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Le problème mMM

Une parWcule légère  (par exemple 6Li ou 7Li) interagit avec deux parWcules lourdes  (133Cs)m M

On néglige l’interacWon  MM

Peut-on former un édifice lié à trois corps ?

R

m

M
M

InteracWon  
à courte portée,  
mais résonante

mM
InteracWon effecWve  

 à longue portée : 

  

MM

V(R) ∝
1

R2

Variante plus simple du schéma iniWal d’Efimov qui considérait trois corps idenWques 

Efimov 1973  
Fonseca et al 1979



R

m
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Le déroulement de l’approche adiabatique

Première étape : on fixe la posiWon des parWcules lourdes en ±R/2

Quels sont les états propres et les énergies associées 
pour le mouvement de  dans ceJe configura5on ?m

Etat fondamental E0(R)

Deuxième étape : on étudie le mouvement des parWcules lourdes 
en traitant  comme un potenWel effecWf d’interacWon E0(R)

Veff(R) ≡ E0(R)
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Le bilan de la première étape (cours 3)

R

m

Energie de l’état fondamental de la parWcule légère  en présence des deux parWcules lourdesm

Les trois cas étudiés :                                                                          a < 0 |a | = + ∞ a > 0

Discussion en foncWon de la longueur de diffusion  pour 
le problème à deux corps  (interacWon de contact)

a
mM

Pas d’état lié à deux corps mM un état lié mM
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L’énergie de l’état fondamental de la particule légère

E0(R) = −
ℏ2

2m [−
1

|a |
+

W(eR/|a|)
R ]

2
R < |a | :

R > |a | : E(R) = + ∞

a < 0 |a | = + ∞ a > 0

E0(R) = − Ω2 ℏ2

2mR2

Ω2 = 0.322⋯

Ω eΩ = 1

E0(R) = −
ℏ2

2m [ 1
a

+
W(e−R/a)

R ]
2

     foncWon de LambertW(x) :
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Le programme pour ce cours

Recherche des états liés pour  avec le potenWel d’interacWonMM

Veff(R) = E0(R) si R > R0

Veff(R) = + ∞ si R < R0

Le cœur dur en  empêche une éventuelle “chute vers le centre” R0

Les parWcules  sont idenWques. Elle peuvent notamment être M

• des bosons de spin nul (ou polarisés) : foncWon d’onde spaWale symétrique   Ψ(−R) = Ψ(R)
• des fermions polarisés : foncWon d’onde spaWale anWsymétrique   Ψ(−R) = − Ψ(R)
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Le problème “effectif” à deux corps MM

EquaWon de Schrödinger pour la variable relaWve

Problème invariant par rotaWon

Les canaux de moment cinéWque autorisés pour des bosons ou des fermions polarisés

Ψ(R) = ψ(R) Yℓ,m(θ, φ)

R → − R :
θ → π − θ

φ → φ + π
Yℓ,m(π − θ, φ + π) = (−1)ℓ Yℓ,m(θ, φ)



9

1. 

L’effet Efimov pour |a | = + ∞
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Le problème “effectif” à deux corps MM

Le potenWel total en 1/r2

CondiWon pour l’existence d’états liés

ParWcules  bosoniques : le canal de moment cinéWque nulM

M
2m

>
(ℓ + 1/2)2

Ω2 Ω2 = 0.322⋯
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Le spectre attendu pour des bosons ( )ℓ = 0

α/R2

PotenWel     avec  V(R) = α
ℏ2

MR2
α < − 1/4

0

R

R0
V(R)

   nombre infini d’états liés formant une suite géométrique→

En−1

En
= λ2 λ = eπ/|s0| s0 = α +

1
4

∈ iℝ

α = − Ω2 M
2m

0 5 10 15 20 25 30
0

20

40

60

M/m

�

M
m

= 20 ⇒

λ ≈ 6.2, λ2 ≈ 38
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Le cas des fermions polarisés

Le premier canal de moment cinéWque autorisé : ℓ = 1

• CondiWon pour avoir un état lié   (Born-Oppenheimer): α < − 1/4 ⇒
M
m

> 14

M
2m

>
(ℓ + 1/2)2

Ω2

• Résultat exact (au delà de l’approximaWon de Born-Oppenheimer) : 
M
m

> 13.6

Un couple promeJeur :   6Li  — 171Yb   (pas encore testé expérimentalement)

Pour le canal suivant, , il faudrait  : pas réalisable en pra5que sauf si  (hydrogène)ℓ = 3 M/m > 76 m = 1
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2. 

Autour de la résonance :      et   a < 0 a > 0
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Le cas  pour des bosons (canal )a < 0 ℓ = 0

V(R) [ℏ2/ma2]

0 0.5 1 1.5 2

0

�3

R/|a|

∼ 1/R2

PotenWel de portée finie : nombre fini d’états liés  
(contrairement au cas )|a | = + ∞

R0 |a |

Le nombre d’états liés dépend de deux paramètres sans dimensions :

     et   
M
m

|a |
R0

Exemple : M/m = 20

• Pas d’état lié si   |a | < 11 R0

• Un seul état lié si   11 R0 < |a | < 73 R0

• Deux états liés si   73 R0 < |a | < 455 R0

• ⋯

V(R) = −
ℏ2

2m [−
1

|a |
+

W(eR/|a|)
R ]

2
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Le spectre en énergie pour  dans le cas MM a < 0

On choisit      ( ) et on veut tracer les énergies  en foncWon de . M/m = 20 λ ≈ 6.2 ℰ R0/ |a |

Grande variaWon des seuils d’appariWon des états liés :    
R0

a
= −

1
11

, −
1
73

, −
1

455
, ⋯

Choix de coordonnées logarithmiques 

�10�1 �10�2 �10�3 �10�4
�1

�10�2

�10�4

�10�6

E

R0/a

ℰn

ℏ2/MR2
0

−
1
11

−
1
73

−
1

455

a → − ∞

× λ2

× λ2

⋮

n = 0

n = 1

n = 2
× λ × λ

λ = eπ/|s0|

s0 = α + 1/4



Autre représentation graphique possible

On prend des coordonnées linéaires (et non logarithmiques), mais on “resserre” les niveaux

( 1
a

, ℰ) ⟶ ( −1
|a |

, − |ℰ |1/4 )

