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NQS in a Nutshell:

• Quantum Many-Body Problem
• Variational ansatz for the ground-state 

wavefunction:

• Represent this wavefunction by a neural network 
(many possible architectures)
• Variational principle: optimize the parameters using 

the energy as loss function
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Science 355, 602 (2017)

Some early papers (for the 1-particle Schrödinger equation):
Lagaris et al. Comp Phys Comm 104, 1 (1997); IEEE Trans Neural Net 9, 987 (1998)
Sugawara et al. Comp Phys Comm 140, 366 (2001)



Quantum Many Body Problem
Hilbert Space: Exponentially Large!
For example - N spin-1/2 or Spinless Fermions on N sites: Dimension = 2N

Frequently Encountered `Simple’ Hamiltonians:

§ Transverse Field Ising Model 

§ Heisenberg Model

§ Spinless Fermions

§ Hubbard Model
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Constructing an N-particle basis 
from 1-particle states
The simple case of N spin-1/2:
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N-spin quantum state: 2N complex coefficients
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Variational Principle
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We have used a complete set of N-body eigenstates

Ground State Energy:



Neural Quantum State
Introduce a neural network parametrization 
of the amplitudes: 
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Optimize over the parameters θ using the energy as a loss function 
and gradient descent - or another optimizer

Many possible NN architectures can be used:
§ Restricted Botzmann Machine (RBM)
§ Convolutional Neural Networks (CNN)
§ Recurrent (autoregressive) Neural Network (see seminar on May 23)

A recent discussion comparing the performance of different architectures 
and especially of different implementations of symmetries: 
Reh, Schmittt and Gärtnner: https://arxiv.org/abs/2301.06788

https://arxiv.org/abs/2301.06788


Restricted Boltzmann Machines

S1 = -1,1 à

SN = -1,1 à

…
…

ß h1 = -1,1

ß hH = -1,1

ai
bi

Wij

a,b: biases; W: weights
(Complex numbers in general)

Note: only connections
between layers
(`restricted’)
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Performing the sum over hidden variables:

Affine composition

Non-Linear Transformation

(Note: the cosh could be replaced by 
another function)

cf. Perceptron
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H
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Density of network:

Controls the quality of the representation 
(compression level, 
cf. bond dimension for MPS)

Note: For a wave-function (in contrast to learning a probability density), 
we will have to allow the biases and weights to be complex. Other options: 
separate networks for amplitude and phase, etc.



RBMs as Universal Approximators

(Probability) Density Estimate with KL divergence as loss function

1. `Better models with increasing number of hidden units’

2. `Huge models can represent any distribution’

See also: G.Hinton `A practical guide to training restricted Boltzmann machines’



Overview of different uses of RBMs in quantum physics:



Expressive power of NQS 
Connections to other wave function 
compression methods
See e.g. Sharir, Shashu and Carleo PRB 106, 205136 (2022) 

Contains statements about NQS ability to represent MPS states at polynomial cost



Training an RBM in the context of 
NQS (for training in other contexts, see Hinton)

• The variational energy can be written as a sum over 
samples n (see below) 
• Generate Samples {n} - Here a sample is {s1,…,sN} 
• [A Metropolis procedure is often used for generating 

samples: Variational Monte Carlo – see below]
• Compute the gradients of the variational energy and 

the metric glm as a sum over samples
• Update parameters according to: 

• Repeat process until convergence
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Expression of the energy, gradient 
and metric tensor (not specific to NQS, 
general for any variational wave-function method)
1. The Energy:
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2. The Gradients
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This can be rewritten as an average over configurations (samples):
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3. The quantum geometric metric tensor
Fubini-Study metric over wave-functions:
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= 0 for identical states, = π/2 for orthogonal states
Define distance in parameter space as:
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If instead we define averages over configurations with the uniform metric:
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Quantum geometric metric
Imaginary part related to Berry curvature

See: J.Stokes arXiv:1909.02108



RBM: Explicit expression of the 
gradients
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Generating Samples
We want to generate samples according to the probability distribution:
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For small systems we can do that by `exact sampling’:

Need to calculate the amplitudes for all samples to ensure normalisation



Metropolis Sampling (Monte Carlo)
Stochastic process: random walk in the space of configuration, discrete 
`time’ steps. Transition probability from n to n’ (note order) wn’n

Master equation:
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Can be rewritten:
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Detailed balance insures stationarity of equilibrium distribution:
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wn0n Peq(n) = wnn0 Peq(n
0)

Note: Convergence to equilibrium and uniqueness require additional care/proof



Metropolis:
(Metropolis-Hastings if trial rate not symmetric) 

Propose a move nà n’ according to some trial probability tnn’ and accept or reject it 
according to acceptance rate: 

In practice this means:

• Propose a move n à n’
• If P(n’) > P(n), accept the move
• If P(n’) < P(n): accept with probability P(n’)/P(n), reject with 1-P(n’)/P(n)
• i.e. pick a random number from uniform distribution on [0,1] - accept if r < P(x’)/P(x) 

Important remark : this procedures does not require a calculation of the 
normalisation of Peq(n) – which is computationally demanding.
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�

It is easily checked that this rule obeys detailed balance.







NQS for Quantum Spin Models:
Illustrative Results
Transverse Field Ising Model in One Dimension 
Carleo, Troyer Science 355, 602 (2017)

This is an exactly solvable model: 
Mapping on free fermions 
by Jordan-Wigner transformation

Ground-state energy:
Relative error 
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Eexact

vs `density’ of network   
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h<1: Ising ordered (twofold); 
h>1 Polarized along x, no Ising order; 
h=1 Gapless  



AF Heisenberg Model, d=1 and d=2
Carleo, Troyer Science 355, 602 (2017)

d=1: Exact ground-state energy 
known from Bethe Ansatz.

Comparison to Jastrow variational 
wave-function

L=80

10 * 10 square latttice

d=2: PEPS benchmark
(Projector Entangled Pair State)
= State of the art tensor network
method
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Convergence of the optimization procedure

From Carlo and Troyer, Supp. Mat.

This is a case where optimization works very nicely. There are more tricky cases…



Examples of recent work
(Not discussed in details…)



J1-J2 Heisenberg 2D Model
Choo, Neupert and Carleo PRB 100, 125124 (2019)
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The J1-J2 models is known to have an intermediate phase(s) – nature yet to be 
clarified 

VMC study: Morita, Kaneko and Imada JPSJ 84, 024720 (2015)





M.Reh, M.Schmitt and M.Gärttner
arXiv:2301.067788
Optimizing Design Choices for Neural Quantum States 
Comparison of different architectures: RBM, Convolutional (CNN), 
Recurrent networks (RNN) of different types 
(Long short-term memory LSTM, Gated Recurrent Unit GRU)
and especially different ways of implementing symmetries 



Different implementations of 
symmetries Reh et al. arXiv:2301.067788

Implementing 
symmetries is 
an active research 
topic in the field

Parametrized by NN

Equivariant

Invariant



Reh et al. arXiv:2301.067788



Fu et al. arXiv:2206.07370 Lattice Convolutional Networks for Learning Ground States 
of Quantum Many-Body Systems 



Topics for further discussion
(among many)
• Comparison between architectures
• Implementation of symmetries
• Difficulties in representing ground-states with 

topological order (e.g. spin-1 Heisenberg/Haldane) 
and how to overcome them
• Connection between NN representation and Matrix 

Product States [Compression of wave functions in a 
broader perspective]– Several recent papers such 
as:


