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Mailing List
(Weekly announcement of lecture and seminar, etc.)

Send email to: listes-diffusion.cdf@college-de-france.fr
Subject line: subscribe chaire-pmc.ipcdf
…or: unsubscribe chaire-pmc.ipcdf

You can also just send me an email to be placed on the list

Website:
https://www.college-de-france.fr/site/antoine-georges/index.htm

Lectures are video recorded
and available on the website

mailto:listes-diffusion.cdf@college-de-france.fr
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Part of today’s lecture will be 
done on the board.

Slides will be used occasionally to 
show data, references, etc.

For full lecture, see video.



Menu of the day:

• The many fermion problem: introduction, notations
• Some classic variational wave functions: Slater 

determinant, BCS/pairs, Gutzwiller, Jastrow-Slater, 
Backflow, …
• Optimizing wave functions with Monte Carlo
• How ML/neural networks are transforming the 

field: overview
• Hidden Fermion Determinantal States and some 

other NQS for fermions à Lecture 5



Some useful general references 
on variational wave-functions:
• Federico Becca `Variational wavefunction for 

strongly correlated fermionic systems’ in Jülich 
lectures Vol 9 (2019) http://www.cond-
mat.de/events/correl19
• Federico Becca and Sandro Sorella `Quantum 

Monte Carlo Approaches for Correlated Systems’ 
Cambridge University Press, 2017
• Also some older refs:
• Dieter Vollhardt Variational wavefunctions for correlated 

lattice fermions (Bookchapter, NATO series, 1988)
• Claudius Gros `Physics of projected wavefunctions’ Annals of 

Physics 189, 53 (1989)

http://www.cond-mat.de/events/correl19
http://www.cond-mat.de/events/correl19


Interacting Fermions: Models and 
Materials
• Lattice Models: 
• Spinless fermions with n.n interactions
• Hubbard model
• Continuum space:
• Helium 3
• Electron Gas
• Molecules and Materials can be described either 

directly in the continuum or using a basis set



The 2-site Hubbard Model 
cf. 2021 Lectures



The N=2 sector (6 states)

The 6 basis states of the N=2 sector organized according 
to symmetries: S, Sz,P12

Note: 
- `1st quantized’ vs `2nd quantized’ notations
- Canonical ordering chosen here to be: 1,up; 1,down;2,up;2,down
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ß All energy levels 
vs. U/t

N=2 energy levels Singlet ground-state

Triplet (3)

Doubly occupied (S=0)

Heisenberg 
low-energy sector

Note: continuity between the U=0 and the large-U ground-state
cf. H2 molecule
From 2 electrons in bonding state 
(Hartree-Fock-Slater)
to Heitler-London
(= chemical bond!)



Slater Determinants and the 
Hartree-Fock Approximation
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Determinantal form can be extended 
to BCS wave-function of pairs with 
fixed particle number
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Hartree-Fock for the 
2D Hubbard model



Weak coupling
U/t=2



However, homogeneous SDWs are unstable 
against domain-wall formation (eventually 
leading to `stripes’)
• Early Theoretical Predictions of Stripes:
• Mean-Field/Hartree-Fock
• HJ Schulz PRL64, 1445 (1990) and J.Physique 50, 2833 (1989)
• J.Zaanen and O.Gunnarsson, Phys Rev B 40, 7391 (1989)
• K.Machida, Physica C 158, 192 (1989)
• Su PRB 88, 9904 (1988); Yang and Su, PRB 44, 6838 (1991)
• Kato et al. JPSJ 59, 1047 (1990)
• M.Inui and P.Littlewood Phys Rev B 44, 4415 (1991)
• Xu et al. J.Phys Cond Mat 23, 505601 (1991)

• Variational Monte-Carlo: T.Giamarchi and C.Lhuillier, PRB 42, 10641 
(1990)

• More advanced numerical methods (e.g. DMRG): see later slides



This is beautifully explained in:



Charge

Spin period = Twice charge period

`Hole in the Wall’



Qin, Shi and Zhang PRB 94, 235119 (2016)
Auxiliary Field Constrained Path Monte Carlo

The `classic stripe’ (t’=0): incommensurate SDW AND CDW
charge wavelength = spin wavelength /2 = 1/doping (= 8 here) 

Electron density 
is largest
at maxima of SDW

Hole density 
largest at nodes 





Consistent with Inhomogeneous 
(Unrestricted) DMFT

(Up to 2000 lattice sites, NRG DMFT solver at T=0 !)