�0.4 �0.2 0

�0.5

�0.25

0

�
p
R0/|a|

�
p
|k|R0

n = 3
n = 2
n = 1
n = 0

× λ1/2

× λ1/2

× λ1/2

−(R0/ |a |)1/2

−
1

11
−

1

73
−

1

455

× λ1/2 × λ1/2

Tracé pour M/m = 20 ⇒ λ = 6.2

− |ℰn |1/4

unité d’énergie : ℏ2/MR2
0
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La symétrie d’échelle

Nous allons montrer la relaWon générale

17

ℰn−1(a/λ) ≈ λ2ℰn(a)

Deux cas parWculiers importants :    
�0.4 �0.2 0

�0.5

�0.25

0

�
p
R0/|a|

�
p
|k|R0

n = 3
n = 2
n = 1
n = 0

−(R0/ |a |)1/2
• l’axe verWcal     

• l’axe horizontal  

1
a

= 0

ℰ = 0

− |ℰn |1/4

a(0)
− a(1)

− a(2)
−

Veff(R) = −
ℏ2

2m [−
1

|a |
+

W(eR/|a|)
R ]

2
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Test de la symétrie d’échelle

ℰn−1(a/λ) ≈ λ2ℰn(a)

Excellent dès que n ≥ 2 �0.4 �0.2 0

�0.5

�0.25

0

�
p
R0/|a|

�
p
|k|R0

n = 3
n = 2
n = 1
n = 0

�0.4 �0.2 0
�0.6

�0.4

�0.2

0

� (�nR0/|a|)1/2

�
�
�2n|En|

�1/4

n = 3
n = 2
n = 1
n = 0

M/m = 20

M/m = 20

unité d’énergie : ℏ2/MR2
0
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Le cas  pour des bosons (canal )a > 0 ℓ = 0

PotenWel de Yukawa : portée finie ∼ a

• Nombre fini d’états liés d’énergie < −
ℏ2

2ma2

0 0.5 1 1.5 2

0

�0.5

�3

R/a

∼ 1/R2

∼ Yukawa :
e−R/a

R

R0

V(R) [ℏ2/ma2]

+⟶

• Pour une énergie supérieure à ceme limite, 
dissociaWon du trimère :
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Le spectre en énergie pour  dans le cas MM a > 0

10�4 10�2 1

�1

�10�3

�10�6

R0/a

E

n = 3
n = 2
n = 1
n = 0
dimère

a → + ∞

× λ2

× λ2

⋮

ReprésentaWon en coordonnées logarithmiques
Edim = −

ℏ2

2ma2

ℰn [ℏ2/MR2
0]

M/m = 20

Exemple : pour   et  , on trouve 4 états liésM/m = 20 a = 100 R0
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Le spectre en énergie pour  dans le cas  (suite)MM a > 0

Coordonnées linéaires “resserrées”

0 0.1 0.2 0.3 0.4 0.5 0.6
�1.5

�1

�0.5

0 n = 2
n = 1
n = 0
dimère

(R0/a)1/2

M/m = 20

Edim = −
ℏ2

2ma2

− |ℰn |1/4

unité d’énergie : ℏ2/MR2
0
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Test de la symétrie d’échelle dans le cas a > 0

ℰn−1(a/λ) ≈ λ2ℰn(a)On trouve comme dans le cas  : a < 0

0 0.2 0.4 0.6 0.8 1

�1.5

�1

�0.5

0

(�nR0/a)
1/2

�
�
�2n|En|

�1/4
n = 4
n = 3
n = 2
n = 1
n = 0

Là aussi, loi bien 
vérifiée dès que 

n ≥ 2

unité d’énergie : ℏ2/MR2
0
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Bilan : courbes complètes M/m = 20

coordonnées linéaires resserrées

− |ℰn |1/4

�0.25 0 0.25 0.5 0.75 1
�2

�1.5

�1

�0.5

0

p
R0/|a|⇥ signe(a)

�
p
|k
|R

0

n = 2
n = 1
n = 0
dimère

unité d’énergie : ℏ2/MR2
0

Etats borroméens

Forces à longue portée  
dans les gaz quantiques :  
le problème à trois corps  

et l’effet Efimov

10 mars > 14 avril 2023
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Les points remarquables

Lois d’échelle : 

a(n)
−

a(n−1)
−

= λ
a(n)

*

a(n−1)
*

= λ

|a(n)
− |

a(n)
*

= fonction(M/m)

�0.25 0 0.25 0.5 0.75

�1.4

�1.2

�1

�0.8

�0.6

�0.4

�0.2

0

0.2

p
R0/|a|⇥ signe(a)

�|E|1/4

a(n)
− a(n)

*±∞

dimère

≈ 40 pour M/m = 20

(tracé pour )M/m = 20
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3. 

Expériences sur le cas mMM

Heidelberg, Chicago : mélange 6Li — 133Cs          M/m ≈ 22

Florence, Boulder, Aarhus, Osaka : mélange  39K — 87Rb      M/m ≈ 2

Tübingen : mélange 7Li — 87Rb       M/m ≈ 12
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La résonance de Fano-Feshbach 6Li—133Cs

PhotoassociaWon par une onde radio-fréquence :  
                         déterminaWon précise de l’énergie du dimère en foncWon du champ magnéWque

a = abg (1 −
Δ

B − Bres )Expression générique :     pour le champ  
magnéWque  

|a | = + ∞
B = Bres

|a | = + ∞
1/a

a < 0 a > 0
Edim

−ℏ2/2ma2
B

Bres

+

εε
εε

∝−′
′

++′
()

()()
FE

E

E

EE

EE
,1(3) rb

b

b

rbb

rbrb

2

2

⎛
⎝⎜

⎞
⎠⎟

istheenergynormalizedFranck–CondondensitybetweenthescatteringwavefunctionofafreeLi–Csatompair
andaboundFeshbachdimerwithbindingenergyEb[12,32].′ EbisdefinedthroughtheLi–Csreducedmassμ
andthenon-resonantchannelscatteringlength′ aasμ ′=′ Ea (2) b

22.Theconvolutionofthespectroscopicline
shapewiththeLorentzianprofileε ++ γ LEEE (,) br rf0ofwidthγaccountsforthestrongcollisional
broadening,yieldinganestimatedlifetimeofLiCsmoleculesinthemixtureofaroundμ 30s.TheprefactorC
containsallthenumericalfactorsresultingfromtheintegrationofrateequations,andexperimentalparameters
thataffectthemoleculeproductionrate,butwhichareapproximatelyconstantforagivenmagneticfield,aswell
asspecies-dependentatom-dimerinelasticcollisionrates4.Italsoaccountsforuncertaintiesinthe
determinationoftheabsolutegasdensities,which,underrealisticexperimentalconditions,canvaryuptoa
factoroftwoduetosystematicerrorsinmeasurementsofthetrapfrequencies,temperatureandtheexact
numberofatoms.

