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THE QUANTUM MANY-BODY PROBLEM

MEMORY COMPLEXITY

Memory required to store the wave-
function of a quantum system

Spins Hilbert Size Memory
10 10! ~16 kB
20 10" ~ 16 MB 
30 10# ~ 16GB
40 10$% ~16 TB
50 10$& ~ 16 EB

# of operations to compute exp. values

COMPUTATIONAL COMPLEXITY
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 ⇡

VARIATIONAL ANSATZ
Data structure / Compression # of operations to compute exp. values

MONTE-CARLO SAMPLING
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Unitary Dynamics
<latexit sha1_base64="l430tAyk0NkZmKtatbGroV0VFYQ=">AAACKnicbVDLSgNBEJz1Gd9Rj14GgxAPhl0J6kUIiuBR0bhCEkLvpKNDZmeXmV4hLHv3Y8Srfoe34NUf8A/cxByMWqeiqpvqriBW0pLrDpyp6ZnZufnCwuLS8srqWnF948ZGiRFYF5GKzG0AFpXUWCdJCm9jgxAGCv2gdzr0/Qc0Vkb6mvoxtkK407IrBVAutYvbza4BkXb8LO1Qxo/5nuRXvKkhUND2+VnZ320XS27FHYH/Jd6YlNgYF+3iZ7MTiSRETUKBtQ3PjamVgiEpFGaLzcRiDKIHd9jIqYYQbSsd/ZLxncQCRTxGw6XiIxF/bqQQWtsPg3wyBLq3v72h+J/XSKh71EqljhNCLYZBJBWOgqwwMi8JeUcaJILh5cil5gIMEKGRHITIxSRvbSIwvu9bKWyWd+T9buQvudmveAeV6mW1VDsZt1VgW2yblZnHDlmNnbMLVmeCPbJn9sJenSfnzRk479+jU854Z5NNwPn4AuvrprM=</latexit>

dW

dt
= �iSrWE(W )

[Carleo et Al, PRX (2017)]
[Yuan et Al, Quantum (2019)]

[Barison, F.V. et Al., Quantum (2021)]

Quantum State Reconstruction
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[Torlai et Al., PRL (2019)]
[Schmale et Al, ArXiV:2109 (2019)]

[Melkani et Al, PRA 102 (2020)]

Excited States

[Cohen and Welling, ICML (2016)]
[Roth et Al, ArXiV:2109 (2021)]
[Szabo et Al, ArXiV:2203 (2022)]

GROUP-EQUIVARIANT
NEURAL NETWORKS

REPRESENTATION
SAMPLING

[Choo et Al, PRL 121 (2018)]
[Nomura et Al, ArXiV:2009 (2020)]

[Szabo et Al, ArXiV:2203 (2022)]

NEURAL QUANTUM STATES: APPLICATIONS

Ground States
Ising
J1-J2 + Symm
Heisenberg Pyrocl.
Continuous

Chemistry

Machine Precision

[Carleo and Troyer, Science (2017)]
[Nomura, JPCM 33 (2021)]

[Astrakhantsev et Al, PRX 11 (2021)]
[Pescia et Al, PRR 4 (2022)]
[Lovato et Al, PRR 4 (2022)

[Zhao et Al, 2208.05637]
[Choo et Al, Nat Comms 11 (2020)]

[Chen and Heyl, ArXiv:2302.01941 (23)]



BEYOND PURE STATES & EQUILIBRIUM

MEASUREMENT

BACKACTION
OPEN SYSTEMS

System        
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FINITE TEMPERATURE
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TOPOLOGICAL PHYSICS

HIGH-TEMPERATURE SUPERCONDUCTORS

QUANTUM TECHNOLOGIES

F. Arute et Al. 
Nature 574, 505 (2019)

CAVITY QUANTUM CHEMISTRY

[Flick et Al, Nanophot. (2018)]
[Rubio et Al, PNAS (2019)]

[Vidal et Al, Science (2021)]

[Koch et Al, PRA 82 (2010)]
ARRAY OF RESONATORS

[Minganti et Al, PRA 98 (2018)]
[Vicentini et Al, PRA 97 (2018)]

DISSIPATIVE PHASE TRANSITIONS [Molmer et Al, JOSA B (1993)]
[Daley AIP 63 (2014)]

[Bartolo et Al, EPJ 226 (2017)]
[Biella et Al, Quantum 5 (2021)]

STOCHASTIC UNRAVELINGS

[Skinner et Al, PRX 9 (2019)]
[Turkeshi et Al, PRB 103 (2021)]

MEASUREMENT INDUCED
PHASE TRANSITIONS
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NetKet: The Machine Learning toolbox 
for Quantum Many-Body Physics

www.netket.org



DESCRIBING MIXED STATES
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DENSITY MATRICES

- Hermitian
- Positive Definite
- Trace 1

REQUIREMENTS



MIXED NEURAL QUANTUM STATES
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PURE-STATE EXPANSION

Used in few works in Quantum
State Reconstruction by Nori et Al,
Finite-temperature unravelings

[Melkani, PRA 102 (2020)]
[Hendry et Al, PRB 106 (2022)]
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PAULI-Z BASIS

Good results in Steady-State, Tomography

[Torlai et Al, PRL 120 (2018)]
[Vicentini et Al, PRL 122 (2019)]

[Vicentini et Al, 2206.13488 (2022)]
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POVM BASIS

