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Tomography = Reconstruct From Cuts
(τόμος= to cut)

Projection

Cuts Images from Wikipedia `Tomography’



Reminder: Measurement in 
Quantum Mechanics
• Consider an observable to which we associate an Hermitian operator 

Ô (e.g spin along some axis: one of the Pauli operators)

• Spectrum of eigenstates of Ô:

• Postulate: If the system is in a (normalized) pure state, the result of a 
measure of Ô yields one of its eigenvalues 𝜔i with probability:

• Postulate (collapse of the state - ``réduction du paquet d’onde’’): 
After the measurement the system is in the new projected state:
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If the system is in an ensemble of states described by a density matrix:

The result of a measurement has probability (`Born rule’):
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Average value of O obtained in repeated measurements:



First appearance of `Tomography’ in the context of quantum systems
(according to Wikipedia…)



What is Quantum State Tomography?

! We want to reconstruct the quantum state of a system – the 
wavefunction if we know that the system is in a pure state or 
more generally the density matrix – using the result of 
measurements

! Repeated projective measurements will allow to estimate the 
probabilities (assuming that the density matrix stays constant 
during the measurement process…):

! For some numbers of operators 
! Positive Operator-Valued Measure (POVM): it is convenient to 

chose the set of operators we measure to form a POVM – an 
ensemble of positive semi-definite operators Mi such that:
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QST by direct inversion

! Reconstruction by direct inversion:

! Can be viewed as a system of linear equations. The density 
matrix invoves (DH)2 complex numbers hence we need a priori 
to measure (DH)2 probabilities (-1 overall normalization) 

! For N qubits: need to make 22N sets of repeated 
measurements

! Exponential cost!
! In practice, this method does not guarantee that the 

determined density matrix is positive (see below for an 
example)
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Example: tomography of a single  qubit
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The Bloch Sphere
Pure States have: 
||A||=1

and hence live 
on the surface of the sphere.

Otherwise interior 
of the sphere: 
||A|| < 1



Single qubit: measurements
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Issues with direct inversion
! For a finite set of measurements
! The reconstructed density matrix:

is not necessarily positive semi-definite:

! Probability of a measurement:

! For 30 measurements along each direction, the probability 
of an unphysical density matrix is 3.10-7 for a system with 
ρ=Id/2, but it is 98% for the pure state |z> !

! cf. R.Schmied !"#$%"&'(%#%)'%*&*+,#-./'*0'#'(1$+2)'
3"41%56*&-#,1(*$*0'&)%.*7(, J. Mod Optics, 2016 
arXiv:1407.4759
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QST with NNs: Three articles discussed in 
some details in this lecture

[Torlai et al. 2018]

[Torlai et al. 2019]

[Carrasquilla-Torlai 2021]



QST with a RBM for a `stoquastic’ 
Hamiltonian
! 8%*3"#(%16Hamiltonian: sum of operators such that in some 

basis all off-diagonal matrix elements are negative or zero

! Simulating H is sign-problem free
! The Boltzmann weight is a non-negative matrix:

! Hence up to a global phase, the ground-state has non-
negative amplitudes
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Transverse Field Ising Model
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Assume that the system is in a pure state 
(generalization to density matrix with RBMs: Torlai and Melko, PRL 2018)

!"#$%&'( ) *+,-./*+01*2*+34(05(/(6.73(*+/+3

RBM parametrization:
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So here, we need to determine `only’ 2N positive real numbers and hence 
we can limit ourselves to measurements in the computational basis |s> 
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Measurements dataset D is generated according to the (unknown) 
probability distribution q(σ) associated with the true state 
of the system. Kullback-Leibler divergence:
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Hence we have to minimize the cost function (second term only):
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Because the normalization matters, the computation of gradients require 
some care. 
Notations:
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The second term is just a sum over the dataset, but the first one requires Monte Carlo 
sampling over configurations (s) generated by the RBM



Reminder – RBM: Explicit 
expression of the gradients
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Natural Gradient Descent – Metric 
Tensor (Reminder from Lecture 1)
Using the KL divergence as a (pseudo-) distance in parameter space:
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Illustration on a model pure state
26+),$#)+7/&*'$/7$89:;5
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`Measurement’ dataset generated by generating N! random samples from this state

Reconstructed distribution over configurations 
and overlap as a function of number of samples in dataset



Application to an array of Rydberg 
atoms (TFIM)
For a recent review of Rydberg atoms arrays, see:

Also: Wu et al. arXiv:2012.10614 (Chinese Phys. B, 2021)



Rydberg atom: Highly excited state with very high principal quantum number

Large radius of electronic orbital (remember: radius scales as n" )

!"#$%&'()$*'&+)%,"*(-./
01&'23)4)5#6),7

Quantum information 
with Rydberg atoms 
Lukin and coworkers 
PRL 85, 2208 (2000); 
PRL 87, 037901 (2001)Two Rydberg atoms - Browaeys and Lahaye, Nat Phys(2020)



Controllable Arrays 
of Rydberg Atoms
8&'9,#:; ,(6* <,=,:#
>,%?=:; /@/@



Hamiltonian for atoms placed in the 
same Rydberg state: 
Transverse field Ising model (TFIM)
Effective spin-1/2 degree of freedom on each site:
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Interaction 
(Rydberg 
blockade)

If two different Rydberg states: XY model + fields





Scholl et al. Nature 2021



Tomography for an array of Rydberg 
atoms (TFIM) with simulated data
!"#$%&'(%%()*+,--((./& 01%-(,2345&6768&9:1/$&;(-<=#>%1+?>&
+),.?&@$#A$#BC&)$$&01%-(,$#&(-&678D&"1%&",%)#&)#+/E&1"&0FGH

Define Hamiltonian: square L*L array L=8 (64 sites), (V,Ω,δ)=(3,1,2)MHz



Number of training samples (data) 
Number of Metropolis generated samples 
to compute the gradients at each step

No basis rotations 
(TFIM is !"#$%&!"'()

[Carrasquilla-Torlai PRXQ 2021]

Density ! = H/L"



[Carrasquilla-Torlai 2021]



Torlai et al Nat Phys 2018



General case (not !"#$%&!"'(): 
Reconstructing the amplitude and 
phase
Parametrize both amplitudes and phase with two separate RBMs with 
real parameters (Torlai et al., 2018):

<latexit sha1_base64="wH6XBmAKTvC4rI+oPeWw9FjFCOk="></latexit>

! ! (s) =
!

p! (s) ei " ! ! (s) / 2 , " ! ! (s) = ln p! ! (s)
Or use complex biases and weights in the RBM (Carrasquilla and Torlai 2021)

We now need measurements in several bases (see above) and define 
the cost function (for each RBM) as:

<latexit sha1_base64="xBY7oJxGzADhW9oaAESH0piF+Kg="></latexit>

C(! ) = !
N b!

b=1

1
|Db|

!

! ( b) ! D b

ln p" (" (b) )

To compute the gradients and metric, the NN wavefunction must be rotated 
to each basis according to: <latexit sha1_base64="j0oZUg6TlFdOz7QxS03Yb+oY/OM="></latexit>

! ! (s(b) ) =
!

s

Ub(s, s(b) ) ! ! (s)



Toy problem: W-state 
N=20 qubits with random phases
6400 samples/basis 

Training on projective 
Measurements from 
time evolution
TFIM with long-range 
interactions

Torlai et al., Nat Phys 2018



Rydberg arrays: tomography from 
experimental data #)+7/&*'$/7<$=>?$:8@A$
8@9B9C$289:D5%E$F<?GH&04.I+)GJ



Measurement errors are taken into 
account by adding an intermediate layer

Conditional 
probabilities
taken as given

Torlai et al. PRL 2019



Torlai et al. PRL 2019



!"#$%&"'()*%+%,-.$%/"&%%
0(*)1**$0

(/%&,(*%(/&2"01)&("/3

412&,$2%5$-0(/63



Reconstruction of Entanglement/ 
Renyi Entropies [ask our speaker!]

Torlai et al., Nat Phys 2018



Density Matrix QST with NNs



Integrating 
NNs in 
quantum 
simulators 
K/.H$)G+$
.J*/H*+LM



Other NN architectures, e.g. CNN