ThebindingenergyoftheFeshbachdimersatagivenmagneticfieldisextractedbyfittingequation(1)tothe
lossspectrumofLiatoms,asdisplayedinfigure2.WeuseEb,NLi

0,γ,andCasfreefittingparametersandset
′=− aa 28.50[25–27].Smallvariationsina′thatareoftheorderofafewofpercentaffectthefittedbinding
energiesonapermillelevel.Thetemperatureofeachspeciesisdeterminedinanindependentmeasurementwith
identicaltrappingparametersandiskeptfixedduringthefit.Toexcludesystematiceffectsassociatedwiththe
precisedeterminationofrelativetemperatureweverifythatbyincreasingitbyafactoroftwothevalueofthe
fittedbindingenergydoesnotchangebymorethan1kHz.Byperformingthemeasurementsandthefitting
procedurefordifferentexternalmagneticfields,werecordthebindingenergydependence,whichisdisplayedin
figure3forthetwobroadestFRsintheLi–Csmixture.

Theextractedbindingenergycanbeaffectedbyseveralothersystematiceffects.Oneofthemisthemean-
fieldshift,whichstartstodominateintheregimewherethescatteringlengthiscomparabletotheinterparticle
spacing,i.e.∼ na1 3.Forourexperimentaldensitiesof≈− n10cm 113suchshiftswouldbecomerelevantat
magneticfieldregionswithbindingenergiesontheorderof≈ E1kHz b,whichissufficientlyfarawayfromthe
regionwheretheexperimentswereperformed.Additionally,bychangingthebackgroundCsatomdensitywe
checkedthattheobservedmolecularassociationlineshiftsstaywithinthestatisticaluncertaintiesofthefit,and
thereforewedonotincludethemean-fieldshiftintheanalysis.

Figure3.BindingenergiesofLiCsFeshbachmoleculesandatomlosses.Theleftandrightpanelscorrespondtothemagneticfield
regionsnearthe843and889GFeshbachresonance,respectively.Thebluecrossesdisplaythedimerbindingenergy−Eh bthatis
extractedfromafitofequation(1)totherfassociationspectrumatthegivenmagneticfield.Theerrorbarsrepresentonestandard
deviationofthetotalerror,whichresultsfromstatisticalandsystematicuncertainties.Theblue(solid)andred(dashed)linesshowthe
calculatedmolecularstateenergiesfromthecoupled-channelsmodelandtheuniversalbindingenergyμ = Ea (2) b

22withthe
resonanceparametersfromtable1,respectively.TheredshadedregioncorrespondstotheuncertaintyoftheFRparameters.The
greensquaresshowtheremainingCsatomnumberforacorrespondingatomlossmeasurement.Heretheerrorcorrespondstoone
standarderrorofthemean.Thesystematicmagneticfielduncertaintyfortheatomlossmeasurementsinthisfigureis30mG.The
verticaldashedlinedisplaystheresonancepoleposition,andthegrayshadedregioncorrespondstotheuncertainty.Thearrowinthe
leftpanelshowsthepositionofthesecondexcitedLiCsCsEfimovresonancewithscatteringlength−a(2).

4
TheprefactorCdependsonnCsandnLi.Foratomlosses,whichdonotexceed≈30%oftheinitialnumberofatoms,itdoesnotchangeby
morethan5%.

4

NewJ.Phys.17(2015)055009JUlmanisetal

843 842 841

ε ε
ε ε

∝ − ′
′

+ + ′
( )

( ) ( )
F E

E

E

E E

E E
, 1 (3)r b

b

b

r b b

r b r b

2

2

⎛
⎝⎜

⎞
⎠⎟

is the energy normalized Franck–Condon density between the scatteringwave function of a free Li–Cs atompair
and a bound Feshbach dimer with binding energyEb [12, 32]. ′Eb is defined through the Li–Cs reducedmass μ
and the non-resonant channel scattering length ′a as  μ′ = ′E a(2 )b

2 2 . The convolution of the spectroscopic line
shapewith the Lorentzian profile ε+ +γL E E E( , )b rrf 0 ofwidth γ accounts for the strong collisional
broadening, yielding an estimated lifetime of LiCsmolecules in themixture of around μ30 s. The prefactorC
contains all the numerical factors resulting from the integration of rate equations, and experimental parameters
that affect themolecule production rate, butwhich are approximately constant for a givenmagnetic field, as well
as species-dependent atom-dimer inelastic collision rates4. It also accounts for uncertainties in the
determination of the absolute gas densities, which, under realistic experimental conditions, can vary up to a
factor of two due to systematic errors inmeasurements of the trap frequencies, temperature and the exact
number of atoms.

The binding energy of the Feshbach dimers at a givenmagnetic field is extracted by fitting equation (1) to the
loss spectrumof Li atoms, as displayed infigure 2.We useEb, NLi

0 , γ, andC as free fitting parameters and set
′ = −a a28.5 0 [25–27]. Small variations in a′ that are of the order of a few of percent affect the fitted binding
energies on a permille level. The temperature of each species is determined in an independentmeasurement with
identical trapping parameters and is keptfixed during the fit. To exclude systematic effects associatedwith the
precise determination of relative temperature we verify that by increasing it by a factor of two the value of the
fitted binding energy does not change bymore than 1 kHz. By performing themeasurements and the fitting
procedure for different externalmagnetic fields, we record the binding energy dependence, which is displayed in
figure 3 for the two broadest FRs in the Li–Csmixture.

The extracted binding energy can be affected by several other systematic effects. One of them is themean-
field shift, which starts to dominate in the regimewhere the scattering length is comparable to the interparticle
spacing, i.e. ∼na 13 . For our experimental densities of ≈ −n 10 cm11 3 such shifts would become relevant at
magnetic field regionswith binding energies on the order of ≈E 1 kHzb , which is sufficiently far away from the
regionwhere the experiments were performed. Additionally, by changing the backgroundCs atomdensity we
checked that the observedmolecular association line shifts stay within the statistical uncertainties of the fit, and
therefore we do not include themean-field shift in the analysis.

