" !

Indiquons également le résultat obtenu par ZACCANTI, DEISSLER et al.
(2009) et POLLACK, DRIES et al. (2009) après la réanalyse mentionnée plus
haut et explicitée par NAIDON & ENDO (2017) :

— L’expérience de ZACCANTI, DEISSLER et al. (2009), menée sur 39K, a
conduit à a−/a+ = −3.1 (0.3) [valeur avant réanalyse −6.7 (0.6)].

— L’expérience de POLLACK, DRIES et al. (2009), menée sur 7Li, a conduit
à a−/a+ = −2.8 (0.3) [valeur avant réanalyse −2.5 (0.6)].
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Ces résultats sont notablement plus loin de la limite universelle, pro-
bablement en raison des effets liés à la portée effective re, qui était rela-
tivement grande dans ces expériences. On pourra consulter la discussion
approfondie de XIE, GRAAFF et al. (2020) pour plus de détails.

2-3 La suite géométrique d’Efimov

L’observation de deux résonances successives du même côté de la ré-
sonance permet de tester directement le facteur d’échelle 22.7 de la théo-
rie d’Efimov. ZACCANTI, DEISSLER et al. (2009) et POLLACK, DRIES et al.
(2009) ont mené des premières mesures pour tester cette loi sur les atomes
de 39K et 7Li [voir également WILLIAMS, HAZLETT et al. 2009 pour l’obser-
vation d’un trimère excité].

Nous décrirons ici une expérience plus récente menée à Innsbruck par
HUANG, SIDORENKOV et al. (2014) sur 133Cs. Dans cette expérience, un
soin particulier a été apporté à l’évaluation des effets de température finie
et à l’extrapolation des quantités mesurées à température nulle. L’expé-
rience a été menée sur une résonance de Feshbach à beaucoup plus haut
champ que celle utilisée par KRAEMER, MARK et al. (2006), aux alentours
de 800 G. Cette résonance large, couplée à une bon contrôle de la tempéra-
ture du gaz dans le domaine de quelques nanokelvins, permet d’atteindre
de grandes longueurs de diffusion, jusqu’à 105 a0.

Dans l’expérience de HUANG, SIDORENKOV et al. (2014), le gaz est pré-
paré au voisinage de la dégénérescence quantique dans un piège hybride
(magnétique + optique), à une température entre 7 et 10 nK. La taille de
l’état fondamental du piège est de ∼ 5µm, à comparer à la taille attendue
pour le deuxième trimère recherché ∼ 1µm : il y a assez de place pour ce
trimère, mais le suivant (de taille 22.7 fois plus grande) ne logerait pas dans
ce piège...

La figure 12 montre le résultat principal de HUANG, SIDORENKOV et
al. (2014) avec un pic marqué du coefficient de perte à trois corps autour
de a = −17 000 a0. Le trimère fondamental avait été observé auparavant
par le même groupe (BERNINGER, ZENESINI et al. 2011) et il se forme pour
a
(0)
− = −963 (11) a0, soit un rapport 17.7 là où l’universalité d’Efimov prédit

22.7.

with the two resonance parameters, position að0Þ− ¼ −963a0
and decay parameter ηð0Þ− ¼ 0.10 [32], independently
derived from previous measurements on the first Efimov
resonance. For the temperature we use Tavg ¼ 8.65 nK,
which is the mean value for the two sets. The agreement
between our present results and the prediction [black solid
line in Fig. 1(a)] is remarkable, and highlights the discrete
scaling behavior of the Efimov scenario.
The measurements on the “shoulder” of the resonance

[−104a0=a > 1.2 in Fig. 1(a)] show a broad increase of the
effective L3 as compared to the expectation from the three-
body loss theory [black solid line in Fig. 1(a)]. Since similar
enhanced loss features were observed previously near the
first Efimov resonance [7,25,36–38] and were explained by
the presence of four- or five-body states associated with an
Efimov state, we attribute this feature to higher-order decay
processes. To check this, we fit set B [39] with Eq. (1) as
discussed above, while now using α as an additional free
parameter. The fit results for α are shown in Fig. 1(b). In the
region close to the Efimov resonance (white region II),
where we expect dominant three-body behavior, the value
of α is relatively close to 3 [40]. On the shoulder of the
Efimov peak (gray-shaded region III), a significant increase
of α, compared to the resonance region, confirms the
existence of higher-order decay processes. It is interesting
to note that the relatively broad shoulder that we observe
for the higher-order features is in contrast to the narrow
features observed in 7Li [7,25]. On the other side of the
Efimov resonance (gray-shaded region I), we also observe
an enhancement of α, which is likely to be caused by
similar higher-order decay features associated with highly
excited N-body cluster states.
The temperature uncertainty plays an important role in

the interpretation of our results. The measured values of L3

depend sensitively on the temperature, with a general
scaling ∝ T3 according to the volume V in Eq. (1). The
theoretical L3 values also depend strongly on the temper-
ature. The gray-shaded area in Fig. 1(a) demonstrates the
variation between 7.7 and 9.6 nK, which correspond to Tavg
for sets A and B, respectively. It may be seen that the
temperature uncertainty results mainly in an amplitude
error rather than an error in the peak position.
To analyze the observed resonance in more detail, and

especially to study the possible small deviation of að1Þ− from
a predicted value of 22.7að0Þ− , we now fit the results in the
resonance region (0 < −104a0=a < 1.2 in Fig. 2) with the
finite-temperature model to extract an experimental value
for að1Þ− . Here, because of the large effect of the temperature
uncertainty, we use the temperature T as an additional
parameter in the fits. The results (blue dashed and red
dotted lines in Fig. 2 for sets A and B) are summarized in
the upper part of Table I and yield a mean að1Þ− value
of −20270ð680Þa0.
The fitted results for the temperature, 8.7(2) nK for set A

and 10.0(2) nK for set B, are somewhat larger than the
independently determined temperatures Tavg, but they are

consistent with Tavg within the error range. The higher
temperatures also imply a rescaling of the measured L3

values because of the temperature dependence of the
volume V. With these corrections, Fig. 2 shows that the
measurements of set A, taken at a lower temperature, now
produce larger L3 values than those of set B.
Uncertainties in L3 might also arise from errors in the

atom number calibration, resulting from imaging imper-
fections and errors in trap frequency measurements. To
account for these effects, we follow an alternative fitting
strategy and introduce an additional parameter λ as an
amplitude scaling factor for L3 into the finite-temperature
model, while fixing the temperature at the measured Tavg.
The resulting parameters for each set are given in the lower
part of Table I. Remarkably, this alternative approach
gives a mean value of −20120ð630Þa0 for að1Þ− , which is
consistent with the one extracted before. This shows the

FIG. 2 (color online). Fits to the second Efimov resonance. The
two sets of points represent the same sets of results as in Fig. 1,
but limited to the resonance region and with one clear outlyer
removed. In addition, the absolute scaling for L3 is changed as we
here use the fit values (see text) for the temperature, 8.7 nK for set
A and 10.0 nK for set B, to calculate the volume V. The vertical
dashed line is the same as in Fig. 1. The fits to sets A and B are
plotted as blue dashed and red dotted lines, respectively.

TABLE I. Fitted parameters for the second Efimov resonance.
The upper part of the Table shows the fitting results when
temperature T is a free parameter, while the lower part corre-
sponds to fixed-temperature fitting with λ as a free amplitude
scaling factor. The uncertainties indicate 1σ errors from fitting.

Set T=nK að1Þ− =a0 ηð1Þ− λ

A 8.7(2) −20 790ð390Þ 0.15(2) $ $ $
B 10.0(2) −19 740ð430Þ 0.19(3) $ $ $
A 7.7a −20 580ð390Þ 0.17(3) 0.52(5)
B 9.6a −19 650ð430Þ 0.19(3) 0.80(7)
aIndicates that the corresponding parameter is kept fixed.

PRL 112, 190401 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending
16 MAY 2014

190401-3

FIGURE 12. Observation du deuxième trimère d’Efimov pour le césium autour
de 800 G. L’ajustement par un modèle théorique prenant en compte la température
non nulle du gaz conduit à a(1)− = −20 190 (1200) a0, soit a(1)− /a

(0)
− = 21.0 (1.3).

Ensemble A : T = 8.7 nK, ensemble B : T = 10.0 nK. Figure extraite de HUANG,
SIDORENKOV et al. (2014).

Cette déviation par rapport à la prédiction "universelle" d’Efimov peut
être due (au moins en partie) à des effets liés à la température non nulle
du gaz. Pour la position a

(0)
− du trimère fondamental, les effets liés à la

température sont peu importants. Pour prédire la valeur seuil a(1)− pour
le trimère suivant, HUANG, SIDORENKOV et al. (2014) ont utilisé le mo-
dèle développé par REM, GRIER et al. (2013). Ils ont analysé leurs données
expérimentales en gardant la position a(1)− et la température comme para-
mètres ajustables. L’ajustement a donné une température très proche de
celle mesurée directement et fournit la valeur a(1)− = −20 190 (1200) a0, soit
un facteur 21.0 (1.3) au dessus de a(0)− . C’est remarquablement proche de
la valeur universelle d’Efimov (1.3σ d’écart). Par ailleurs, on s’attend de
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toute façon à une déviation non négligeable par rapport à la loi d’échelle
pour les tout premiers trimères n = 0 et n = 1, en particulier du fait des
effets de portée non nulle (SCHMIDT, RATH et al. 2012).

Pour terminer ce paragraphe, rappelons que cette suite géométrique efi-
movienne a également été mise en évidence dans des mélanges mMM :
l’expérience est alors moins contraignante car la raison de la suite géo-
métrique est considérablement réduite quand on va vers des rapports
m/M � 1 (voir chapitre 4).

2-4 Le croisement dimère - trimère

Une caractéristique importante du diagramme énergétique du côté a >
0 de la résonance se situe en a(n)∗ quand l’énergie du trimère devient égale
à l’énergie du dimère (le troisième atome étant quasiment au repos, infi-
niment loin du dimère). Si on part d’un mélange atomes-dimères, on s’at-
tend à ce que le taux de pertes βAD pour ce mélange soit maximal en un tel
point : lors d’une collision atom-dimère, les partenaires vont passer beau-
coup de temps au voisinage les uns des autres, ce qui favorise la transition
vers d’autres états plus profondément liés (figure 13). L’argument est le
même que celui qui conduit à une augmentation du taux de pertes à trois
corps du côté a < 0 de la résonance aux points a(n)− .

La première mise en évidence des pertes dans un mélange atomes-
dimères dues à cet effet a été publiée par KNOOP, FERLAINO et al. (2009).
Nous allons nous intéresser ici aux expériences plus récentes du groupe
de Boulder, décrites par CHAPURIN, XIE et al. (2019) et XIE, GRAAFF et al.
(2020), qui ont permis de vérifier l’universalité d’Efimov entre la valeur a∗
et les autres points remarquables du diagramme énergétique.

XIE, GRAAFF et al. (2020) ont travaillé avec un gaz de 39K préparé dans
l’état hyperfin |f = 1,mf = −1〉 autour deB = 33.6 Gauss. Nous avons dé-
crit dans le cours 2020-21 les propriétés de la résonance de Fano–Feshbach
correspondante. Cette résonance a le mérite d’avoir une portée effective
assez petite (re ≈ 130 a0 à résonance), ce qui permet d’augmenter la plage
d’universalité des effets efimoviens. CHAPURIN, XIE et al. (2019) avaient
étudié le côté a < 0 de cette résonance et trouvé a(0)− = −908 (11) a0 et
η = 0.25 (1) (figure 14).

1

the measured a− values should begin to deviate from the
universal a− ¼ −9.7rvdW value; see Fig. 1. However, this
conclusion is only tentative due to large experimental
uncertainties in the measured a− [17], unexpected temper-
ature dependence [45], and large systematic uncertainties in
the parameters of the underlying two-body Feshbach
resonance [17,37,38,43]. Although there are intriguing
experimental [15,46–55] and theoretical [52,56–58] results
for the heteronuclear cases, the possible influence of many
additional parameters (mass ratio, quantum statistics, and
inter- and intraspecies scattering lengths) makes the ques-
tion of universality in those systems a topic for an entirely
separate investigation.
In this Letter, we present a precise test of van der Waals

universality near a Feshbach resonance with sres ¼ 2.57
[19], which is intermediate between the narrow (sres ≪ 1)
and broad (sres ≫ 1) regimes. Specifically, we accurately
determine the value of a− by having precise control of
critical experimental parameters such as temperature,
density, and scattering length. Because of our tight control
of both systematic and statistical errors, ours is the first
measurement of a compelling nonuniversal a− value in a
homonuclear Efimov resonance.
A thorough characterization of the Feshbach resonance

and an accurate map of the scattering length are required
for precise determination of the a− value. Accordingly, we
perform high-precision spectroscopy on a pure gas of

Feshbach dimers and accurately determine their binding
energies. This measurement enables us to refine our two-
body model and accurately predict the scattering length in
our Efimov measurements [19]. In other Feshbach reso-
nance studies, methods based on number loss or thermal-
ization rate have occasionally given inconsistent results. By
contrast, dissociation spectroscopy of Feshbach dimers
isolates two-body physics and accurately determines res-
onance properties [59–62].
Precision molecular spectroscopy requires long inter-

rogation times under unperturbed conditions. We stabilize
the magnetic field to the milligauss-level and eject all
unpaired atoms, whose presence affects dimer lifetimes and
complicates the spectroscopy. A pure molecular sample is
prepared by starting with∼105 atoms confined in an optical
dipole trap and a temperature of ∼300 nK. We transfer a
fraction of atoms in the jF ¼ 1; mF ¼ −1i hyperfine state to
the dimer state bymagnetoassociation [63]. Subsequently, all
residual unpaired atoms are blasted away by multiple radio-
frequency (rf) and optical pulses, leaving a pure sample of
∼104 molecules. Lastly, the magnetic field B is ramped to
various values, corresponding to different binding energies,
where we perform rf spectroscopy.
We dissociate molecules by transferring one atom of the

pair from the jF ¼ 1; mF ¼ −1i interacting state to the
jF ¼ 1; mF ¼ 0i imaging state. The final state being nearly
noninteracting enables us to directly probe the dimer
binding energy. Additionally, the transition being magneti-
cally less sensitive near B values of interest allows long
molecular interrogation times, limited only by dimer life-
times, to achieve high spectral resolution. We scan the rf
frequency and measure the transferred fraction, keeping the
pulse energy low to limit saturation effects and dissociate a
maximum 50% of molecules. We fit the measured spectrum
to a functional form given by the Franck-Condon factor of
the bound-free transition [59], and we extract the molecular
binding energy Eb [19,64]. We repeat this procedure to
determine Eb at different magnetic field values, as depicted
in Fig. 2.
The universal expression Eb ¼ ℏ2=ðma2Þ is always

accurate for large enough a. A more refined expression
Eb ¼ ℏ2=½mða − āÞ2%, which introduces the mean scatter-
ing length ā ≈ 0.956rvdW [66], is valid at smaller values of
a as long as a ≫ rvdW=sres [65]. However, such treatments
are inadequate for narrow and intermediate resonances.
To better compare to our experimental data, we developed a
coupled-channel model [19] capable of describing our
high-precision Eb data. We fine-tune the model’s param-
eters, the singlet and triplet scattering potentials, to accu-
rately match most of our measurements to within 1%, as
depicted in Fig. 2’s inset. As a result, we determine a
particular linear combination of the singlet and triplet
scattering lengths of 0.2470aS þ 0.9690aT ¼ 1.926ð2Þa0
[19], further constraining the previously reported values
of aS ¼ 138.49ð12Þa0 and aT ¼ −33.48ð18Þa0 [67,68].
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FIG. 1. Survey of experimental a− values in homonuclear
systems, inspired by [15]. Previous results (blue circles)
[3,17,37,41–45] show a tentative dependence of the a− value
on the Feshbach resonance strength parameter sres. Our meas-
urement (red star; red band in the inset) is the strongest evidence
of departure from the −9.7' 15%rvdW value (dashed line and
gray area) predicted by van der Waals universality [4,5,7,9]. The
inset shows calculations for a− based on a single van der Waals
potential [7] with N ¼ 1 − 7 s-wave two-body bound states
(green squares) and results from our multichannel model [19]
with N ¼ 2 − 5 (black triangles).
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between r and rþ dr in regions of high local velocity@kLðrÞ, which is proportional to [mdr=@kLðrÞ] (m being
the particle mass), the time spent classically in that interval
dr (see Ref. [26]). It is possible that there could be an
additional suppression as well, through quantum reflection
from a potential cliff [27]. Systems supporting many bound
states, such as the neutral atoms used in ultracold experi-
ments with their strong van der Waals attraction, clearly
exhibit this suppression. In general, a finite-range two-
body potential that supports many bound states decreases
steeply with decreasing interparticle distance r, starting
when r=rvdW & 1, at which point the potential cliff plays
a role analogous to a repulsive potential for low-energy
scattering. We demonstrate this fact by showing that the
three-body parameter in the presence of many two-body
bound states roughly coincides with that for a 100% re-
flective two-body model potential, where the two-body
short-range potential well is replaced by a hard sphere.

The starting point for our investigation of the universal-
ity of the three-body parameter is the adiabatic hyper-
spherical representation [18,28]. This representation
offers a simple and conceptually clear description by re-
ducing the problem to the solution of the ‘‘hyperradial’’
Schrödinger equation:

!
$ @2
2!

d2

dR2þW"ðRÞ
"
F"ðRÞþ

X

"0!"

W""0ðRÞF"0ðRÞ¼EF"ðRÞ:

(1)

Here, the hyperradius R describes the overall size of the
system; " is the channel index; ! ¼ m=

ffiffiffi
3

p
is the three-

body reduced mass for particle masses m; E is the total
energy; and F" is the hyperradial wave function. The
nonadiabatic couplings W""0 drive inelastic transitions,
and the effective hyperradial potentials W" support bound
and resonant states. To treat problems with deep two-body
interactions—necessary to see strong inside-the-well sup-
pression—requires us to solve Eq. (1) for two-body model
interactions that support many bound states, a challenge for
most theoretical approaches. Using our recently developed
methodology [29], however, we have treated systems with
up to 100 two-body rovibrational bound states and have
solved Eq. (1) beyond the adiabatic approximation. Here,
the universality of the three-body parameter is analyzed for
a number of model potentials, one of then being the usual
Lennard-Jones potential:

va
#ðrÞ ¼ $C6

r6
ð1$ #6=r6Þ; (2)

where # is adjusted to give the desired value of a and
number of bound states. The other short-ranged potential
models used here, namely, vsch, v

b
# and v

hs
vdW, can be found

in Ref. [26].
Figure 1(a) shows the adiabatic potentialsU" at jaj ¼ 1

obtained using the potential va
# above supporting 25 dimer

bound states. At first glance, it is difficult to identify any
universal properties of these potentials. Efimov physics,
however, occurs at a very small energy scale near the

FIG. 1 (color online). (a) Full energy landscape for the three-body potentials at a ¼ 1 for our va
# model potential. (b) Effective

diabatic potentials W" relevant for Efimov physics for va
# with an increasingly large number of bound states (#&

n is the value of # that
produces a ¼ 1 and n s-wave bound states). The W" converge to a universal potential displaying the repulsive barrier at R ' 2rvdW
that prevents particles’ access to short distances. (c)–(e) demonstrate the suppression of the wave function inside the potential well
through the channel functions !"ðR; $; ’Þ for R fixed near the minima of the Efimov potentials in (b). (c) shows the mapping of the
geometrical configurations onto the hyperangles $ and ’. (d) and (e) show the channel functions, where the ‘‘distance’’ from the origin
determines j!"j1=2, for two distinct cases: in (d) when there is a substantial probability to find two particles inside the potential well
(defined by the region containing the gray disks) and in (e) with a reduced probability—see also our discussion in Fig. 2. In (d) and (e),
we used the potentials vsch and va

#, respectively, both with n ¼ 3.

PRL 108, 263001 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending
29 JUNE 2012

263001-2

FIGURE 13. Collision inélastique atome-dimère assistée par la formation intermé-
diaire d’un état d’Efimov du côté a > 0 de la résonance. L’état initial fait intervenir
le dimère faiblement lié d’énergie −~2/ma2 et l’état final contient un dimère for-
tement lié, non décrit dans le modèle du pseudo-potentiel. Le taux de ce processus
est maximal pour a = a

(n)
∗ , quand l’énergie du dimère faiblement lié coïncide avec

celle du trimère d’Efimov.

Les dimères sont formés par "magnéto-association", obtenue en traver-
sant rapidement la résonance de Fano–Feshbach vers le côté a > 0. Le
nombre de dimères peut ensuite décroître par simple basculement de spin
d’un des atomes qui le composent, ce qui désintègre le dimère. Il peut éga-
lement diminuer sous l’effet des collisions avec les atomes, ce qui constitue
le processus intéressant, et qui conduit à l’évolution du nombre de dimères
ND en présence d’une densité d’atomes ρA selon la loi :

dND
dt

= −βAD ρAND. (14)

Le taux βAD qui décrit ce processus est tracé en figure 15, avec un ajuste-
ment selon la loi proposée par BRAATEN & HAMMER (2007b) [voir aussi
BRAATEN & HAMMER (2009) et HELFRICH & HAMMER (2009)] :

βAD = C
sinh(2η)

sin2 [s0 ln(a/a∗)] + sinh2(η)

~a
m

(15)

La structure de ce terme est très voisine de celle proposée en (3) pour la re-
combinaison à trois corps ; c’est logique puisque ces deux termes décrivent
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(see Fig. 4), where jna3j ¼ 9.7 × 10−5 at a− and the
collision rate is no longer small as compared to the trapping
frequency. The latter condition in particular can lead to
systematic errors. A recently published study [45] on the
same resonance as we discuss here reported counterintui-
tive temperature-induced shifts in the Efimov peak at high
values of jna3j, the collision rate, and nλ3. We see no such
effects in the data (shown in Fig. 3) that we use to determine
a−; for those fits, we use only jna3j < 4 × 10−5 and nλ3 <
0.2 [19]. The data shown in Fig. 3 agree well with the
prediction of Eq. (2): not just in the shape of L3ða; TÞ but in
its overall amplitude A. The fact that, for all values of T,
our fit A is within 43% of 1.0 (which is consistent with
small discrepancies in the density calibration) is further
evidence that our results are not contaminated by high
degeneracy, many-body effects, collisional avalanche, or
misassignment of resonance peaks.
Our final value for a− ¼ −908ð11Þa0, plotted as a red

star in Fig. 1, differs from the range of theoretical
predictions [4–7,9] for the universal result of a− ¼ −630$
15%a0 by many times our estimated error. How does this
firmly established discrepancy compare to theoretical
efforts to model the “edges of universality”?
The range a− ¼ ½−11.2;−8.3&rvdW of theoretical pre-

dictions for the universal value arises because the calcu-
lated value of the ostensibly universal a− depends, even if
only modestly, on the details of short-range treatment [7].

It seems likely this variability will be only more pro-
nounced for a regime where universality is already begin-
ning to fail on its own. A key qualitative lesson from
Ref. [16] is the prediction of a nonuniversal value of a− ≈
−12rvdW for sres ¼ 2.57 and abg ¼ −19.6a0. However,
going beyond the results from Ref. [16], we find that a−
also depends on the number of bound states in the model
for small sres and abg. In our theoretical effort to accurately
describe three-body physics [19], we constructed a more
realistic multichannel model using a realistic hyperfine and
Zeeman spin structure, with triplet and singlet scattering
lengths constrained to equal our empirically determined
values. The adjustable parameters are the inner walls of the
van der Waals potentials tuned to give the desired number
of bound states. The results are shown as black triangles in
the inset of Fig. 1. We see that the predicted a− result more
closely approximates our distinctly nonuniversal measure-
ment as we go to a larger number of bound states. An
empirical attempt to extrapolate to a very large number of
bound states yields alim− ¼ −13.1rvdW and ηlim ¼ 0.21. This
is the first attempt to get a quantitatively accurate calcu-
lation for η close to our measured value of 0.25(1). The
reasonable agreement with the experimental value shows
the importance of properly modeling the diatomic molecu-
lar spectra and its hyperfine structure [19].
To conclude, we precisely measure dimer binding ener-

gies, the Feshbach resonance location, and the Efimov
ground location. Our results (in particular, the observation
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FIG. 3. Temperature dependence of the three-body loss coef-
ficientL3, scaling as a4 scaling (dashed) [73–75], enhanced near an
Efimov ground state located at a−. For each temperature, we fit our
data using a zero-temperature zero-range model [Eq. (1)], limiting
fits to data points for which jaj < λ=10 (short vertical lines), to
extract theL3=a4 peak location and a finite-temperature zero-range
model [Eq. (2), solid] to extract the true a− value. The inset shows
the extracted peak locations (circles) and a− values (squares),
where both coincide at the lowest temperature. The observed
a− value significantly deviates from the a− ¼ −630a0 value (inset
dashed line) predicted by van der Waals universality [7].
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FIG. 4. Suppression of the Efimov resonance in a high-density
gas. Measurements of high- and intermediate-density samples
performed with the same experimental conditions, contrasting
only in the initial atom number. As a result, differential
comparison of L3 values between those two measurements is
of greatest interest. Small L3 deviations at low jaj between the
lowest-density data and other data are attributed to differing
trap conditions that result in evaporation. However, for our
highest-density data, we observed a strong suppression of L3 near
a ¼ a−.
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FIGURE 14. Taux de relaxation à trois corps dans un gaz de 39K côté a < 0
pour la résonance de Fano-Feshbach située autour de B = 33.6 Gauss. On trouve
a− = −908 (11) a0. Figure extraite de CHAPURIN, XIE et al. (2019).

la même physique, avec la formation d’édifices fortement liés, non précisés
dans le modèle et décrits par le paramètre η.

Le résultat de l’analyse de XIE, GRAAFF et al. (2020), extrapolé à tem-
pérature nulle, donne a(1)∗ = 884 (14) a0 et η = 0.28 (2). Les mêmes auteurs
ont également mesuré le taux de recombinaison à trois corps L3 (donc sans
dimère) côté a > 0 et ont obtenu l’oscillation presque sinusoïdale (après di-
vision de L3 par a4) montrée en figure 16, comme attendu d’après (7). On
en déduit la position du premier minimum a

(0)
+ = 246 (6) a0 et du premier

maximum a
(0)
p = 876 (28) a0.

