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Motivation from mirror symmetry

@ Mg moduli of G-Higgs bundles on curve C; G cplx reductive
@ classical limit (Donagi—Pantev 2012) of mirror symmetry:
S: D°(Mg) ~ D (Mgv)
generically Fourier-Mukai transform Mg —> A=AY <G—V Mgv

@ (Kapustin—Witten 2007) dominant u € At(GY),c € C
— DO(HE) ~
HE:  DP(Mg) — DP(Mg)

25 po(ugy)

Hecke operators: and

Wilson operators: ‘W : DP(Mgv) —
intertwine: H4 o S = S o W,
o testfor Oy, € D2, (Mgv):
He (S(Ougy ) = He (O ) = S(We (O ) = S(p#(E)o)
@ the Hecke transform of the Hitchin section 7—(2‘(OW§) is
supported at a union of Lagrangian upward flows
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o M:= MPGL,, E (E,CD); (ONS Endo(E) ® K¢
h: M — A:= HO(KE)X---XHO(KE)
(E,®) & det(x — )
o C*CM by (E, ®) - (E, 21d); semiprojective:
@ M projective
@ lim,_ AE exists for every & e M
0 Ee M ~ WS = {F e Mllim_o AF = &} upward flow
@ (Bialynicki-Birula 1973): Wg C M locally closed = TgM
0 1*(w) = dw~> WJ c (M, w) is Lagrangian
o M= HSEMCX Wg_
© & M" very stable & W, closed & Pl - W — A proper

Hitchin map

@ e.g. &= (E,O0) very stable & E very stable (Laumon 1988)
@ Motivating Problem: find coordinates s.t.

hg = h|Wg- . Wg_ - A

becomes explicit!
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@ Kirillov algebra:
C* = (S(g*) ® End(V*))® = Maps(g, End( V#))S
associative S(g*)% = H;-algebra
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Theorem (Hausel 2022)

For G = SL,,, wx fundamental 3 universal bundle of algebra
structure on p“*(E). = A“(E). along W," = A modelled on C**

C“ < End(AX(E).) Spec(C“)  «  Spec, (A (E)c)

T v 7 ~ 1 = 1
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@ construction by applying Kirillov M-operators to $,
and using cyclicity of C«* (Panyushev 2004)
@ k = 1 familiar bundle of algebra structure from BNR corr.
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© using (Panyushev 2004)'s C** = Hg; (Gr(k,n); C)
@ generalises - partly conjecturally - to all u € X;"(G)
@ ~» classical limit of geometric Satake
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Geometric properties of B+

@ Gr:= PGLj((2))/PGL,[[z]] affine Grassmannian of PGL,
o Gr* := PGL[[z]]z* c Gr affine Schubert; Gr** = Gr(k, n)
@ (Bezrukavnikov—Finkelberg 2008) describe the graded
Hpg,-algebra Hyg, (Gr) & IHpg, (Gr) as module over it ~
Corollary (Hausel 2022)
HpgL (Gr) = M¥ as Hy, -algebras
EndH;GL(Gr#)(IH;GLn(GI#)) ~ CH
IHpg, (Gr*) = B as MH-modules
~ (conj. unique) graded Hy;, -algebra structure on IHg;, (Gr*)

4

Conijecture (Hausel 2022)

Spec(B*) « Specyv (0*(Ey)) = Ha (W, ) —» Spec(IHSELn(Gr’“‘))
] L ] ] . ]
Spec(Hg;in) « AY = A - SpeC(HSELn)

1R
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M = H;,(G/P,,C) = Hg(Gr},C); Gr* = [],<, G, BB-dec.
o mutliplicity algebra of M, c B, endows
IH(WY) = B,/(M, ) a graded ring
ringifying Kazhdan-Lusztig polynomials IP;( W)
IH* (W) = 8" /(M )~ (Brylinski 1989) limits of weight spaces
@ G complex reductive, « € Aut(G) distinguished
corresponds to a foldlng of the Dynkin diagram
@ endoscopy group G, := G"

Conjecture (Hausel 2023)

€ X3 (G) = X1(Go) ~ k- B4(G) - B8(G) s.t. B(G), = 8(Gy)

0 (B) :=B"/(x — k(X))xes: coinvariant algebra
o =tr(k: Vi — V“) =dim V" (Jantzen 1973)’s twining formula

e for principal H ¢ G we expect a transfer 84(G) - 8*(H)