Figure 3.Binding energies of LiCs Feshbachmolecules and atom losses. The left and right panels correspond to themagnetic field
regions near the 843 and 889 GFeshbach resonance, respectively. The blue crosses display the dimer binding energy −E hb that is
extracted from a fit of equation (1) to the rf association spectrum at the givenmagneticfield. The error bars represent one standard
deviation of the total error, which results from statistical and systematic uncertainties. The blue (solid) and red (dashed) lines show the
calculatedmolecular state energies from the coupled-channelsmodel and the universal binding energy  μ=E a(2 )b

2 2 with the
resonance parameters from table 1, respectively. The red shaded region corresponds to the uncertainty of the FR parameters. The
green squares show the remaining Cs atomnumber for a corresponding atom lossmeasurement. Here the error corresponds to one
standard error of themean. The systematicmagneticfield uncertainty for the atom lossmeasurements in thisfigure is 30mG. The
vertical dashed line displays the resonance pole position, and the gray shaded region corresponds to the uncertainty. The arrow in the
left panel shows the position of the second excited LiCsCs Efimov resonancewith scattering length −a (2).

4
The prefactorC depends on nCs and nLi. For atom losses, which do not exceed≈30%of the initial number of atoms, it does not change by

more than 5%.

4

New J. Phys. 17 (2015) 055009 JUlmanis et al

MagneWc field (G)

      (kHz)Edim/h

0

−200

−400

Ulmanis et al.,  
NJP 17, 55009 (2015)
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Recherche des points a(n)
−

�0.4 �0.2 0

�0.5

�0.25

0

�
p
R0/|a|

�
p
|k|R0

n = 3
n = 2
n = 1
n = 0

−(R0/ |a |)1/2
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Pertes à trois corps dans un piège optique de Li et Cs

with large scaling constant λ ≈ 22.7 [3], such that the
detection of an additional Efimov state demands a reduc-
tion of temperature by a factor of λ2 ≈ 515. Features from
excited Efimov states in homonuclear systems have been
observed in 6Li [19], 39K [11], 7Li [20], and 133Cs [14].
These results are consistent with the scaling prediction, but
do not provide an independent test of the scaling symmetry.
Heteronuclear systems consisting of one light atom

resonantly interacting with two heavy atoms can have a
scaling constant significantly lower than 22.7 [4,21–23];
however, experiments in heteronuclear systems are con-
siderably more challenging than those in homonuclear
systems. Before our work, observations of Efimov reso-
nances in heteronuclear systems were reported in K-Rb
mixtures [24,25]. Recently, in a Li-Cs mixture [26], two
Efimov resonances are found in the measurement of
three-body loss coefficients, and the number loss data hint
at the existence of a third Efimov resonance.
Here we report the observation of discrete scaling

symmetry of Efimov states in a Fermi-Bose mixture of
6Li and 133Cs. Taking advantage of the large mass ratio
between Li and Cs atoms, with a predicted scaling constant
λ ¼ 4.88 [21,23], we identify three consecutive Efimov
resonances near a wide, isolated s-wave interspecies
Feshbach resonance [27]. From the measured locations
of the resonances, we provide a model-independent proof
of the geometric scaling symmetry and determine a scaling
constant λexp ¼ 4.9ð4Þ.
Our experiment is based on a mixture of 6Li and 133Cs

atoms near quantum degeneracy in an optical dipole trap. In
our experiment, both species are prepared in their lowest
states, jF ¼ 1=2; mF ¼ 1=2i for Li and jF ¼ 3; mF ¼ 3i
for Cs, where F is the total angular momentum andmF is its
projection. We prepare mixtures with up to NLi ¼ 3.4 ×
104 Li atoms, and NCs ¼ 5.2 × 104 Cs atoms at temper-
atures in the range 190 nK < T < 800 nK [28]. Efimov
resonances manifest themselves as enhanced three-body
recombination losses. In such collisions three atoms res-
onantly couple to an Efimov state and then decay into
a deeply bound molecule and a free atom; the released
binding energy allows them to escape the trap. We measure
the Li and Cs atom numbers from which we infer atom loss
and identify the Efimov resonances.
The mixture of 6Li and 133Cs has two primary inelastic

collision pathways: three-body recombination of Cs-Cs-Cs
and Li-Cs-Cs. At low temperatures, Li-Li-Cs as well as
Li-Li-Li collisions are strongly suppressed by Fermi
statistics. We investigate Efimov resonances near the broad
Li-Cs Feshbach resonance located at 842.75 G with a width
of 61.6 G and a strength parameter sres of ∼0.7 [27]. The
Efimov resonances reported in this work are away from
p-wave Feshbach resonances [32], as well as Cs Feshbach
and Efimov resonances [13,33].
Around the magnetic field region probed in this work,

the Cs-Cs scattering length is large and negative, and

Cs-Cs-Cs recombination is the major competing loss proc-
ess, imposing a limitation on the lifetime of Cs. Away from
the Li-Cs Feshbach resonance, Cs decay is dominated by
Cs-Cs-Cs recombination collisions [Fig. 2(a)]; on the other
hand, Li decaysmuch faster in the presence of Cs, indicating
the dominance of interspecies collisional loss. Near the
Feshbach resonance [Fig. 2(b)] both decays of Li and Cs are
enhanced by interspecies collisions.
Ourmeasurements of atom loss and observation ofEfimov

resonances are summarized in Fig. 3. To eliminate the long-
term drift in atom number, we scale the atom number so
that it averages to unity over a fixed magnetic field range.
Each panel shows resonant loss features in the scaled atom
number. The main loss feature in both Li and Cs scans is
associated with a broad Li-Cs Feshbach resonance [27,32].
Loss features associated with excited Efimov resonances on
the negative scattering length side of the Feshbach resonance
are only evident in low temperature scans, and indicated
by arrows inFig. 3. Efimov features areweaker inCsdata due
to fast competing Cs-Cs-Cs recombination processes.
We determine the position of each Efimov resonance