Récapitulons l’ensemble des résultats obtenus par CHAPURIN, XIE et al.
(2019) et XIE, GRAAFF et al. (2020) (en unité de a0) :

a
(0)
+ = 246 a(0)p = 876 a

(1)
∗ = 884 a

(0)
− = −908 (16)

Cet ensemble constitue un test remarquable de l’universalité d’Efimov

We determine the strength of the second-order spin-orbit
coupling, which was previously neglected [49] but signifi-
cantly influences the balance between paths here [33]. The
dashed line in Fig. 2(a) shows the resulting theoretical
curve. On top of this two-body inelastic process, we
observe that the dimers become shorter lived due to their
reaction with atoms. By subtracting out the dimer one-body
decay rate from the dimer total decay rate [33], we extract
the atom-dimer relaxation coefficient βAD at different
temperatures as plotted in Fig. 2(b). A resonant peak is
pronounced at all temperatures. The highest-temperature
data were collected with multiple atom densities in order to
verify the negligible role of four-body processes.
To quantitatively study the resonant behavior of βAD, we

fit the data [Fig. 2(b)] with a zero-range effective-field
theory [50] that provides a convenient parametrization of
atom-dimer scattering at finite energy. There are two free
parameters in this model, a! and η! [33]. a! denotes the
position of the resonance where an Efimov state merges

into the atom-dimer scattering threshold; η! is the inelas-
ticity parameter that characterizes the probability of decay
into an energetic atom and deep dimer. We include an
additional parameter in the fitting function, the global
magnitude A!, which serves as a diagnostic indicator of
the overall consistency between experiment and theory. The
temperature of the sample, which is an input parameter to
this model, is measured with absorption images on atoms
after a long time of flight. As depicted by the set of solid
lines, this finite-temperature model captures the shape of
the atom-dimer resonance peak across the whole temper-
ature range accessed in our experiment.
The variation of the fitting parameters with temperature

is summarized in Fig. 3. We contrast the fit results from the
above-mentioned finite-temperature model [51] [panel (a)
and (b)] and from a zero-temperature model [2] [panel (c)
and (d)]. The former model reveals an energy-independent
parameter að1Þ! that is approached by the phenomenological
peak location from the latter model as T → 0. We deter-
mine að1Þ! ¼ 884ð14Þa0 ¼ 13.7ð2ÞrvdW from the weighted
mean of the four experimental points [Fig. 3(a)]. Notably,
the inelasticity parameter ηð1Þ! ¼ 0.28ð2Þ overlaps with the
previously measured ηð0Þ− ¼ 0.25ð1Þ for a < 0 within
uncertainty [Fig. 3(b)], indicating that the same parameter
characterizes Efimov states on both sides of the two-body
resonance.
We determine the remaining two Efimov features for

a > 0 through measurements of three-body recombination
coefficient L3. Unlike for a < 0, there are no expected
three-body resonances in L3 for a > 0. Instead, two

(a) (c)

(d)(b)

FIG. 3. Summary of the fit results on atom-dimer resonance and
comparison with MC-vdW theory. (a) að1Þ! and (b) ηð1Þ! extracted
from the finite-temperature model fits (magenta circles). The
horizontal line indicates the mean value of the four points. ηð1Þ! is
found to be consistent with ηð0Þ− reported in our previous work
[31]. (c) Phenomenological peak location and (d) inelasticity
extracted from the zero-temperature fits to the finite-temperature
data (black diamonds) or model (green squares). Finite-temper-
ature effects not only shift the peak location but also greatly
broaden the peaks. Both behaviors are captured by our MC-vdW
model.

(a)

(b)

FIG. 2. Temperature dependence of atom-dimer relaxation
coefficient βAD as a function of a. (a) Lifetimes of dimers with
and without atoms being present. The black circles represent the
intrinsic lifetimes of the dimers measured on dimer samples with
hnDi ¼ 2 × 109 cm−3, T ¼ 70 nK. Error bars are extracted from
the fitting routine and include only the statistical noise on dimer
number. The dashed line represents a coupled-channel model that
includes spin-spin dipolar interaction plus second-order spin-
orbit coupling [33]. (b) βAD measured at various temperatures.
Atomic densities differ by a factor of 3 between the two highest
temperature datasets. Error bars stand for 1σ propagated un-
certainty involving the statistical error of atom density as well as
the uncertainty of dimer lifetimes. Solid lines are fitting curves
with a finite-temperature model [50]. The navy dashed line is an
independent prediction of our three-body multichannel (MC-
vdW) model with no adjustable parameters at 62 nK, obtained
using 4 (3) s-wave singlet (triplet) two-body bound states [33].

PHYSICAL REVIEW LETTERS 125, 243401 (2020)
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FIGURE 15. Taux de pertes à deux corps (atomes-dimères) au voisinage de a(1)∗
dans un gaz de 39K. Figure extraite de XIE, GRAAFF et al. (2020).

avec les différents rapports

a
(1)
∗

a
(0)
−

=
884

−908
= −0.97 Valeur attendue : − 1.065 (17)

a
(0)
p

a
(0)
−

=
876

−908
= −0.96 Valeur attendue : − 1 (18)

a
(0)
p

a
(0)
+

=
876

246
= 3.56 Valeur attendue : 4.76 (19)

Notons que pour la dernière équation, la valeur relativement petite de a(0)+

(comparée à la portée effective re) rend problématique l’atteinte de la va-
leur universelle, ce qui peut expliquer la déviation attendue.
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indistinguishable decay pathways lead to interference
minima and maxima [2–4], denoted as aðnÞþ and aðnÞp ,
respectively. Upon finishing the evaporation, we ramp
up the trap depth adiabatically to about 10 times the final
temperature to avoid number loss due to ongoing evapo-
ration. The peak value of the phase-space density is always
restricted below 1 to ensure Boltzmann statistics. We use a
rate equation [33] to describe the time evolution of atom
number and temperature to obtain the value of L3 at various
a. Since the overall scaling of L3 is proportional to a4, we
divide out this prefactor in Fig. 4 to emphasize the log-
periodic modulation due to Efimov physics.
To extract the minimum að0Þþ , we fit the dataset of 460 nK

with the finite-temperature model [52] (red solid line in
Fig. 4). There are three free parameters in our fitting
function, aþ and ηþ accounting for the location of the
minimum and the contrast of the oscillation, and an
amplitude-scaling factor Aþ. We obtain að0Þþ ¼ 246ð6Þa0,
ηð0Þþ ¼ 0.20ð2Þ. This result agrees with a fit with a zero-
range, zero-energy model [2], suggesting the negligible
effects of finite temperature on að0Þþ . To extract the maxi-
mum að0Þp , we fix the contrast parameter to 0.20 in the
same finite-temperature model and fit the datasets of
410 nK and 230 nK with the empirical temperatures as
inputs. We determine að0Þp ¼ 876ð28Þa0 from the mean
value of the two conditions. For fits at all three temper-
atures, the mean value of Aþ is within 17% of unity [33],
consistent with our density calibration uncertainty of
<10%. As we scan a to larger values, poorly understood
temperature and density effects complicate the interpreta-
tion of our L3 measurements [33].
Discussion.—We compare our results on Efimov

ratios with previous experimental work [5] in Fig. 5.

The particular ratio að1Þ% =að0Þ− substantially deviates from
the zero-range universal value when re is large and positive.
This is the case for strong Feshbach resonances such as
those used in 133Cs [53]. For our intermediate-strength
resonance in 39K, with suppressed re and að0Þ− ¼
−14.05ð17Þ rvdW [31], we obtain að1Þ% =að0Þ− ¼ −0.97ð2Þ.
This is within 9% of the universal ratio of −1.065 [17].
The much better agreement makes sense in light of the
greater separation of length scales. Quantitatively, jað0Þ− j and
að1Þ% are only about 2 to 3 times re for 133Cs, whereas they
are about 7 times re for 39K. Similarly, our observed að0Þp

value is also well spaced from re, and we observe a
ð0Þ
p =að0Þ−

within 4% of its universal value of −1 [18]. The other two
reported að0Þp values were measured in 7Li resonances with
re ≈ 0 [54,55]. Their ratios að0Þp =að0Þ− ¼ −0.92ð14Þ and
−0.92ð6Þ, although of lower precision, are also consistent
with Efimov universality. Finally, Efimov universality
yields að0Þþ =að0Þ− ¼ −1=

ffiffiffiffiffiffiffiffiffi
22.7

p
¼ −0.210. Empirical values

of að0Þþ =að0Þ− in 7Li [56], 133Cs [20,57,58], earlier work in 39K
[59], and our own 39K result differ from this prediction by
between 15% and 70%. Moreover, there is no trend towards
improved agreement with lower jrej. We note that the value
of re at such small a can differ significantly from the value
of re at a → ∞ [60], and in these circumstances the short-
range effects must be analyzed on a case-by-case basis. Not
reviewed in Fig. 5 is a measurement [61] of að1Þ− =að0Þ− in
133Cs, which was consistent with Efimov universality.
Finally, we compare our experimental results with

various theoretical models in Table I. The central results
of this Letter are the excellent three-way agreement

FIG. 4. Three-body recombination coefficient L3 divided by a4

as a function of a. Colored solid lines represent fits to a finite-
temperature model in the neighborhood of either the maximum or
the minimum. The dotted horizontal line represents three-body
recombination into deeply bound dimers with ηð0Þþ ¼ 0.20. The
cyan dashed line represents our MC-vdW calculation done for
40 nK [33].

FIG. 5. Summary of experimental [20,31,53–58,62] and theo-
retical results [4] of three Efimov ratios between features on
opposite sides of the Feshbach resonance. Here we show only the
experiments on the observables presented in Fig. 1. The two JILA
points at the top are artificially spaced in horizontal direction for
visibility. The corresponding zero-range theory predictions are
shown as the dashed, dotted and dash-dotted lines. re is evaluated
at unitarity (a → ∞) using the model given in [31], in which re is
related to the coupling-strength parameter sres [26,31] that defines
strong (sres ≫ 1) and weak (sres ≪ 1) Feshbach resonances.

PHYSICAL REVIEW LETTERS 125, 243401 (2020)
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FIGURE 16. Taux de pertes à trois corps dans un gaz de 39K côté a > 0. Figure
extraite de XIE, GRAAFF et al. (2020).

3 Le paramètre à trois corps

3-1 Une coïncidence surprenante?

Dans l’approche que nous avons présentée ici, basée sur une interaction
de portée nulle, le paramètre à trois corps R0 est un paramètre ad hoc, sans
lien avec les autres quantités physiques du problème. On s’attendait initia-
lement à ce qu’il en aille de même pour l’interaction de van der Waals qui
est en jeu dans les gaz d’atomes froids. Ce fut donc une surprise quand,
après avoir compilé les valeurs expérimentales de R0 pour différentes ré-
sonances de Fano-Feshbach d’une espèce atomique donnée – le césium –
(GROSS, SHOTAN et al. 2010 ; BERNINGER, ZENESINI et al. 2011) ainsi que
pour différentes espèces atomiques, on a constaté que ces valeurs étaient
étroitement liées à la longueur de van der Waals

RvdW =
1

2

(
mC6

~2

)1/4

. (20)

1

the measured a− values should begin to deviate from the
universal a− ¼ −9.7rvdW value; see Fig. 1. However, this
conclusion is only tentative due to large experimental
uncertainties in the measured a− [17], unexpected temper-
ature dependence [45], and large systematic uncertainties in
the parameters of the underlying two-body Feshbach
resonance [17,37,38,43]. Although there are intriguing
experimental [15,46–55] and theoretical [52,56–58] results
for the heteronuclear cases, the possible influence of many
additional parameters (mass ratio, quantum statistics, and
inter- and intraspecies scattering lengths) makes the ques-
tion of universality in those systems a topic for an entirely
separate investigation.
In this Letter, we present a precise test of van der Waals

universality near a Feshbach resonance with sres ¼ 2.57
[19], which is intermediate between the narrow (sres ≪ 1)
and broad (sres ≫ 1) regimes. Specifically, we accurately
determine the value of a− by having precise control of
critical experimental parameters such as temperature,
density, and scattering length. Because of our tight control
of both systematic and statistical errors, ours is the first
measurement of a compelling nonuniversal a− value in a
homonuclear Efimov resonance.
A thorough characterization of the Feshbach resonance

and an accurate map of the scattering length are required
for precise determination of the a− value. Accordingly, we
perform high-precision spectroscopy on a pure gas of

Feshbach dimers and accurately determine their binding
energies. This measurement enables us to refine our two-
body model and accurately predict the scattering length in
our Efimov measurements [19]. In other Feshbach reso-
nance studies, methods based on number loss or thermal-
ization rate have occasionally given inconsistent results. By
contrast, dissociation spectroscopy of Feshbach dimers
isolates two-body physics and accurately determines res-
onance properties [59–62].
Precision molecular spectroscopy requires long inter-

rogation times under unperturbed conditions. We stabilize
the magnetic field to the milligauss-level and eject all
unpaired atoms, whose presence affects dimer lifetimes and
complicates the spectroscopy. A pure molecular sample is
prepared by starting with∼105 atoms confined in an optical
dipole trap and a temperature of ∼300 nK. We transfer a
fraction of atoms in the jF ¼ 1; mF ¼ −1i hyperfine state to
the dimer state bymagnetoassociation [63]. Subsequently, all
residual unpaired atoms are blasted away by multiple radio-
frequency (rf) and optical pulses, leaving a pure sample of
∼104 molecules. Lastly, the magnetic field B is ramped to
various values, corresponding to different binding energies,
where we perform rf spectroscopy.
We dissociate molecules by transferring one atom of the

pair from the jF ¼ 1; mF ¼ −1i interacting state to the
jF ¼ 1; mF ¼ 0i imaging state. The final state being nearly
noninteracting enables us to directly probe the dimer
binding energy. Additionally, the transition being magneti-
cally less sensitive near B values of interest allows long
molecular interrogation times, limited only by dimer life-
times, to achieve high spectral resolution. We scan the rf
frequency and measure the transferred fraction, keeping the
pulse energy low to limit saturation effects and dissociate a
maximum 50% of molecules. We fit the measured spectrum
to a functional form given by the Franck-Condon factor of
the bound-free transition [59], and we extract the molecular
binding energy Eb [19,64]. We repeat this procedure to
determine Eb at different magnetic field values, as depicted
in Fig. 2.
The universal expression Eb ¼ ℏ2=ðma2Þ is always

accurate for large enough a. A more refined expression
Eb ¼ ℏ2=½mða − āÞ2%, which introduces the mean scatter-
ing length ā ≈ 0.956rvdW [66], is valid at smaller values of
a as long as a ≫ rvdW=sres [65]. However, such treatments
are inadequate for narrow and intermediate resonances.
To better compare to our experimental data, we developed a
coupled-channel model [19] capable of describing our
high-precision Eb data. We fine-tune the model’s param-
eters, the singlet and triplet scattering potentials, to accu-
rately match most of our measurements to within 1%, as
depicted in Fig. 2’s inset. As a result, we determine a
particular linear combination of the singlet and triplet
scattering lengths of 0.2470aS þ 0.9690aT ¼ 1.926ð2Þa0
[19], further constraining the previously reported values
of aS ¼ 138.49ð12Þa0 and aT ¼ −33.48ð18Þa0 [67,68].
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FIG. 1. Survey of experimental a− values in homonuclear
systems, inspired by [15]. Previous results (blue circles)
[3,17,37,41–45] show a tentative dependence of the a− value
on the Feshbach resonance strength parameter sres. Our meas-
urement (red star; red band in the inset) is the strongest evidence
of departure from the −9.7' 15%rvdW value (dashed line and
gray area) predicted by van der Waals universality [4,5,7,9]. The
inset shows calculations for a− based on a single van der Waals
potential [7] with N ¼ 1 − 7 s-wave two-body bound states
(green squares) and results from our multichannel model [19]
with N ¼ 2 − 5 (black triangles).

PHYSICAL REVIEW LETTERS 123, 233402 (2019)

233402-2

FIGURE 17. Valeurs du rapport a(0)− /RvdW pour le premier trimère d’Efimov
pour différentes espèces atomiques, en fonction de la largeur sres de la résonance
de Fano–Feshbach. La zone grise correspond à a(0)− /RvdW = −9.7 ± 1.5. Figure
extraite de CHAPURIN, XIE et al. (2019).

Par exemple, si on s’intéresse au pic a(0)− du taux de recombinaison à trois
corps du côté a < 0 de la résonance, on constate que la position de ce pic
semble "verrouillée" autour de−10RvdW avec quelques exceptions notam-
ment du côté des résonances de Fano–Feshbach très étroites (voir la figure
17 pour plus de détails).

Pour éclaircir la situation sur le plan théorique, WANG, D’INCAO et al.
(2012) ont étudié le comportement de ce rapport a(0)− /RvdW pour différents
potentiels à deux corps en variant à chaque fois le nombre d’états liés dans
ces potentiels [voir aussi MESTROM, WANG et al. (2017)]. Leurs résultats

– page 12 –



CHAPITRE 6 : L’EFFET EFIMOV EXPLORÉ AVEC DES GAZ D’ATOMES FROIDS § 3. Le paramètre à trois corps

vhs
vdW result. The average of the experimental values differs

from the present vhs
vdW result by less than 3%.

Previous treatments have failed to predict the universal-
ity of the three-body parameter for various reasons. In
treatments using zero-range interactions, for instance, the

three-body parameter enters as a free parameter to cure the
Thomas collapse [32], preventing any statement about its
universality. Finite range models devoid of a van der Waals
tail, like those used in some of our own treatments [18]
[corresponding to the results for vsch with n ¼ 2 and 3 in
Figs. 4(a) and 4(b)], have failed for lack of substantial
suppression of the probability density in the two-body
wells. Such models, however, are more appropriate to
describe light nuclei having few bound states and shallow
attraction. In contrast to Ref. [18], other models [24,33–38]
have found better agreement with experiments. Our analy-
sis of these treatments, however, indicates that the two-
body models used have many of the characteristics of our
vhs
vdW, therefore satisfying the prerequisite for a universal

three-body parameter. A recent attempt [39] to explain this
universality used an ad hoc hyperradial potential that bore
little resemblance to ours [see Fig. 3(b)]. This ad hoc three-
body potential displayed strong attraction at short distances
in contrast to our key finding, which to reiterate, is that a
cliff of attraction for two bodies produces a universal
repulsive barrier in the three-body system.
In summary, our theoretical examination shows that the

three-body parameter controlling much of universal
Efimov physics can also be a universal parameter under
certain circumstances which should be realized in most
ultracold neutral atom experiments. Provided the under-
lying two-body short-range interaction supports a large
number of bound states, or it has some other property
leading to the suppression of the wave function at short
distances, three-body properties associated with Efimov
physics can be expected to be universal. This surprising
new scenario could not have been, and was not, anticipated
from the simple model calculations to date. Ironically,
increasing the complexity of the model simplified the
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FIG. 3 (color online). (a) Efimov potential obtained from the
different two-body potential models used here. The reasonably
good agreement between the results obtained using models
supporting many bound states (vsch, va

! and vb
!) and vhs

vdW

[obtained by replacing the deep potential well with a hard wall
but having only one (zero-energy) bound state] supports our
conclusion that the inside-the-well suppression of the wave
function is the main physical mechanism behind the universality
of the three-body effective potentials. The differences between
these potentials are seen to cause differences of a few percent in
the three-body parameter. (b) Comparison between the effective
potential proposed by Ref. [39] (green dashed curve) and the
one (red solid curve) constructed to describe our findings:
2"r2vdWWu

# ðRÞ=@2$%ðs20þ1=4Þ=X2%b3=X
3%b4=X

4%b5=X
5þ

b16=X
16, where X ¼ R=rvdW and b3 ¼ 2:334, b4 ¼ 1:348, b5 ¼

44:52, b16 ¼ 4:0' 104.
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FIG. 4 (color online). Values for the three-body parameter (a) $( and (b) a
%
3b as functions of the number n of two-body s-wave bound

states for each of the potential models studied here. (c) Experimental values for a%3b for 133Cs [3] (red: ', þ, h, and *), 39K [4]
(magenta: 4), 7Li [5] (blue: )) and [6,7] (green: j and *), 6Li [8,9] (cyan: m and 5) and [10,11] (brown: . and r), and 85Rb [12]
(black: r). The gray region specifies a band where there is a +15% deviation from the vhs

vdW results. The inset of (a) shows the
suppression parameter %in

p (Eq. (S.5) in Ref. [26]) which can be roughly understood as the degree of sensitivity to nonuniversal
corrections. Since %in

p is always finite—even in the large n limit—nonuniversal effects associated with the details of the short-range
interactions can still play an important role. One example is the large deviation in $( found for the vsch (n ¼ 6) model, caused by a
weakly bound g-wave state. For n > 10 we expect $( and a%3b to lie within the range of +15% established for n , 10.
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FIGURE 18. Valeurs du rapport a(0)− /RvdW pour le premier trimère d’Efimov
calculé pour différents potentiels d’interaction à deux corps. Figure extraite de
WANG, D’INCAO et al. (2012).

sont indiqués en figure 18 ; ils ont été obtenus pour :

V aλ (r) = −C6

r6
+
C12

r12
C12 ≡ λ6C6 (21)

V bλ (r) = −C6

r6
exp

(
−λ6/r6

)
(22)

V hs
vdW(r) = BhsΘ (rhs − r)−

C6

r6
Θ (r − rhs) (23)

Ces potentiels ont tous un comportement en r−6 à grande distance 4 et
conduisent au "tir groupé" observé expérimentalement a(0)− ∼ −10RvdW.
Le quatrième potentiel utilisé en figure 18, Vsch(r), décroît exponentielle-
ment vite à l’infini et nous ne le discuterons pas ici.

4. Pour le potentiel de van der Waals avec cœur dur V hs
vdW(r) ("hs"=hard sphere), les para-

mètres sont ajustés pour travailler au seuil d’apparition du premier état lié.

Le lien trouvé entre le paramètre à trois corps et RvdW n’est donc pas
fortuit : on le retrouve théoriquement et il s’agit maintenant de comprendre
son origine physique.

3-2 L’approche hypersphérique

Pour comprendre l’origine de ce lien entre paramètre à trois corps et
RvdW, nous allons revenir sur la démarche décrite au chapitre précédent
pour traiter le problème à trois corps. Une fois le passage dans le réfé-
rentiel du centre de masse effectué, le problème est décrit par 6 variables,
l’hyperrayon R avec

R2 =
2

3

(
r212 + r223 + r231

)
(24)

et 5 angles :

— les 2 angles α (Delves) et β (Jacobi) qui déterminent la forme du tri-
angle (à une homothétie près),

— les 3 angles d’Euler qui déterminent l’orientation du triangle dans l’es-
pace.

Dans ce qui suit, nous noterons Ω le quintuplet formé par ces cinq angles,
une configuration donnée du triangle dans le référentiel du laboratoire
étant donc définie par (R,Ω).

L’approche hypersphérique prend pour point de départ l’équation de
Schrödinger mise sous la forme (D’INCAO, GREENE et al. 2009) :[

− ∂2

∂R2
+ Ĥang(Ω;R)

]
Φ(R,Ω) = EΦ(R,Ω) avec E =

mE

~2
(25)

où l’opérateur Ĥang(Ω;R) fait intervenir des dérivées par rapport aux cinq
angles de Ω (opérateur de moment cinétique généralisé), et contient égale-
ment les potentiels d’interaction entre les trois particules. L’hyperrayon R
joue le rôle de paramètre dans Ĥang(Ω;R) : cet opérateur est local en R et
ne contient pas de dérivées par rapport à R.

On commence par résoudre le problème aux valeurs propres pour l’hy-
perangle Ω à R fixé et on trouve ainsi une série de fonctions propres et de
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valeurs propres paramétrées par R :

Ĥang(Ω;R)Fi(Ω;R) = εi(R) Fi(Ω;R), (26)

Pour tout R, ces fonctions Fi forment une base orthonormée des fonctions
de Ω avec

〈Fi(R)|Fj(R)〉 =

∫
F ∗i (Ω;R) Fj(Ω;R) d5Ω = δi,j . (27)

Une fois cette première étape effectuée, on cherche la solution de l’équation
initiale (25) sous la forme générale :

Φ(R,Ω) =
∑
j

φj(R) Fj(Ω;R), (28)

où les fonctions φi(R) sont à ce stade inconnues. Pour les déterminer, on
injecte cette forme dans (25) et on projette le résultat sur un φi particulier
pour trouver :

− d2φi
dR2

+ εi(R)φi(R) + [· · · ] = Eφi(R). (29)

Dans cette expression, le terme [· · · ] apparaît du fait de la dépendance en
R des fonctions Fj(Ω;R) ; on trouve plus précisément, avec la notation uti-
lisée en (27) :

[· · · ] = −2
∑
j

dφj
dR
〈Fi|∂RFj〉 −

∑
j

φj(R)〈Fi|∂2RFj〉 (30)

L’approche la plus simple consiste à négliger complètement le terme
[. . . ]. Cela correspond à l’approximation de Born–Oppenheimer en phy-
sique moléculaire et c’est également ce que nous avons présenté au cha-
pitre 5, § 4.1 : le potentiel hypersphérique que nous avions alors introduit,
[s2i (R)− 1/4]/R2, n’était autre que le terme εi(R) qui apparaît dans (29).

A l’inverse, si on garde le système infini d’équations couplées pour les
φj , on a une description exacte du problème. En pratique, elle sera d’autant
meilleure que la troncature de ce système se fera pour un indice j élevé.

Une solution intermédiaire qui va nous guider ici consiste à ne garder
qu’une seule fonction inconnue φi tout en prenant en compte les correc-
tions provenant de la dépendance en R de Fi(Ω;R) dans (30). Après un

calcul relativement simple [voir par exemple DALIBARD, GERBIER et al.
(2011) ou le cours 2013-14, chap. 3, § 4], on arrive à la forme simple sui-
vante pour l’équation vérifiée par ψi :{[

−i
d

dR
−Ai(R)

]2
+ εi(R) + Vi(R)

}
φi(R) = E φi(R) (31)

où l’on a fait apparaître deux potentiels géométriques Ai et Vi :

Ai(R) = i〈Fi(R)|∂RFi(R)〉 Vi(R) =
∑
j 6=i
|〈∂RFi(R)|Fj(R)〉|2 (32)

Si la variable R évoluait dans un espace de dimension supérieure à 1, le
potentiel Ai serait un "potentiel vecteur" et décrirait une possible phase
de Berry. Pour le problème qui nous intéresse ici, où la variable R est
unidimensionnelle, Ai ne joue pas de rôle significatif et peut d’ailleurs
être éliminé par un changement de jauge pour la fonction φi, en posant
φ̃i(R) = φi(R)e−iχ(R) avec χ(R) =

∫ R
0
Ai(R′) dR′. En revanche, le "poten-

tiel scalaire" Vi(R) va jouer un rôle important. Notons tout de suite qu’il
est toujours positif et d’autant plus grand que l’état angulaire |φi(R)〉 varie
vite avec R.

3-3 Emergence d’un cœur dur en ∼ 2RvdW

Pour apprécier de manière quantitative le rôle du potentiel géométrique
défini au paragraphe précédent, il est intéressant d’examiner les résultats
de WANG, D’INCAO et al. (2012) déjà cités, ainsi que ceux de NAIDON,
ENDO et al. (2014) [avec leur erratum NAIDON, ENDO et al. (2021)]. Ces
auteurs ont considéré deux types de potentiels à deux corps

Vsoft(r) = − C6

r6 + σ6
et VLJ(r) = −C6

r6
+
C12

r12
. (33)

Pour C6 fixé, ils ont fait varier le nombre d’états liés en changeant σ ou C12,
puis calculé le potentiel total résultantWi(R) = εi(R)+Vi(R) pour le canal
de plus basse énergie i = 0. Le calcul a été fait à dans le cas unitaire (a =∞)
pour lequel le potentiel adiabatique ε0(R) est égal à −(|s0|2 + 1/4)/R2 si la
portée du potentiel à deux corps peut être négligée.
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1

the measured a− values should begin to deviate from the
universal a− ¼ −9.7rvdW value; see Fig. 1. However, this
conclusion is only tentative due to large experimental
uncertainties in the measured a− [17], unexpected temper-
ature dependence [45], and large systematic uncertainties in
the parameters of the underlying two-body Feshbach
resonance [17,37,38,43]. Although there are intriguing
experimental [15,46–55] and theoretical [52,56–58] results
for the heteronuclear cases, the possible influence of many
additional parameters (mass ratio, quantum statistics, and
inter- and intraspecies scattering lengths) makes the ques-
tion of universality in those systems a topic for an entirely
separate investigation.
In this Letter, we present a precise test of van der Waals

universality near a Feshbach resonance with sres ¼ 2.57
[19], which is intermediate between the narrow (sres ≪ 1)
and broad (sres ≫ 1) regimes. Specifically, we accurately
determine the value of a− by having precise control of
critical experimental parameters such as temperature,
density, and scattering length. Because of our tight control
of both systematic and statistical errors, ours is the first
measurement of a compelling nonuniversal a− value in a
homonuclear Efimov resonance.
A thorough characterization of the Feshbach resonance

and an accurate map of the scattering length are required
for precise determination of the a− value. Accordingly, we
perform high-precision spectroscopy on a pure gas of

Feshbach dimers and accurately determine their binding
energies. This measurement enables us to refine our two-
body model and accurately predict the scattering length in
our Efimov measurements [19]. In other Feshbach reso-
nance studies, methods based on number loss or thermal-
ization rate have occasionally given inconsistent results. By
contrast, dissociation spectroscopy of Feshbach dimers
isolates two-body physics and accurately determines res-
onance properties [59–62].
Precision molecular spectroscopy requires long inter-

rogation times under unperturbed conditions. We stabilize
the magnetic field to the milligauss-level and eject all
unpaired atoms, whose presence affects dimer lifetimes and
complicates the spectroscopy. A pure molecular sample is
prepared by starting with∼105 atoms confined in an optical
dipole trap and a temperature of ∼300 nK. We transfer a
fraction of atoms in the jF ¼ 1; mF ¼ −1i hyperfine state to
the dimer state bymagnetoassociation [63]. Subsequently, all
residual unpaired atoms are blasted away by multiple radio-
frequency (rf) and optical pulses, leaving a pure sample of
∼104 molecules. Lastly, the magnetic field B is ramped to
various values, corresponding to different binding energies,
where we perform rf spectroscopy.
We dissociate molecules by transferring one atom of the

pair from the jF ¼ 1; mF ¼ −1i interacting state to the
jF ¼ 1; mF ¼ 0i imaging state. The final state being nearly
noninteracting enables us to directly probe the dimer
binding energy. Additionally, the transition being magneti-
cally less sensitive near B values of interest allows long
molecular interrogation times, limited only by dimer life-
times, to achieve high spectral resolution. We scan the rf
frequency and measure the transferred fraction, keeping the
pulse energy low to limit saturation effects and dissociate a
maximum 50% of molecules. We fit the measured spectrum
to a functional form given by the Franck-Condon factor of
the bound-free transition [59], and we extract the molecular
binding energy Eb [19,64]. We repeat this procedure to
determine Eb at different magnetic field values, as depicted
in Fig. 2.
The universal expression Eb ¼ ℏ2=ðma2Þ is always

accurate for large enough a. A more refined expression
Eb ¼ ℏ2=½mða − āÞ2%, which introduces the mean scatter-
ing length ā ≈ 0.956rvdW [66], is valid at smaller values of
a as long as a ≫ rvdW=sres [65]. However, such treatments
are inadequate for narrow and intermediate resonances.
To better compare to our experimental data, we developed a
coupled-channel model [19] capable of describing our
high-precision Eb data. We fine-tune the model’s param-
eters, the singlet and triplet scattering potentials, to accu-
rately match most of our measurements to within 1%, as
depicted in Fig. 2’s inset. As a result, we determine a
particular linear combination of the singlet and triplet
scattering lengths of 0.2470aS þ 0.9690aT ¼ 1.926ð2Þa0
[19], further constraining the previously reported values
of aS ¼ 138.49ð12Þa0 and aT ¼ −33.48ð18Þa0 [67,68].
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FIG. 1. Survey of experimental a− values in homonuclear
systems, inspired by [15]. Previous results (blue circles)
[3,17,37,41–45] show a tentative dependence of the a− value
on the Feshbach resonance strength parameter sres. Our meas-
urement (red star; red band in the inset) is the strongest evidence
of departure from the −9.7' 15%rvdW value (dashed line and
gray area) predicted by van der Waals universality [4,5,7,9]. The
inset shows calculations for a− based on a single van der Waals
potential [7] with N ¼ 1 − 7 s-wave two-body bound states
(green squares) and results from our multichannel model [19]
with N ¼ 2 − 5 (black triangles).
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between r and rþ dr in regions of high local velocity@kLðrÞ, which is proportional to [mdr=@kLðrÞ] (m being
the particle mass), the time spent classically in that interval
dr (see Ref. [26]). It is possible that there could be an
additional suppression as well, through quantum reflection
from a potential cliff [27]. Systems supporting many bound
states, such as the neutral atoms used in ultracold experi-
ments with their strong van der Waals attraction, clearly
exhibit this suppression. In general, a finite-range two-
body potential that supports many bound states decreases
steeply with decreasing interparticle distance r, starting
when r=rvdW & 1, at which point the potential cliff plays
a role analogous to a repulsive potential for low-energy
scattering. We demonstrate this fact by showing that the
three-body parameter in the presence of many two-body
bound states roughly coincides with that for a 100% re-
flective two-body model potential, where the two-body
short-range potential well is replaced by a hard sphere.

The starting point for our investigation of the universal-
ity of the three-body parameter is the adiabatic hyper-
spherical representation [18,28]. This representation
offers a simple and conceptually clear description by re-
ducing the problem to the solution of the ‘‘hyperradial’’
Schrödinger equation:

!
$ @2
2!

d2

dR2þW"ðRÞ
"
F"ðRÞþ

X

"0!"

W""0ðRÞF"0ðRÞ¼EF"ðRÞ:

(1)

Here, the hyperradius R describes the overall size of the
system; " is the channel index; ! ¼ m=

ffiffiffi
3

p
is the three-

body reduced mass for particle masses m; E is the total
energy; and F" is the hyperradial wave function. The
nonadiabatic couplings W""0 drive inelastic transitions,
and the effective hyperradial potentials W" support bound
and resonant states. To treat problems with deep two-body
interactions—necessary to see strong inside-the-well sup-
pression—requires us to solve Eq. (1) for two-body model
interactions that support many bound states, a challenge for
most theoretical approaches. Using our recently developed
methodology [29], however, we have treated systems with
up to 100 two-body rovibrational bound states and have
solved Eq. (1) beyond the adiabatic approximation. Here,
the universality of the three-body parameter is analyzed for
a number of model potentials, one of then being the usual
Lennard-Jones potential:

va
#ðrÞ ¼ $C6

r6
ð1$ #6=r6Þ; (2)

where # is adjusted to give the desired value of a and
number of bound states. The other short-ranged potential
models used here, namely, vsch, v

b
# and v

hs
vdW, can be found

in Ref. [26].
Figure 1(a) shows the adiabatic potentialsU" at jaj ¼ 1

obtained using the potential va
# above supporting 25 dimer

bound states. At first glance, it is difficult to identify any
universal properties of these potentials. Efimov physics,
however, occurs at a very small energy scale near the

FIG. 1 (color online). (a) Full energy landscape for the three-body potentials at a ¼ 1 for our va
# model potential. (b) Effective

diabatic potentials W" relevant for Efimov physics for va
# with an increasingly large number of bound states (#&

n is the value of # that
produces a ¼ 1 and n s-wave bound states). The W" converge to a universal potential displaying the repulsive barrier at R ' 2rvdW
that prevents particles’ access to short distances. (c)–(e) demonstrate the suppression of the wave function inside the potential well
through the channel functions !"ðR; $; ’Þ for R fixed near the minima of the Efimov potentials in (b). (c) shows the mapping of the
geometrical configurations onto the hyperangles $ and ’. (d) and (e) show the channel functions, where the ‘‘distance’’ from the origin
determines j!"j1=2, for two distinct cases: in (d) when there is a substantial probability to find two particles inside the potential well
(defined by the region containing the gray disks) and in (e) with a reduced probability—see also our discussion in Fig. 2. In (d) and (e),
we used the potentials vsch and va

#, respectively, both with n ¼ 3.
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FIG. 1. (Color online) Three-body potentials U0(R) and U1(R)
for different pairwise interactions at unitarity: soft-core van der
Waals potential (blue) with nb = 1–10 two-body bound states,
Lennard-Jones potential (green) with nb = 1–10 two-body bound
states, and helium potential (red) rescaled to reach unitarity with
nb = 1 two-body bound state. Note that only the case of the soft-core
van der Waals potential with one bound state is significantly different
from the other cases. The dashed curve shows the asymptotic Efimov
attraction.

λ0(R) → −s2
0 at large hyperradii, with s0 ≈ 1.00624. One can

show that Q00(R) → O(1/R3), so that the potential U0(R)
tends to the 1/R2 Efimov attraction at large R. At shorter
distance, the potential becomes repulsive. This is illustrated
in Fig. 1, where the three-body potentials Un(R) obtained by
solving Eq. (3) are represented for several two-body potentials
with a van der Waals tail. Namely, we used the following
soft-core van der Waals and Lennard-Jones potentials:

Vsoft(r) = −C6
1

r6 + σ 6
, (8)

VLJ(r) = C6

(
σ 6

r12
− 1

r6

)
, (9)

where the length σ is adjusted to produce a shape resonance
(divergence of the scattering length, leading to the unitarity
limit a → ∞). There are several possible choices of σ ,
corresponding to different depths of the potential well, or
equivalently different numbers of s-wave two-body bound
states nb (including the one at the breakup threshold). We
also use a realistic helium potential [37] rescaled to reach
unitarity [32], which is qualitatively similar to a Lennard-Jones
potential at unitarity with one two-body bound state.

Figure 1 shows that for all these two-body potentials the
three-body potential U0(R) in the Efimov channel (n = 0)
exhibits both the Efimov attraction at large distance and a
repulsive barrier at short distance. Consistent with Ref. [34],
for all these pairwise potentials with the exception of the
soft-core van der Waals potential with one bound state, the
repulsive barrier is universally located around R ≈ 2rvdW.

III. INTERPRETATION OF THE THREE-BODY
REPULSION

A. Repulsion due to deformation

One might think that the repulsive barrier is a consequence
of the hard-core repulsion in the two-body potential, as
suggested in Ref. [35]. However, this is not the case since
it occurs also for the soft van der Waals potential which has no
repulsive core and is purely attractive. Another counterintuitive
observation is that the depth of the three-body potential U0
remains relatively stable as the two-body potential is made
deeper and deeper. Our calculation shows that the adiabatic
contribution λ0(R)/R2 in Eq. (7) gets indeed deeper but
is compensated by the purely repulsive nonadiabatic term
Q00. The fact that the nonadiabatic kinetic energy is indeed
repulsive at large distance can be understood by rewriting
Q00 as

Q00(R) =
∫

d#

∣∣∣∣
∂%̃0(#; R)

∂R

∣∣∣∣
2

! 0, (10)

using the normalization of %̃0 and the fact that it can be chosen
to be real. This shows that Q00 is positive and, since it has to
vanish at large distance, it must be repulsive (if one excludes
unlikely oscillations at infinitely large distance).

Equation (10) shows that the nonadiabatic kinetic energy
Q00 arises from a change in the hyperangular wave function
%̃0 with respect to the hyperradius, i.e., from a change in the
probability distribution of the shape of the three-body system
as a function of its size. To visualize this change, we use %̃0
to plot in Fig. 2 the probability density of finding a particle 3
for a given separation r12 of the two other particles 1 and 2:

P (%r12,3) = (sin 2α3)2|%̃0(#; R)|2. (11)

When particle 3 is far from particles 1 and 2, the hyperangular
wave function is given by the zero-range limit (corresponding
to the Efimov theory), which at unitarity admits the following
analytical solution [1]:

%̃
(ZR)
0 (#) =

3∑

i=1

φ
(ZR)
0 (αi)
sin 2αi

,

with φ
(ZR)
0 (α) = sinh

[
s0

(
π

2
− α

)]
, (12)

which is independent of the hyperradius. The probability den-
sity therefore remains the same up to a scale transformation.
In other words, the probability distribution of the shape of
the three-particle system remains the same; namely, the third
particle is typically located closer to one of the other two. This
invariance of the hyperangular wave function with respect to
the hyperradius results in Q00 = 0.