See also: Vanhala and Törmä, PRL 97, 075112 (2018)



Peters and Kawakami
PRB 89, 155134 (2014)
Inhomogeneous DMFT 
(t’=0)



Very recent 
extensive 
Hartree-Fock 
study 
(03/2023)…
arXiv:2303.15358





But in the thermodynamic limit…



Strengths and Limitations of 
Hartree-Fock
• Good indicator of some of the phases (spin,charge 

ordering) that can emerge
• Of course, HF must be interpreted with a 

generous/open mind: yes, it breaks Mermin-
Wagner…
• … But good indicator of which correlations grow 

first: cf. Šimkovic, Rossi and Ferrero Phys. Rev. Research 4, 
043201 (2022) diagrammatic MC/CDET

• Because non-local correlations are not properly 
treated, NO POSSIBILITY OF non-local (e.g. d-wave) 
Superconductivity



The Gutzwiller Wave Function

Becca, 2019

Martin Gutzwiller
(1925-2014, 
Switzerland/USA)

PRL 10, 159 (1962)
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Limitations of the Gutzwiller 
wavefunction
• GWF vs. Gutzwiller approximation
• The GWF is always metallic for any (finite) value of g
• Finite g unable to describe a Mott insulator without 

magnetic order such as Hubbard model in d=1 or on a 
fully connected lattice with random hopping
• N(k) always discontinuous at Fermi level, see e.g: 

W.Metzner and D.Vollhardt PRL 59, 121 (1987) and PRB 37, 
7382 (1988)

• Fully projected GWF (g=∞) at half-filling prevents double 
occupancies and holes. Many applications to RVB like states 
(see review by C.Gros)

• Away from ½-filling, fully projected GWF gives the same 
weight to configurations with holes and with single occupancy.



GWF applied to Hubbard d=1
W.Metzner, D.Vollhardt PRL 59, 121 (1987) 

Here g stands for e-g of previous slide



Extension of the Gutwiller wave-function to phases 
with broken symmetries: the come-back of stripes! 
T.Giamarchi and C.Lhuillier PRB 42, 10641 (1990)

Also suggested coexistence of 
d-wave SC and incommensurate SDW 



Variational Monte Carlo: optimization of 
variational wave-functions by Metropolis 
sampling

• Reminder from lecture 1: 
• Move between configurations xà x’
• Need to evaluate: 
• Ratio of probabilities
• For determinantal wave-functions, various tricks to make this more efficient (but 

does not extend to NQS)

• Local energy:

• The points here is that H is a sparse matrix in 
configuration space because His short-range
• Also need to calculate the metric tensor if we use 

NGD/stochastic reconfiguration
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Jastrow-Slater Wave Function
Continuous space: Slate determinant with (possibly long-range)
symmetric weight: 

General form also applicable to lattice:
<latexit sha1_base64="r7jdrMsP651O9NrSyFsplpbOsbM="></latexit>
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• JSWF applied to Hubbard model in d=1
• In contrast to GWF, able to reproduce 
     Mott insulator at ½-filling 
     (with no symmetry breaking) 
• Long-range Jastrow crucial
• d=2: JSWF is not enough see: Capello et al 
PRB 73, 245116 (2006) 



`Backflow’
• General idea: allow the 1-particle orbitals entering the Slater determinant 
• to depend on the coordinates on all other particles. 
• First proposed in the continuum (Helium 4) by Feynman and Cohen 
      Phys Rev 102, 1189 (1956)
• Applied to the lattice only in 2008 and onwards: 
      Tocchio et al. PRB 78, 041101 (2008); PRB 83, 185138 (2011); 
      PRB 94, 195126 (2016)
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F.Becca, Jülich lectures, 2019





Dawn of a New Era 
for Fermionic Variational Wave 
Functions: 
Neural Quantum States and ML

à Lecture 5, May 30

Overview: 
Despite obvious successes, variational MC is limited by the flexibility of 
the parametrized form of the wave-function
à This is where NNs as `universal approximators’ less biased than humans J 
can make a difference



Nature Communications, 2020 

Nature Communications, 2018 Some examples:
(we’ll focus especially on 
Hidden Fermions on May 30)

`FermiNet’