by using both Lorentzian and Gaussian fits with a linear
background. Results from different fit functions and fit
ranges are analyzed and combined to determine the final
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FIG. 2 (color online). Atom number decay of single-species
and Li-Cs mixture samples. (a) At B ¼ 848.0 G, ∼5 G away from
the Li-Cs Feshbach resonance (aLiCs ¼−354a0, aCsCs ¼−1240a0)
Li loss increases significantly when Cs is introduced (left panel).
Cs loss is dominated by Cs-Cs-Cs recombination (right panel).
Sample temperature is T ¼ 390 nK. (b) Near the Li-Cs Feshbach
resonance B ¼ 842.7 G (aCsCs ¼ −1570a0), enhanced atom loss
is evident in both the Li and Cs atom number evolution when
both species are present. Sample temperature is T ¼ 340 nK.
Data in (a) and (b) are scaled to the initial atom numbers,
NLi ¼ 2 ∼ 3 × 104 and NCs ¼ 4 ∼ 5 × 104, obtained from double
exponential fits (continuous and dotted lines), which also serve
as guides to the eye.
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with large scaling constant λ ≈ 22.7 [3], such that the
detection of an additional Efimov state demands a reduc-
tion of temperature by a factor of λ2 ≈ 515. Features from
excited Efimov states in homonuclear systems have been
observed in 6Li [19], 39K [11], 7Li [20], and 133Cs [14].
These results are consistent with the scaling prediction, but
do not provide an independent test of the scaling symmetry.
Heteronuclear systems consisting of one light atom

resonantly interacting with two heavy atoms can have a
scaling constant significantly lower than 22.7 [4,21–23];
however, experiments in heteronuclear systems are con-
siderably more challenging than those in homonuclear
systems. Before our work, observations of Efimov reso-
nances in heteronuclear systems were reported in K-Rb
mixtures [24,25]. Recently, in a Li-Cs mixture [26], two
Efimov resonances are found in the measurement of
three-body loss coefficients, and the number loss data hint
at the existence of a third Efimov resonance.
Here we report the observation of discrete scaling

symmetry of Efimov states in a Fermi-Bose mixture of
6Li and 133Cs. Taking advantage of the large mass ratio
between Li and Cs atoms, with a predicted scaling constant
λ ¼ 4.88 [21,23], we identify three consecutive Efimov
resonances near a wide, isolated s-wave interspecies
Feshbach resonance [27]. From the measured locations
of the resonances, we provide a model-independent proof
of the geometric scaling symmetry and determine a scaling
constant λexp ¼ 4.9ð4Þ.
Our experiment is based on a mixture of 6Li and 133Cs

atoms near quantum degeneracy in an optical dipole trap. In
our experiment, both species are prepared in their lowest
states, jF ¼ 1=2; mF ¼ 1=2i for Li and jF ¼ 3; mF ¼ 3i
for Cs, where F is the total angular momentum andmF is its
projection. We prepare mixtures with up to NLi ¼ 3.4 ×
104 Li atoms, and NCs ¼ 5.2 × 104 Cs atoms at temper-
atures in the range 190 nK < T < 800 nK [28]. Efimov
resonances manifest themselves as enhanced three-body
recombination losses. In such collisions three atoms res-
onantly couple to an Efimov state and then decay into
a deeply bound molecule and a free atom; the released
binding energy allows them to escape the trap. We measure
the Li and Cs atom numbers from which we infer atom loss
and identify the Efimov resonances.
The mixture of 6Li and 133Cs has two primary inelastic

collision pathways: three-body recombination of Cs-Cs-Cs
and Li-Cs-Cs. At low temperatures, Li-Li-Cs as well as
Li-Li-Li collisions are strongly suppressed by Fermi
statistics. We investigate Efimov resonances near the broad
Li-Cs Feshbach resonance located at 842.75 G with a width
of 61.6 G and a strength parameter sres of ∼0.7 [27]. The
Efimov resonances reported in this work are away from
p-wave Feshbach resonances [32], as well as Cs Feshbach
and Efimov resonances [13,33].
Around the magnetic field region probed in this work,

the Cs-Cs scattering length is large and negative, and

Cs-Cs-Cs recombination is the major competing loss proc-
ess, imposing a limitation on the lifetime of Cs. Away from
the Li-Cs Feshbach resonance, Cs decay is dominated by
Cs-Cs-Cs recombination collisions [Fig. 2(a)]; on the other
hand, Li decaysmuch faster in the presence of Cs, indicating
the dominance of interspecies collisional loss. Near the
Feshbach resonance [Fig. 2(b)] both decays of Li and Cs are
enhanced by interspecies collisions.
Ourmeasurements of atom loss and observation ofEfimov

resonances are summarized in Fig. 3. To eliminate the long-
term drift in atom number, we scale the atom number so
that it averages to unity over a fixed magnetic field range.
Each panel shows resonant loss features in the scaled atom
number. The main loss feature in both Li and Cs scans is
associated with a broad Li-Cs Feshbach resonance [27,32].
Loss features associated with excited Efimov resonances on
the negative scattering length side of the Feshbach resonance
are only evident in low temperature scans, and indicated
by arrows inFig. 3. Efimov features areweaker inCsdata due
to fast competing Cs-Cs-Cs recombination processes.
We determine the position of each Efimov resonance

by using both Lorentzian and Gaussian fits with a linear
background. Results from different fit functions and fit
ranges are analyzed and combined to determine the final
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FIG. 2 (color online). Atom number decay of single-species
and Li-Cs mixture samples. (a) At B ¼ 848.0 G, ∼5 G away from
the Li-Cs Feshbach resonance (aLiCs ¼−354a0, aCsCs ¼−1240a0)
Li loss increases significantly when Cs is introduced (left panel).
Cs loss is dominated by Cs-Cs-Cs recombination (right panel).
Sample temperature is T ¼ 390 nK. (b) Near the Li-Cs Feshbach
resonance B ¼ 842.7 G (aCsCs ¼ −1570a0), enhanced atom loss
is evident in both the Li and Cs atom number evolution when
both species are present. Sample temperature is T ¼ 340 nK.
Data in (a) and (b) are scaled to the initial atom numbers,
NLi ¼ 2 ∼ 3 × 104 and NCs ¼ 4 ∼ 5 × 104, obtained from double
exponential fits (continuous and dotted lines), which also serve
as guides to the eye.
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Loin de la résonance Li-Cs

Proche de la résonance Li-Cs

Note: les atomes 6Li sont des fermions 
polarisés froids et le principe de Pauli 
réduit fortement les pertes Li-Li-Li

Tung et al., Phys. Rev. Lett. 113, 240402 (2014)
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Détermination de   pour   a(n)
− n = 0,1,2

Mélange 6Li—133Cs :

T = 800 nK

resonancepositionsanduncertainties.Furtherdetailson
thefitandthedeterminationoftheresonancepositions
anduncertaintiesaregiveninRef.[28].Wedetermine
thepositionsofthethreeEfimovresonancestobe
B1¼848.55ð12Þstatð3Þsyst,andB2¼843.82ð4Þstatð3Þsyst,
andB3¼842.97ð3Þstatð3ÞsystG,whereðÞstatdenotesthe
statisticaluncertaintyandthesystematicuncertaintyof
30mGarisesfromthedailymagneticfielddrift.