When particle 3 comes close to particle 1 or 2, however,
this zero-range picture becomes invalid because the finite-
range effects of the interaction are no longer negligible.
In Fig. 2, one can clearly see two regions of suppressed
probability near particles 1 and 2. This exclusion is an expected
consequence of the known two-body physics. It is expected
indeed that for short-range interactions the three-body density
distribution becomes proportional to the relative two-body
density distribution whenever two particles come sufficiently
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FIGURE 19. Potentiel total Wi(R) = εi(R) + Vi(R) pour le canal i = 0. Le
calcul est fait à l’unitarité, c’est-à-dire pour a = ∞. Figures extraites de WANG,
D’INCAO et al. (2012) (haut) et NAIDON, ENDO et al. (2014) (bas).

Le résultat tracé sur la figure 19 est frappant. Dès que le nombre d’états
liés dépasse 3, la forme de Wi(R) devient quasiment indépendante de ce
nombre d’états liés et donc de la profondeur du potentiel à deux corps V (r)
originel. Plus précisément :

— Pour R & 10RvdW, on retrouve le potentiel d’Efimov déterminé au
chapitre précédent pour une portée nulle, −(|s0|2 + 1/4)/R2.

— Pour 2RvdW & R & 10RvdW, le potentiel Wi(R) est significativement
plus profond que le potentiel d’Efimov pour une portée nulle.

— Pour R ≈ 2RvdW, un cœur dur émerge et cela même si le potentiel à
deux corps de départ V (r) est strictement monotone, comme c’est le
cas pour Vsoft(r).

Il ne reste plus qu’à comprendre pourquoi le potentiel W0(R) fait ap-
paraître ce quasi cœur dur à courte distance. L’explication de WANG,
D’INCAO et al. (2012) et NAIDON, ENDO et al. (2014) repose sur la forme
optimale du trimère en fonction de l’hyperrayon R :

— Quand R � RvdW, la forme optimale est la même que pour un po-
tentiel de portée nulle : c’est un triangle allongé avec deux particules
proches l’une de l’autre et la troisième beaucoup plus loin.

— Quand l’hyperrayon devient de l’ordre de quelques RvdW, la forme
optimale du triangle est plus proche d’un triangle équilatéral. En effet,
la forme allongée impliquerait d’avoir deux particules à une distance
� RvdW, ce qui est peu probable quand on regarde la solution du
problème à deux corps indiquée sur la figure 20 [voir également le
cours 2021, chapitre 4, § 4].

La forme du triangle varie donc rapidement au voisinage R ∼ 2RvdW, ce
qui crée un potentiel géométrique scalaire V0(R) important [cf. (32)].

Notons que cette explication repose sur une analyse d’un potentiel bi-
naire à un canal. Dans les expériences menées sur les gaz d’atomes froids,
on utilise des résonances de Fano–Feshbach pour approcher la situation
a = ∞ et les paramètres de la résonance, comme sa largeur et la lon-
gueur d’onde de fond (background scattering length), peuvent jouer un rôle
significatif. On pourra consulter SCHMIDT, RATH et al. (2012), WANG &
JULIENNE (2014) et LANGMACK, SCHMIDT et al. (2018) pour un traitement
détaillé dans ce cas.

Le cas des résonances de Feshbach étroites est particulier du fait de la
portée effective� RvdW qui apparaît dans le problème (PETROV 2004). Le
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FIG. 2. (Color online) Three-dimensional contour plots of the
probability distribution in Eq. (11) of finding a particle for a given
separation of the two other particles (which are indicated by a pair of
small gray balls connected by a black line). For clarity, we only show
the probability density behind a plane containing the two particles
and shade the contours with an opacity increasing with probability
density: the darker, the higher the probability of finding the third
particle. The top figures correspond to a separation of 6.0 rvdW, while
the bottom ones correspond to a separation of 1.4rvdW. To appreciate
the change in configuration between the figures, a typical location
of the third particle is indicated by a small green ball connected
to the other two particles by green lines. The left figures were
computed from the zero-range Efimov theory at unitarity; they show
the invariance of the Efimov configuration distribution with respect to
the size of the system. The right figures were computed for a Lennard-
Jones pairwise potential at unitarity supporting four two-body bound
states. At large separations, the probability distribution is consistent
with the Efimov configuration distribution, but around each of the
two particles there is a noticeable sphere of radius ∼rvdW in which
the probability is significantly suppressed. This suppression leads to
an abrupt change in configuration probability when the particles come
close.

close, as recently illustrated in nuclear physics [38]. The
relative radial probability density distribution |ϕ|2 for two
particles at zero scattering energy is represented in Fig. 3
for different two-body potentials at unitarity. One can see that
the probability is indeed suppressed below some radius on the
order of rvdW due to either the presence of a repulsive wall or,
in contrast, the acceleration in the well of the potential.

As particles 1 and 2 come close, this two-body exclusion
confines the probability distribution for particle 3 to a region
forming a ring in between the two particles, corresponding to
an equilateral shape of the three-particle system. We find that
this change of shape happens very suddenly, making it difficult
for the system to follow the Efimov channel adiabatically
(see the animations in the Supplemental Material [39]). This
abrupt variation results in a significant gain of nonadiabatic
kinetic energy Q00 in Eq. (10), thereby creating the three-body
repulsion.

The necessity to deform to a more equilateral shape can
also be visualized in Fig. 4, where configurations of the
three particles are shown as a function of hyperradius R and

FIG. 3. (Color online) Zero-energy two-body probability density
distribution |ϕ|2 (normalized asymptotically to unity) as a function of
interparticle distance for different two-body potentials: soft-core van
der Waals potential (blue) with nb = 1–8 bound states, Lennard-
Jones potential (green) with nb = 1–8 bound states, and helium
potential (red) rescaled to reach unitarity with one bound state. The
corresponding potentials are shown in faded colors. The probability
density corresponding to the universal van der Waals correlation given
in Eq. (13) is shown by the dashed black curve.

hyperangle α. Of all these configurations, those for which two
particles are within the van der Waals length are suppressed
by the two-body exclusion. These configurations can be easily
determined and correspond to the solid red region in Fig. 4.
One can see that in order to avoid these configurations a
three-particle system in a given shape getting smaller in size
needs at some hyperradius to deform to a more equilateral
shape.

For an Efimov trimer state, the hyperradius at which
this deformation occurs can easily be estimated from the
zero-range Efimov wave function and the radius of two-body
suppression rvdW. The system has to deform when the distance
between the two closest particles is equal to rvdW. The distance
rij between two particles i and j is equal to R sin αk . At large
hyperradii, the probability distribution of α at unitarity follows
from the Efimov hyperangular wave function in Eq. (12). From
this wave function, one can calculate the average hyperangle
〈α〉 ≈ 0.508, represented by the dashed horizontal line in
Fig. 4. This leads to an approximate location of the onset
of deformation at R = rvdW/ sin〈α〉 ≈ 2.05rvdW,3 represented
by the dashed vertical line in Fig. 4. At this hyperradius the
value of Q00 becomes large, creating a barrier that prevents
the system from further deforming into smaller configurations.
This forbidden region is hatched in Fig. 4. This simple estimate
thus reproduces the location of the repulsive barrier shown
in Fig. 1 and in Ref. [34]. Note that the knowledge of the
location of the barrier is not enough to determine precisely
the three-body parameter, as it also depends on the shape of
the barrier, as well as the couplings to other channels. In light

3According to definitions of the hyperradius in Refs. [34] and [35],
one would find, respectively, R ≈

√√
3/2 × 2.05rvdW = 1.91rvdW

and 1√
2

× 2.05rvdW = 1.45rvdW.
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FIGURE 20. Densité de probabilité pour la fonction d’onde à deux corps d’énergie
nulle pour les différents potentiels donnés en (33). Dès qu’il y a plusieurs états liés
pour ces potentiels, la probabilité pour trouver les deux atomes à une distance infé-
rieure à RvdW devient très faible. Les lignes en traits fins indiquent les potentiels
utilisés pour le calcul. Le calcul est fait pour a =∞. Figure extraite de NAIDON,
ENDO et al. (2014).

recours à un paramètre à trois corps pour régulariser la situation n’est alors
plus nécessaire et GOGOLIN, MORA et al. (2008) ont pu fournir une solu-
tion analytique au problème à trois corps dans ce cas [voir aussi CASTIN

& TIGNONE (2011), ENDO & CASTIN (2016), SECKER, AHMED-BRAUN et
al. (2021) et KRAATS, AHMED-BRAUN et al. (2022) et refs. in]. Plusieurs
expériences récentes ont été menées dans ce régime, parmi lesquelles
JOHANSEN, DESALVO et al. (2017), YUDKIN, ELBAZ et al. (2019), XIE,
GRAAFF et al. (2020), LI, YUDKIN et al. (2022) et ETRYCH, MARTIROSYAN

et al. (2022).

4 Au delà de l’effet Efimov standard

Le travail original d’EFIMOV (1970) portait sur trois bosons identiques
en interaction résonante et c’est sur ce cas que nous nous sommes concen-
trés dans ces deux derniers chapitres. Pour conclure cette présentation,
nous allons maintenant passer en revue quelques situations différentes, par
la nature statistique ou par le nombre de particules en jeu. Compte tenu de
la place impartie, notre discussion sera forcément parcellaire et nous ren-
voyons les lecteurs intéressés vers NAIDON & ENDO (2017) qui présentent
en détail de nombreux prolongements au problème d’Efimov.

4-1 Trois fermions identiques

Commençons par le cas simple où l’on remplace les trois bosons iden-
tiques de l’effet Efimov par trois fermions polarisés. Il n’y a alors plus d’in-
teraction binaire en onde s et il faut se tourner vers les interactions binaires
en onde p (` = 1) pour lesquelles l’amplitude de diffusion f1(k) s’écrit [voir
le cours 2020-21, chap. 3, § 2.3] :

1

f1(k)
≈ − 1

k2v
+
ke
2
− ik, (34)

où v est le volume de diffusion et ke un terme de portée effective (toujours
négatif au voisinage de la résonance). La transposition de |a| =∞ pour une
résonance en onde s correspond alors à un volume de diffusion v infini. Un
état faiblement lié du dimère apparaît du côté v > 0 de la résonance.

Ce problème a été étudié par JONA-LASINIO, PRICOUPENKO et al.
(2008) [voir aussi LEVINSEN, COOPER et al. (2008) et BRAATEN, HAGEN

et al. (2012)]. Ces auteurs ont montré que pour le canal de moment ciné-
tique 1, il pouvait exister deux trimères liés, un de chaque parité, pour v
choisi suffisamment proche de la résonance v = ∞. Ces trimères peuvent
être de nature borroméenne, c’est-à-dire exister pour des valeurs grandes
et négatives du volume de diffusion, pour lesquelles il n’y a pas d’état fai-
blement lié à deux corps. La position de ces trimères est universelle dans la
mesure où elle ne dépend que des paramètres du problème à deux corps,
en l’occurrence les valeurs de v, ke et de la portée b du potentiel (figure 21).
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even and odd sector can be deduced from Appendix A. In the
same appendix, it is also explained how to normalize the
state vector of the trimer.

For values of !Vs!!b3, we have found either zero or one
trimer in each symmetry sector "with threefold rotational de-
generacy when the trimer exists#. The energy of the trimer is
written as −!2qtrim

2 /m. Then qtrim as a function of "b is given
in Fig. 3, for the even and the odd sectors. We found no
evidence of Efimov effect: in each symmetry sector, we
found at most one trimer, and there is no oscillation of the
!"K# with K as a function of K, see Fig. 4.

We note that, in real experiments with atoms, these trim-
ers may acquire a finite lifetime, due to the formation of
deeply bound dimers by three-body collisions. This process
is not contained in our Hamiltonian, since H does not support
deeply bound dimers for !Vs!!b3; its rate is estimated by a
simple recipe in Sec. V A.

D. Atom-dimer scattering

We consider here the scattering problem of an atom on a
dimer, which corresponds to the positive Vs side of the reso-
nance and to a total energy E#−Edim. For simplicity, we
restrict to the low-energy limit of this scattering, with a rela-
tive kinetic energy of the incoming atom and the dimer much
smaller than the binding energy of the dimer

E + Edim " Edim. "43#

As a consequence, the total energy is negative, so that energy
conservation prevents the dimer from being dissociated by
the interaction with the incoming atom and the scattering is
elastic. Furthermore, a multipolar expansion can be per-
formed in terms of the atom-dimer relative orbital momen-
tum. In the mathematical limit of a vanishing kinetic energy,
the atom-dimer incoming wave is a s wave and the scattering
is characterized by the atom-dimer scattering length aad that
we shall calculate. To next order of the multipolar expansion
the atom-dimer incoming wave is a p wave and we shall
calculate a corresponding atom-dimer scattering volume Vs

ad.
The property of elastic scattering at E$0 rigorously holds

for the model Hamiltonian "15#, since we have shown that it
admits at most one dimer state "with rotational degeneracy#.
Reality with atoms goes beyond this model Hamiltonian:
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FIG. 3. "Color online# For fixed values of the scattering volume
Vs, parameter qtrim of the trimer "when it exists# as a function of "b;
qtrim is related to the negative energy −Etrim of the trimer by Etrim
=!2qtrim

2 /m. "a# Even sector, "b# odd sector, as defined in Sec. III B.
Solid line "black#: !Vs! /b3=%. Above the solid line, positive values
of Vs: short dashed line "blue#: Vs=104b3; dashed line "red#: Vs
=103b3; dashed-dotted "green#: Vs=100b3. Below the solid line,
negative values of Vs: short dashed line "light blue#: Vs=−104b3;
dashed line "orange#: Vs=−103b3; dashed-dotted "dark green#: Vs
=−100b3. At the threshold for the existence of the trimer as a true
bound state, on the Vs&0 side of the resonance, where a dimer
exists, the trimer binding energy vanishes, so that the energy of the
trimer coincides with the one of the dimer, and qtrim=qdim "see text#.
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FIG. 4. For Vs=%, and "res="th $right on the thresholds for the
existence of a trimer, see Eqs. "54# and "92#%, K dependence of the
functions "a# BL=1 "even sector#, "b# BL=0 "solid line#, BL=2 "dashed
line# "odd sector#, for the trimers. To avoid diverging functions,
these functions were multiplied by K in "a# and by K2 in "b#. The
normalization is arbitrary.
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even and odd sector can be deduced from Appendix A. In the
same appendix, it is also explained how to normalize the
state vector of the trimer.

For values of !Vs!!b3, we have found either zero or one
trimer in each symmetry sector "with threefold rotational de-
generacy when the trimer exists#. The energy of the trimer is
written as −!2qtrim

2 /m. Then qtrim as a function of "b is given
in Fig. 3, for the even and the odd sectors. We found no
evidence of Efimov effect: in each symmetry sector, we
found at most one trimer, and there is no oscillation of the
!"K# with K as a function of K, see Fig. 4.

We note that, in real experiments with atoms, these trim-
ers may acquire a finite lifetime, due to the formation of
deeply bound dimers by three-body collisions. This process
is not contained in our Hamiltonian, since H does not support
deeply bound dimers for !Vs!!b3; its rate is estimated by a
simple recipe in Sec. V A.

D. Atom-dimer scattering

We consider here the scattering problem of an atom on a
dimer, which corresponds to the positive Vs side of the reso-
nance and to a total energy E#−Edim. For simplicity, we
restrict to the low-energy limit of this scattering, with a rela-
tive kinetic energy of the incoming atom and the dimer much
smaller than the binding energy of the dimer

E + Edim " Edim. "43#

As a consequence, the total energy is negative, so that energy
conservation prevents the dimer from being dissociated by
the interaction with the incoming atom and the scattering is
elastic. Furthermore, a multipolar expansion can be per-
formed in terms of the atom-dimer relative orbital momen-
tum. In the mathematical limit of a vanishing kinetic energy,
the atom-dimer incoming wave is a s wave and the scattering
is characterized by the atom-dimer scattering length aad that
we shall calculate. To next order of the multipolar expansion
the atom-dimer incoming wave is a p wave and we shall
calculate a corresponding atom-dimer scattering volume Vs

ad.
The property of elastic scattering at E$0 rigorously holds

for the model Hamiltonian "15#, since we have shown that it
admits at most one dimer state "with rotational degeneracy#.
Reality with atoms goes beyond this model Hamiltonian:
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FIG. 3. "Color online# For fixed values of the scattering volume
Vs, parameter qtrim of the trimer "when it exists# as a function of "b;
qtrim is related to the negative energy −Etrim of the trimer by Etrim
=!2qtrim

2 /m. "a# Even sector, "b# odd sector, as defined in Sec. III B.
Solid line "black#: !Vs! /b3=%. Above the solid line, positive values
of Vs: short dashed line "blue#: Vs=104b3; dashed line "red#: Vs
=103b3; dashed-dotted "green#: Vs=100b3. Below the solid line,
negative values of Vs: short dashed line "light blue#: Vs=−104b3;
dashed line "orange#: Vs=−103b3; dashed-dotted "dark green#: Vs
=−100b3. At the threshold for the existence of the trimer as a true
bound state, on the Vs&0 side of the resonance, where a dimer
exists, the trimer binding energy vanishes, so that the energy of the
trimer coincides with the one of the dimer, and qtrim=qdim "see text#.
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FIGURE 21. Nombre d’onde q définissant l’énergie du trimère −~2q2/m formé à
partir de trois fermions identiques. La portée effective est notée ici α ≡ −ke/2. Le
paramètre b désigne la portée du potentiel, obtenu ici par une modélisation d’une
résonance de Fano–Feshbach avec un couplage gaussien entre le canal ouvert et
le canal fermé. Figure de gauche (resp. droite) : parité positive (resp. négative).
Ligne noire continue : v = ∞. ligne tiretée bleue : v = ±104b3, ligne tiretée
rouge/orange : v = ±103b3, ligne tiretée verte : v = ±102b3. Figures extraites de
JONA-LASINIO, PRICOUPENKO et al. (2008).

Il n’y a donc pas d’effet Efimov dans ce cas, c’est-à-dire pas d’émer-
gence d’une série infinie d’états liés à trois corps au seuil de formation
du dimère. Par ailleurs, il n’est pas nécessaire d’introduire un paramètre
à trois corps pour décrire l’énergie des deux trimères universels mention-
nés ci-dessus. Ce problème a été repris récemment par CHEN & GREENE

(2022), qui ont confirmé les conclusions de JONA-LASINIO, PRICOUPENKO

et al. (2008) pour des potentiels de type Lennard-Jones −r−6 + r−12.

4-2 Trois particules discernables

Quand on considère trois particules discernables, la fonction d’onde n’a
pas à être symétrisée ou antisymétrisée, ce qui relâche une contrainte pré-
sente pour des particules indiscernables. Pour une même force des inter-
actions, l’énergie de l’état fondamental du système à trois particules dis-
cernables est donc forcément inférieure ou égale à celle calculée pour des
bosons ou des fermions.
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We report on the measurement of four-body recombination rate coefficients in an atomic gas. Our

results obtained with an ultracold sample of cesium atoms at negative scattering lengths show a resonant

enhancement of losses and provide strong evidence for the existence of a pair of four-body states, which is

strictly connected to Efimov trimers via universal relations. Our findings confirm recent theoretical

predictions and demonstrate the enrichment of the Efimov scenario when a fourth particle is added to the

generic three-body problem.
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Few-body physics produces bizarre and counterintuitive
phenomena, with the Efimov effect representing the major
paradigm of the field [1]. Early in the 1970s, Efimov found
a solution to the quantum three-body problem, predicting
the existence of an infinite series of universal weakly
bound three-body states. Surprisingly, these Efimov
trimers can even exist under conditions where a weakly
bound dimer state is absent [2–4]. An essential prerequisite
for the Efimov effect is a large two-body scattering length
a, far exceeding the characteristic range of the interaction
potential. Ultracold atomic systems with tunable interac-
tions [5] have opened up unprecedented possibilities to
explore such few-body quantum systems under well con-
trollable experimental conditions. In particular, a can be
made much larger than the van der Waals length rvdW [6],
the range of the interatomic interaction.

In the past few years, signatures of Efimov states have
been observed in ultracold atomic and molecular gases of
cesium atoms [7,8], and recently in three-component Fermi
gases of 6Li [9,10], in a Bose gas of 39K atoms [11], and in
mixtures of 41K and 87Rb atoms [12]. In all these experi-
ments, Efimov states manifest themselves as resonantly en-
hanced losses, either in atomic three-body recombination
or in atom-dimer relaxation processes.

As a next step in complexity, a system of four identical
bosons with resonant two-body interaction challenges our
understanding of few-body physics. The extension of uni-
versality to four-body systems has been attracting increas-
ing interest both in theory [13–18] and experiment [19]. A
particular question under debate is the possible relation
between universal three- and four-body states [13–16,18].
In this context, Hammer and Platter predicted the four-
body system to support universal tetramer states in close
connection with Efimov trimers [16].

Recently, von Stecher, D’Incao, and Greene presented
key predictions for universal four-body states [18]. For
each Efimov trimer, they demonstrate the existence of a
pair of universal tetramer states according to the conjecture
of Ref. [16]. Such tetramer states are tied to the corre-

sponding trimer through simple universal relations that do
not invoke any four-body parameter [13,15,18]. The au-
thors of Ref. [18] suggest resonantly enhanced four-body
recombination in an atomic gas as a probe for such univer-
sal tetramer states. They also find hints on the existence of
one of the predicted four-body resonances by reinterpret-
ing our earlier recombination measurements on 133Cs
atoms at large negative scattering lengths [7]. In this
Letter, we present new measurements on the Cs system
dedicated to four-body recombination in the particular
region of interest near a triatomic Efimov resonance. Our

FIG. 1 (color online). Extended Efimov scenario describing a
universal system of four identical bosons. Energies are plotted as
a function of the inverse scattering length. The red solid lines
illustrate the pairs of universal tetramer states (Tetra1 and
Tetra2) associated with each Efimov trimer (T). For illustrative
purposes, we have artificially reduced the universal Efimov
scaling factor from 22.7 to about 2. The shaded regions indicate
the scattering continuum associated with the relevant dissocia-
tion threshold. The four-body threshold is at zero energy and
refers to four free atoms (Aþ Aþ Aþ A). In the a > 0 region,
the dimer-atom-atom threshold (Dþ Aþ A) and the dimer-
dimer threshold (DþD) are also depicted. The weakly bound
dimer, only existing for a # rvdW > 0, has universal halo char-
acter and its binding energy is given by @2=ðma2Þ [2,19]. The
open arrow marks the intersection of the first Efimov trimer (T)
with the atomic threshold, while the filled arrows indicate the
corresponding locations of the two universal tetramer states.
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FIGURE 22. Les deux branches de tétramères universels attachées à chaque
branche de trimère d’Efimov. Figure extraite de FERLAINO, KNOOP et al. (2009).

Si les trois interactions en onde s sont résonantes (|aij | =∞) et les trois
masses égales, on retrouve en fait le même résultat que pour trois bosons
identiques du fait de la symétrie du système. On a en particulier le para-
mètre d’échelle λ = eπ/|s0| ≈ 22.7 avec |s0| = 1.00624.

Si deux interactions sont résonantes et la troisième nulle, par exemple
|a12| = |a13| = +∞ et a23 = 0, on retrouve formellement le cas mMM étu-
dié aux chapitres 3 et 4. Si la relation m�M n’est pas vérifiée, l’approche
de Born–Oppenheimer n’est plus valable mais un traitement similaire à
celui adopté dans le chapitre 5 reste possible. On retrouve alors un effet
Efimov, avec un paramètre d’échelle λ = eπ/|s0| ≈ 2000 avec |s0| = 0.414
(NAIDON & ENDO 2017). La très grande valeur de ce paramètre λ rend
difficile toute vérification expérimentale.

4-3 Quatre bosons identiques

Nous continuons notre discussion par le cas de quatre bosons iden-
tiques, de spin nul ou polarisés. Là aussi, la première question qui se pose
est celle d’un véritable effet Efimov à quatre corps, c’est-à-dire l’existence
d’une infinité d’états liés de tétramères au seuil d’apparition a

(0)
− du pre-
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We interpret the two observed resonant loss features as
the predicted pair of four-body resonances [18]. For the
resonance positions we find a!Tetra1=a

!
T ’ 0:47 and

a!Tetra2=a
!
T ’ 0:84, which are remarkably close to the pre-

dictions of Eq. (1).
In a second set of experiments, we study the time

dependence of the atomic decay in the optical trap. Here
we focus on the region around the resonance at a!Tetra1 ’
"410a0, where the three-body losses are comparatively
weak and thus allow for a detailed analysis of the loss
curves. Representative loss measurements for three differ-
ent values of a are shown in Fig. 3.

The observed decay can be fully attributed to three-body
and four-body recombination collisions. This is due to the
fact that inelastic two-body collisions of atoms in the
lowest Zeeman sublevel are energetically suppressed, and
one-body losses, such as background collisions or light-
induced losses, can be completely neglected under our
experimental conditions. The corresponding differential
equation for the decaying atom number reads as

_N=N ¼ "L3hn2i" L4hn3i; (2)

where L3 and L4 denote the three- and the four-body
recombination rate coefficient, respectively. The average
density is calculated by integrating the density over the
volume hn2i ¼ ð1=NÞR n3d3r and hn3i ¼ ð1=NÞR n4d3r.
By considering a thermal density distribution of Gaussian
shape in the three-dimensional harmonic trap, we obtain
hn2i ¼ n2p=

ffiffiffiffiffiffi
27

p
and hn3i ¼ n3p=8, with np ¼

N½m !!2=2!kBT'3=2 the peak density. Here, m is the atomic
mass, T the temperature, and !! ¼ ð!x!y!zÞ1=3 the mean
trap frequency. We determine the trap frequencies and the
temperature by sloshing mode and time-of-flight measure-
ments, respectively.