AprecisedeterminationoftheFeshbachresonance
positioniscrucialtocheckthescalingsymmetry.Two
independentmethodsaredevelopedhere.First,weobserve
thatthestrongestdip(Fig.3)isubiquitousinallmeasure-
ments,evenathightemperatureswhereEfimovfeatures
areindiscernible.Thisindicatesthatthestrongestdipis
associatedwiththeFeshbachresonance.Fitstothelowest
temperaturedata[Fig.3(c)]locatetheFeshbachresonance
atB0¼842.75ð1Þstatð3ÞsystG.

Weconvertouratomlossmeasurementintoaspectrum
oftherecombinationlosscoefficient,seeFig.4,basedona
rateequationmodel[28].Thespectrumshowsclearlythree
Efimovresonancefeaturesandcanbecomparedwith
theoreticalcalculation.Inaddition,aftercomparingthe
extractedK3withamodelthatcapturesthesteepriseof
K3fora>0[28],wefindthebestagreementbetweenthe
experimentandthemodelwhenB0¼842.75ð1Þstatð3ÞsystG.
TheresultsfrombothourmethodstodetermineB0agree
witheachother.

TheseparationsbetweentheEfimovresonancesandthe
FeshbachresonanceΔBn¼Bn−B0areΔB1¼5.80ð12Þ,
ΔB2¼1.07ð4Þ,andΔB3¼0.22ð3ÞG;theuncertainties
includebothstatisticalandsystematicerrors.Remarkably,
theycloselyfollowageometricprogressionΔB1∶ΔB2∶
ΔB3≈1∶1=5∶1=52andprovidedirectevidenceofthe
discretescalingsymmetry.(NotethatΔBn∝−1=aðnÞ −
neartheFeshbachresonance.)Moreprecisely,usingan
updatedscatteringmodelfortheLi-CsFeshbachresonance
[28],wedeterminetheEfimovresonancesinscattering
lengthtobeað1Þ −¼−323ð8Þa0,að2Þ −¼−1635ð60Þa0,and
að3Þ −¼−7850ð1100Þa0,wherea0istheBohrradius.Two
scalingconstantsareextracted:λ21¼að2Þ −=að1Þ −¼5.1ð2Þ
andλ32¼að3Þ −=að2Þ −¼4.8ð7Þ,whichmutuallyagreewithin
uncertainty.Theaveragedscalingconstantλexp¼4.9ð4Þis
ingoodagreementwiththepredictedvalueλ¼4.88for
LiCs2Efimovstates[21,23].

Eventhoughtheobservedscalingratiosareconsistent
withthepredictedvalue,wewouldliketopointoutthe
practicalfactorsthatcouldcontributetodifferences
betweenexperimentandtheory.ThefirstEfimovresonance
canbeshiftedbyfinite-rangecorrectionsgiventhatit
occursatascatteringlengthnearthevanderWaalslength
ofCs-Cs(rCsCs¼101a0)andLi-Cs(rLiCs¼45a0).The
locationoftheEfimovresonancecanalsobeshiftedby
finitetemperatureandfinitetrapsizeeffects,whichare
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FIG.3(coloronline).ObservationofthreeLi-Cs-CsEfimovresonances.(a)ScaledLinumberversusmagneticfieldshowingthefirst
Li-Cs-CsEfimovresonance,fromtheaverageof13individualscans.Here,NLi¼1.3×104andNCs¼2.7×104withtypical
temperatureT¼800nKandholdtime225ms.(b)ScaledLiandCs[inset,(d)]numbersnearthesecondandthirdLi-Cs-CsEfimov
resonances,fromtheaverageof68scanswithtypicaltemperatureT¼360nKandholdtime115ms.Themeanatomnumbers
areNLi¼1.4×104andNCs¼2.1×104.(c)ScaledLiandCs[inset,(e)]numbersclosetothethirdLi-Cs-CsEfimovresonanceand
theLi-CsFeshbachresonance,fromtheaverageof327scanswithtypicaltemperatureT¼270nKandholdtime115ms.Themean
atomnumbersareNLi¼9.1×103andNCs¼1.4×104.Thescaledatomnumberscomefromtheaverageoftheindividualscans
dividedbytheirrespectivemeanvalues.TheverticaldashedlinesindicatetheFeshbachresonanceandarrowsindicatetheEfimov
resonances.Thedashedcurvescorrespondtoaninterpolationofthedataandserveasaguidetotheeye.
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resonancepositionsanduncertainties.Furtherdetailson
thefitandthedeterminationoftheresonancepositions
anduncertaintiesaregiveninRef.[28].Wedetermine
thepositionsofthethreeEfimovresonancestobe
B1¼848.55ð12Þstatð3Þsyst,andB2¼843.82ð4Þstatð3Þsyst,
andB3¼842.97ð3Þstatð3ÞsystG,whereðÞstatdenotesthe
statisticaluncertaintyandthesystematicuncertaintyof
30mGarisesfromthedailymagneticfielddrift.

AprecisedeterminationoftheFeshbachresonance
positioniscrucialtocheckthescalingsymmetry.Two
independentmethodsaredevelopedhere.First,weobserve
thatthestrongestdip(Fig.3)isubiquitousinallmeasure-
ments,evenathightemperatureswhereEfimovfeatures
areindiscernible.Thisindicatesthatthestrongestdipis
associatedwiththeFeshbachresonance.Fitstothelowest
temperaturedata[Fig.3(c)]locatetheFeshbachresonance
atB0¼842.75ð1Þstatð3ÞsystG.