In general Eq. (2) is not analytically solvable. An ana-
lytic solution can be found in the limit of either pure three-

body losses or pure four-body losses. Therefore we fit our
decay curves with a numerical solution of Eq. (2), keeping
both L3 and L4 as free parameters. Note that we have not
included antievaporation heating [23] in our model be-
cause we do not observe the corresponding temperature
increase in our experiments. We believe that, for the fast
decay observed here, the sample may not have enough time
to thermalize.
Our experimental data clearly reveal a qualitative

change of the decay curves when a is tuned between a!T
and a!Tetra1. Figure 3(a) shows that for a ( a!T the loss is
dominated by three-body recombination; here the full nu-
merical fitting curve follows the pure three-body solution.
A different situation is found at "410a0; see Fig. 3(c).
Here a pure three-body analysis cannot properly describe
the observed behavior and the full numerical solution
reveals a predominant four-body character. In intermediate
situations, for which an example is shown in Fig. 3(b), both
three- and four-body processes significantly contribute to
the observed decay.
From the decay curves taken at different values of a we

determine L3 and L4; the results are shown in Figs. 4(a)
and 4(b), respectively. The three-body contribution L3

follows previously observed behavior [7], as dictated by
the a4 scaling in combination with the Efimov effect.
Our major result is shown in Fig. 4(b), where we plot the

rate coefficient L4. Our data provide the first available
quantitative information on L4, establishing the role of
four-body collisions in ultracold gases. For jaj< ja!Tetra1j,
where no universal tetramer states exist, the four-body
losses are typically very weak. Here, we measure L4 ’
0:2) 10"37 cm9=s. With increasing jaj, the system under-
goes a significant change in its behavior, with four-body

(c)(a) (b)

FIG. 3 (color online). Time evolution of the number of atoms
in an optically trapped sample. The solid lines are the fit to the
data based on the full numerical solution of Eq. (2). The dashed
lines and dotted lines correspond to a pure three-body and pure
four-body decay, respectively (see text). (a) For dominant three-
body collisions (a ¼ "870a0), (b) an intermediate situation
(a ¼ "510a0), and (c) dominant four-body collisions (a ¼
"410a0).

(a)

(b)

FIG. 4 (color online). Loss rate coefficient for (a) three- and
(b) four-body recombination versus a at a temperature of about
40 nK. The values are obtained by fitting the numerical solution
of Eq. (2) to the decay curve. The error bars on L3 and L4 are the
statistical uncertainties from the fit evaluated with a resampling
method [28]. The open circles in (a) refer to previous data at
250 nK [7]. The solid curves result from the theoretical model of
Refs. [18,25].
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FIGURE 23. Décroissance du nombre d’atomes de césium au voisinage du seuil
d’apparition du premier trimère d’Efimov. Ligne tiretée (pointillée) : pertes à trois
(quatre) corps uniquement. Ligne continue : prédiction déduite de (36). Figure
extraite de FERLAINO, KNOOP et al. (2009).

mier trimère d’Efimov, côté a < 0. Cette question a en fait été abordée très
peu de temps après la publication d’Efimov par AMADO & GREENWOOD

(1973) et la réponse est négative.

Ce résultat ne clôt malgré tout pas complètement la question. Sans
qu’une série efimovienne de tétramères existe, il peut y avoir un ou
quelques tétramères attachés à chaque trimère d’Efimov. Il s’agit d’un édi-
fice à quatre particules, d’énergie négative et inférieure à l’énergie du tri-
mère. La prédiction de tels tétramères "universels" a été faite par HAMMER

& PLATTER (2007), puis affinée par STECHER, D’INCAO et al. (2009). Il y
a deux branches de tétramères attachées à chaque branche de trimères (fi-
gure 22). Ces tétramères sont qualifiés d’universels car une fois la position
du trimère connue, leur énergie peut être calculée sans nécessiter l’intro-
duction d’un paramètre à quatre corps 5.

Ces tétramères ont une nature borroméenne, dans le sens qu’ils peuvent
exister pour une longueur de diffusion inférieure en valeur absolue à la
longueur de diffusion a(n)− (négative) pour laquelle le trimère apparaît. La

5. Cette affirmation nécessite quelques précautions pour le trimère fondamental, car les
tétramères correspondants ont une taille plus petite que lui et peuvent donc être sensibles à
la physique à courte portée [voir NAIDON & ENDO (2017) ].

prédiction de STECHER, D’INCAO et al. (2009) est

a
(0)
4b1 = 0.43 a

(0)
− a

(0)
4b2 = 0.90 a

(0)
− (35)

L’existence de ces tétramères a été confirmée par FERLAINO, KNOOP et
al. (2009) dans une expérience qui tire précisément parti de cette nature
borroméenne. Les chercheurs d’Innsbruck ont étudié les pertes d’atomes
dans un piège de césium au voisinage du seuil d’apparition a(0)− = −870 a0
du trimère. Ils ont observés deux valeurs de a pour lesquelles les pertes
s’expliquaient par la somme d’une loi à trois corps et d’une loi à quatre
corps (figure 23) :

Ṅ

N
= −L3ρ

2 − L4ρ
3 (36)

Les valeurs trouvées pour a(0)4b1 et a(0)4b2 sont en bon accord avec la prédiction
(35) [coefficients mesurés : 0.47 et 0.84].

4-4 Nf fermions identiques et une autre particule

Le système mMMM , c’est-à-dire Nf = 3 fermions identiques et une
autre particule, ainsi que sa généralisation àNf = 4, sont les seuls systèmes
connus 6 qui présentent un véritable effet Efimov. Le casNf = 3 a été étudié
par CASTIN, MORA et al. (2010) et le cas Nf = 4 par BAZAK & PETROV

2017.

La question que nous abordons dans ce paragraphe peut se formuler de
la manière suivante : combien de fermions polarisés de masse M peuvent
être liés par interaction avec une unique particule légère de masse m �
M ? Pour commencer, rappelons le résultat important obtenu aux chapitres
3 et 4 pour le cas Nf = 2. Nous avons considéré le système à trois corps
mMM pour une interaction de portée nulle avec |a| = +∞ et indiqué que
(KARTAVTSEV & MALYKH 2007) :
— un effet Efimov peut se produire quand M/m > 13.607 ;
— pour 8.173 < M/m < 13.607, il existe côté a > 0 un (ou deux) tri-

mères "universels", dont l’énergie ne dépend pas d’un paramètre à
trois corps.

6. En particulier, le système mMMM avec M bosonique ne présente pas cette propriété
(ADHIKARI & FONSECA 1981). Il en va de même pour le système à quatre fermions mmMM
(ENDO & CASTIN 2015).
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Pour étudier le problème mMMM , donc avec un fermion M supplé-
mentaire, CASTIN, MORA et al. (2010) se sont placés eux aussi à l’unitarité
pour une interaction binaire mM de portée nulle. Les interactions MM
entre deux fermions identiques sont supposées négligeables (il ne pourrait
s’agir que d’interactions en ondes impaires, a priori faibles à basse tempé-
rature). On considère donc l’hamiltonien purement cinétique

Ĥ = −
4∑
i=1

~2

2mi
∇2
i (37)

avec les conditions aux limites de Bethe-Peierls aux points où la particule
légèrem vient au contact d’un des fermionsM . La question est de savoir si
cet hamiltonien admet des états d’énergie négative dans lesquels les trois
particules lourdes sont liées ensemble par la particule légère.

Comme pour le problème à trois corps, il est utile pour un problème à
N corps (avec ici N = Nf + 1) d’isoler d’abord les 3 variables du centre
de masse (que l’on prendra au repos dans ce qui suit), puis de séparer les
d = 3N − 3 variables restantes en

— une variable R, l’hyperrayon, donnant l’échelle de longueur du pro-
blème ;

— d − 1 = 3N − 4 hyperangles, notés collectivement Ω, définissant l’ar-
rangement spatial desN corps (à une homothétie près) et l’orientation
de cet arrangement dans l’espace.

L’expression générale de l’opérateur énergie cinétique en dimension
d peut s’écrire en fonction de ces variables (voir par exemple GREENE,
GIANNAKEAS et al. (2017)) :

Ĥ = T̂R +
~2

2mrR2
Λ̂

2

Ω (38)

où l’opérateur énergie cinétique radiale est :

T̂R = − ~2

2mr

(
∂2

∂R2
+
d− 1

R

∂

∂R

)
(39)

et où Λ̂Ω est l’opérateur "grand moment cinétique" pour le système de
dimension d. Cet opérateur fait intervenir les hyperangles et les dérivées

d’ordre 1 et 2 par rapport à ces angles 7, mais pas l’hyperrayon R.

Notons que la définition précise du couple "hyperrayon – masse ré-
duite" varie selon les auteurs par des facteurs numériques d’ordre unité.
Dans ce qui suit, nous ne rentrerons pas dans des calculs quantitatifs et
nous n’aurons donc pas besoin de spécifier ce choix. On pourra consul-
ter par exemple GREENE, GIANNAKEAS et al. (2017) pour une construction
explicite des hyperangles, de l’hyperrayon et de la masse réduite associée.

En règle générale, quand a n’est pas infinie ou nulle, les conditions aux
limites de Bethe–Peierls couplent hyperrayon et hyperangles, ce qui rend
le problème particulièrement complexe. Dans le cas |a| = +∞ (ou dans
le cas sans interaction a = 0), les conditions aux limites de Bethe-Peierls
ne font intervenir que les hyperangles. C’est une signature de l’invariance
d’échelle du système déjà mentionnée plusieurs fois dans les chapitres pré-
cédents : il n’y a aucune échelle de longueur à mettre en rapport avec R
pour obtenir une équation sans dimension. C’est ainsi que pour le pro-
blème à trois corps, nous avons abouti au chapitre 5 à l’équation tradui-
sant ces conditions aux limites pour la partie angulaire F (α) de la fonction
d’onde :

|a| = +∞ :

[
dF

dα

]
α→0

+
8√
3
F (
π

3
) = 0. (41)

Le traitement de CASTIN, MORA et al. (2010) part donc du fait que l’on
peut chercher alors les états propres de Ĥ sous une forme factorisée :

Φ(R,Ω) =
φ(R)

R(d−1)/2F (Ω) avec pour N = 4 :
d− 1

2
= 4. (42)

Il faut dans un premier temps résoudre le problème aux valeurs propres
pour la partie angulaire F (Ω) en prenant en compte les conditions aux
limites de Bethe-Peierls :

Λ̂
2

ΩF (Ω) = λF (Ω). (43)

7. Par exemple, en dimension d = 3, on a l’expression bien connue en fonction de l’angle
polaire θ et l’angle azimuthal ϕ :

Λ̂
2
=

L̂
2

~2
= −

1

sin θ

∂

∂θ
sin θ

∂

∂θ
−

1

sin2 θ

∂2

∂ϕ2
. (40)

– page 19 –



CHAPITRE 6 : L’EFFET EFIMOV EXPLORÉ AVEC DES GAZ D’ATOMES FROIDS § 4. Au delà de l’effet Efimov standard

(2 + 1)

M/m
Trimère univ. (a > 0) Efimov

8.173 13.607

(3 + 1)

M/m
Tétramère univ. (a > 0) Efim.

8.862 13.384

(4 + 1)

M/m
Pentamère univ. (a > 0) Efim.

9.672 13.279

FIGURE 24. Les états liés possibles de Nf fermions de masse M en interaction
binaire résonante avec une particule de masse m (Nf = 2, 3, 4). Ces données sont
extraites de KARTAVTSEV & MALYKH (2007), CASTIN, MORA et al. (2010),
BAZAK & PETROV (2017) et BAZAK (2020). L’échelle de l’axe M/m n’est pas
linéaire. Il n’y a pas d’effet Efimov pour Nf = 5 ou 6 (BAZAK 2020).

Une fois cette étape (délicate !) franchie, l’équation radiale s’écrit simple-
ment

−d2φ

dr2
+
s2 − 1/4

R2
φ(R) = ε φ(R) (44)

où [cf. Eq. (C-13) de WERNER & CASTIN (2006)]

s2 = λ+
1

4
(d− 2)2 (45)

est un nombre dépendant deM/m, mais indépendant deR, et où on a posé
ε = 2mrE/~2.

Nous nous retrouvons alors en terrain familier : si des valeurs négatives
de s2 sont possibles, un effet Efimov apparaîtra. Le résultat de CASTIN,
MORA et al. (2010) pour N = Nf + 1 = 4 est qu’effectivement, cet effet

peut se produire quand

13.384 <
M

m
(46)

Cette condition est (légèrement) moins contraignante que celle trouvée
pour le problème mMM . Il existe donc un intervalle de valeurs de M/m,
[13.384, 13.607], sur lequel le problème à quatre corps est Efimovien alors
que celui à trois corps ne l’est pas (voir la figure 24). Pour M/m > 13.607,
il est difficile d’énoncer des résultats généraux sur le problème (3+1) dans
la mesure où la résolution du problème Efimovien (2 + 1) nécessite l’intro-
duction d’un paramètre à trois corps non universel. Nous avons représenté
cette zone en violet sur la figure 24.

On peut également chercher un tétramère universel pour des valeurs de
M/m plus faibles, similaire au(x) trimère(s) universel(s) de KARTAVTSEV

& MALYKH (2007). Un tel tétramère existe effectivement sur l’intervalle
[8.862, 13.384] (BLUME 2012 ; BAZAK 2020).

Comme nous l’avons annoncé en introduction de ce paragraphe, le pro-
blème (4 + 1), c’est-à-dire Nf = 4 fermions de masse m et une particule
lourde de masseM , conduit lui aussi à une effet Efimov original avec la for-
mation de pentamères, dans un (petit) domaine de valeurs de M/m pour
lequel il n’y a pas de trimères d’Efimov, ni de tétramères d’Efimov (BAZAK

& PETROV 2017). En revanche, on peut montrer qu’il n’existe pas d’états
d’Efimov pour les systèmes (5 + 1) et (6 + 1) (BAZAK 2020). Ces résultats
sont eux aussi résumés sur la figure 24.
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