Weconvertouratomlossmeasurementintoaspectrum
oftherecombinationlosscoefficient,seeFig.4,basedona
rateequationmodel[28].Thespectrumshowsclearlythree
Efimovresonancefeaturesandcanbecomparedwith
theoreticalcalculation.Inaddition,aftercomparingthe
extractedK3withamodelthatcapturesthesteepriseof
K3fora>0[28],wefindthebestagreementbetweenthe
experimentandthemodelwhenB0¼842.75ð1Þstatð3ÞsystG.
TheresultsfrombothourmethodstodetermineB0agree
witheachother.

TheseparationsbetweentheEfimovresonancesandthe
FeshbachresonanceΔBn¼Bn−B0areΔB1¼5.80ð12Þ,
ΔB2¼1.07ð4Þ,andΔB3¼0.22ð3ÞG;theuncertainties
includebothstatisticalandsystematicerrors.Remarkably,
theycloselyfollowageometricprogressionΔB1∶ΔB2∶
ΔB3≈1∶1=5∶1=52andprovidedirectevidenceofthe
discretescalingsymmetry.(NotethatΔBn∝−1=aðnÞ −
neartheFeshbachresonance.)Moreprecisely,usingan
updatedscatteringmodelfortheLi-CsFeshbachresonance
[28],wedeterminetheEfimovresonancesinscattering
lengthtobeað1Þ −¼−323ð8Þa0,að2Þ −¼−1635ð60Þa0,and
að3Þ −¼−7850ð1100Þa0,wherea0istheBohrradius.Two
scalingconstantsareextracted:λ21¼að2Þ −=að1Þ −¼5.1ð2Þ
andλ32¼að3Þ −=að2Þ −¼4.8ð7Þ,whichmutuallyagreewithin
uncertainty.Theaveragedscalingconstantλexp¼4.9ð4Þis
ingoodagreementwiththepredictedvalueλ¼4.88for
LiCs2Efimovstates[21,23].

Eventhoughtheobservedscalingratiosareconsistent
withthepredictedvalue,wewouldliketopointoutthe
practicalfactorsthatcouldcontributetodifferences
betweenexperimentandtheory.ThefirstEfimovresonance
canbeshiftedbyfinite-rangecorrectionsgiventhatit
occursatascatteringlengthnearthevanderWaalslength
ofCs-Cs(rCsCs¼101a0)andLi-Cs(rLiCs¼45a0).The
locationoftheEfimovresonancecanalsobeshiftedby
finitetemperatureandfinitetrapsizeeffects,whichare
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FIG.3(coloronline).ObservationofthreeLi-Cs-CsEfimovresonances.(a)ScaledLinumberversusmagneticfieldshowingthefirst
Li-Cs-CsEfimovresonance,fromtheaverageof13individualscans.Here,NLi¼1.3×104andNCs¼2.7×104withtypical
temperatureT¼800nKandholdtime225ms.(b)ScaledLiandCs[inset,(d)]numbersnearthesecondandthirdLi-Cs-CsEfimov
resonances,fromtheaverageof68scanswithtypicaltemperatureT¼360nKandholdtime115ms.Themeanatomnumbers
areNLi¼1.4×104andNCs¼2.1×104.(c)ScaledLiandCs[inset,(e)]numbersclosetothethirdLi-Cs-CsEfimovresonanceand
theLi-CsFeshbachresonance,fromtheaverageof327scanswithtypicaltemperatureT¼270nKandholdtime115ms.Themean
atomnumbersareNLi¼9.1×103andNCs¼1.4×104.Thescaledatomnumberscomefromtheaverageoftheindividualscans
dividedbytheirrespectivemeanvalues.TheverticaldashedlinesindicatetheFeshbachresonanceandarrowsindicatetheEfimov
resonances.Thedashedcurvescorrespondtoaninterpolationofthedataandserveasaguidetotheeye.
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resonancepositionsanduncertainties.Furtherdetailson
thefitandthedeterminationoftheresonancepositions
anduncertaintiesaregiveninRef.[28].Wedetermine
thepositionsofthethreeEfimovresonancestobe
B1¼848.55ð12Þstatð3Þsyst,andB2¼843.82ð4Þstatð3Þsyst,
andB3¼842.97ð3Þstatð3ÞsystG,whereðÞstatdenotesthe
statisticaluncertaintyandthesystematicuncertaintyof
30mGarisesfromthedailymagneticfielddrift.

AprecisedeterminationoftheFeshbachresonance
positioniscrucialtocheckthescalingsymmetry.Two
independentmethodsaredevelopedhere.First,weobserve
thatthestrongestdip(Fig.3)isubiquitousinallmeasure-
ments,evenathightemperatureswhereEfimovfeatures
areindiscernible.Thisindicatesthatthestrongestdipis
associatedwiththeFeshbachresonance.Fitstothelowest
temperaturedata[Fig.3(c)]locatetheFeshbachresonance
atB0¼842.75ð1Þstatð3ÞsystG.

Weconvertouratomlossmeasurementintoaspectrum
oftherecombinationlosscoefficient,seeFig.4,basedona
rateequationmodel[28].Thespectrumshowsclearlythree
Efimovresonancefeaturesandcanbecomparedwith
theoreticalcalculation.Inaddition,aftercomparingthe
extractedK3withamodelthatcapturesthesteepriseof
K3fora>0[28],wefindthebestagreementbetweenthe
experimentandthemodelwhenB0¼842.75ð1Þstatð3ÞsystG.
TheresultsfrombothourmethodstodetermineB0agree
witheachother.

TheseparationsbetweentheEfimovresonancesandthe
FeshbachresonanceΔBn¼Bn−B0areΔB1¼5.80ð12Þ,
ΔB2¼1.07ð4Þ,andΔB3¼0.22ð3ÞG;theuncertainties
includebothstatisticalandsystematicerrors.Remarkably,
theycloselyfollowageometricprogressionΔB1∶ΔB2∶
ΔB3≈1∶1=5∶1=52andprovidedirectevidenceofthe
discretescalingsymmetry.(NotethatΔBn∝−1=aðnÞ −
neartheFeshbachresonance.)Moreprecisely,usingan
updatedscatteringmodelfortheLi-CsFeshbachresonance
[28],wedeterminetheEfimovresonancesinscattering
lengthtobeað1Þ −¼−323ð8Þa0,að2Þ −¼−1635ð60Þa0,and
að3Þ −¼−7850ð1100Þa0,wherea0istheBohrradius.Two
scalingconstantsareextracted:λ21¼að2Þ −=að1Þ −¼5.1ð2Þ
andλ32¼að3Þ −=að2Þ −¼4.8ð7Þ,whichmutuallyagreewithin
uncertainty.Theaveragedscalingconstantλexp¼4.9ð4Þis
ingoodagreementwiththepredictedvalueλ¼4.88for
LiCs2Efimovstates[21,23].

Eventhoughtheobservedscalingratiosareconsistent
withthepredictedvalue,wewouldliketopointoutthe
practicalfactorsthatcouldcontributetodifferences
betweenexperimentandtheory.ThefirstEfimovresonance
canbeshiftedbyfinite-rangecorrectionsgiventhatit
occursatascatteringlengthnearthevanderWaalslength
ofCs-Cs(rCsCs¼101a0)andLi-Cs(rLiCs¼45a0).The
locationoftheEfimovresonancecanalsobeshiftedby
finitetemperatureandfinitetrapsizeeffects,whichare
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FIG.3(coloronline).ObservationofthreeLi-Cs-CsEfimovresonances.(a)ScaledLinumberversusmagneticfieldshowingthefirst
Li-Cs-CsEfimovresonance,fromtheaverageof13individualscans.Here,NLi¼1.3×104andNCs¼2.7×104withtypical
temperatureT¼800nKandholdtime225ms.(b)ScaledLiandCs[inset,(d)]numbersnearthesecondandthirdLi-Cs-CsEfimov
resonances,fromtheaverageof68scanswithtypicaltemperatureT¼360nKandholdtime115ms.Themeanatomnumbers
areNLi¼1.4×104andNCs¼2.1×104.(c)ScaledLiandCs[inset,(e)]numbersclosetothethirdLi-Cs-CsEfimovresonanceand
theLi-CsFeshbachresonance,fromtheaverageof327scanswithtypicaltemperatureT¼270nKandholdtime115ms.Themean
atomnumbersareNLi¼9.1×103andNCs¼1.4×104.Thescaledatomnumberscomefromtheaverageoftheindividualscans
dividedbytheirrespectivemeanvalues.TheverticaldashedlinesindicatetheFeshbachresonanceandarrowsindicatetheEfimov
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Bilan des mesures pour Li-Cs-Cs
m

M
M

�0.4 �0.2 0

�0.5

�0.25

0

�
p
R0/|a|

�
p
|k|R0

n = 3
n = 2
n = 1
n = 0

−(R0/ |a |)1/2

− |ℰn |1/4

a(0)
− a(1)

− a(2)
−

a(1)
−

a(0)
−

=

a(2)
−

a(1)
−

=

5.48 (7)(16)(10)

5.35 (24)(16)(10)

5.00 (1.24)(76)(46)

6.93 (1.50)(1.48)(97)

Heidelberg

Chicago

Heidelberg

Chicago

Les interacAons Cs-Cs sont-elles importantes ?

Petrov & Werner : 
amM = ∞, aMM = 0 : λ = 4.88

amM = ∞, aMM = ∞ : λ = 4.80

erreurs : staWsWque,  
systémaWque, 
calibraWon a(B)

calcul à la Born-Oppenheimer:  λ = 5.6
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4. 
Les trimères “universels” de Kartavtsev & Malykh

  parWcules   fermions polarisésM :



32

Retour vers les fermions polarisés  (côté )a > 0

Canal de moment cinéWque  pour assurer l’anWsymétrie de la foncWon d’onde relaWveℓ = 1

Vtot(R) = −
ℏ2

2m [ 1
a

+
W(e−R/a)

R ]
2

+
2ℏ2

MR2
ℓ(ℓ + 1) = 2

A courte distance ( ), on a     avec       R ≪ a V(R) ≈ α
ℏ2

MR2
α = −

M
2m

Ω2 + 2

• Pour ,   i.e. ,   effet Efimovα < − 1/4 M/m ≳ 14

• Que se passe-t-il pour un rapport    inférieur à ce seuil ?M/m
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Fermions    polarisés sous la valeur seuil  MM M/m ≈ 14

0 0.5 1 1.5 2 2.5 3
�2

�1

0

1

2

R/|a|

Vtot(R)

M/m = 5, 8, 11 Vtot(R) = −
ℏ2

2m [ 1
a

+
W(e−R/a)

R ]
2

+
2ℏ2

MR2

Au voisinage de ,       avec  R = 0 Vtot(R) ≈ α
ℏ2

MR2
α > 0

Pas de chute vers le centre, inu5le d’introduire un cœur dur en  : situa5on “universelle”R0

Mais possibilité d’un minimum local pour M/m > 5
Y a-t-il un ou plusieurs états liés  dans ce minimum de poten5el ?mMM

Edim = −
ℏ2

2ma2

a > 0
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Les résultats de Kartavtsev & Malykh pour le système   (2007)mMM

  : fermions polarisés, avec la paire  dans le canal de moment cinéWque M MM ℓ = 1

InteracWon de contact pour  avec une longueur de diffusion mM a > 0

M
m

chute vers le centre, 
régime efimovien

un trimère 
universel

deux trimères 
universels

pas d’état  
lié mMM

8.173 12.917 13.607

“Universel” : la connaissance de  et de  est suffisante pour caractériser le trimère (pas de )M/m a R0

Un couple candidat :  6Li  — 53Cr   ( )M/m = 8.8
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Conclusions

Le cas  peut être traité quasi-analyWquement pour une interacWon de 
contact  et il révèle les principales caractérisWques de l’effet Efimov :

mMM
mM

• Série infinie d’états liés pour  :  
       loi d’échelle pour les énergies

|a | = + ∞

• Etats liés en nombre fini du côté    
        états borroméens

a < 0

• Etats liés en nombre fini du côté    
     compé55on entre le trimère et le dimère 

a > 0
mM

− |ℰn |1/4

�0.25 0 0.25 0.5 0.75 1
�2

�1.5

�1

�0.5

0

p
R0/|a|⇥ signe(a)

�
p
|k
|R

0

n = 2
n = 1
n = 0
dimère

a < 0 a > 0

|a | = + ∞

Premiers tests expérimentaux précis des lois d’échelle 