Good results for tomography, 
very good results for dynamics

[Carrasquilla et Al, Nat Phys (2020)]
[Schmitt et Al, PRL 127 (2021)]

[Schmale et Al, NPJ QI 8 (2022)]

✅ Physical Parametrisation

❌ Expensive for high entropy

🤔 Properties depend on
NN architecture ✅ Efficient

❌ Overcomplete basis
❌ Unphysical



USING “PURE” NQS

FINITE TEMPERATURE CACULATIONS
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TYPICAL THERMAL STATES
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STEP 1: «PREPARE» THE NQS FOR THE INITIAL STATE

Minimise the distance
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Can be done efficiently with the
Stochastic estimator

STEP 2: «SIMULATE» THE IMAGINARY TIME DYNAMICS
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At every step, find the change of parameters          approximating the
Imaginary time-step         , minimizing the distance
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This yields a differential Equation for the parameters

[Yuan et Al, Quantum 3
191 (2019)]



TYPICAL THERMAL STATES
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STEP 3: COMPUTING EXPECTATION VALUES
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[Hendry et Al, PRB 106, 165111 (2022)]



TYPICAL THERMAL STATES
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Problem: how can we know the norm of the pure-state?
<latexit sha1_base64="UgfHi2+lArHe4B9UOG2RXeyVT6U="></latexit>
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�
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�
iWe keep track of its evolution

OVERALL ALGORITHM:

- Sample configurations
- Prepare a pure-nqs, evolve using Imaginary time evolution
- Keep track of the Energy along the evolution
- Average along enough trajectories

[Hendry et Al, PRB 106, 165111 (2022)]



(ME)TTS: HEISENBERG 2D

[Hendry et Al, PRB 106, 165111 (2022)]

ISSUES:
- Hard to initialize the state: 

other basis states are used

- Discrepancy at low 
temperatures (Error in the 
dynamics: not enough 
parameters)

- High Computational cost 
(full dynamics simulation 
per trajectory)



THERMOFIELD NEURAL DYNAMICS

PURIFICATION ANSATZ
Consider a wavefunction in a larger system
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Trace the ancilla to get a physical Density matrix

<latexit sha1_base64="hr6yxE4eWD3SiB+97Pdo9sL+Af8="></latexit>

⇢̂ =
X

�,⌘

exp[log ⇢(�, ⌘)] |�i h⌘|



THERMOFIELD

[Nomura et Al, PRL 127 060601 (2021)]

<latexit sha1_base64="zO3dvG6BDGwdnwOvTT1hnW4ay2E="></latexit>

⇢0 = Tra[| (T = 1)ih (T = 1)|]

PREPARE AN INFINITE TEMPERATURE STATE
<latexit sha1_base64="BPzx8U1FmPmuUeH4gKOGa/1QdFc="></latexit>
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THEREFORE WE CAN SIMPLY EVOLVE THE «PURE STATE» IN THE DOUBLED-SPACE

<latexit sha1_base64="D25cSURsWqR505CG5eQTTbPyX+8="></latexit>
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Integrate with any method for the dynamics Then “thermal” expectation values are standard ones
In the doubled space



THERMOFIELD : J1-J2 IN 2D

[Nomura et Al, PRL 127 060601 (2021)]

<latexit sha1_base64="IBIx9RB96IsNG9WWvyTX3nhKwG8="></latexit>

Ĥ = J1

X

hiji

~Si · ~Sj + J2

X

hhijii

~Si · ~Sj

2D, 6x6 Lattice

ISSUES:
This approach only works for Imaginary time dynamics.
Lindblad dynamics “breaks” this approach and cannot be 
Applied.



FINITE TEMPERATURE

Typical Thermal States : 
- Originally introduced in the ctxt. Tensor Networks
- «unravel» the density matrix into a set of trajectories
- Expensive: many trajectories

Thermofield:
• Also coming from the community of Tensior Networks
• Only 1 trajectory
• Does not work For Open Systems

Problem:
• Initialization on a «peaked» state is hard
• Dynamics from the initial «peaked state» is hard



NEURAL NETWORK QUANTUM STATES OUT OF EQUILIBRIUM

System        
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Environment
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HE
<latexit sha1_base64="XWzMVHp5eOrfRjMoJtuhV6fY3F8="></latexit>
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HE
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THE MASTER EQUATION
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<latexit sha1_base64="NAsBSPXjxVZ029ok90K2BGWqVdo="></latexit>

@t⇢̂ = L⇢̂

REWRITTEN AS A LINEAR SUPER-OPERATORIAL EQUATION

⇢̂ss = lim
t!1

eLt⇢̂
<latexit sha1_base64="kf2Ex8XafsI629B8aCyH46kX2RA="></latexit>

WE ARE USUALLY INTERESTED IN THE STEADY-STATE

L⇢̂ss = 0
<latexit sha1_base64="grsi5GkoO3HvlMf8kFgVMQDwoPs="></latexit>

[Bruer & Petruccione, Open Quantum Systems (2012)]

Assumption:
- Secular Approx.
- Born-Markov Approx.

THE LINBLAD MASTER EQUATION



NUMERICAL METHODS FOR THE MASTER EQ.

TRAJECTORY METHODS

DENSITY MATRIX AS AN ENSEMBLE OF TRAJECTORIES

EVOLVE INDIVIDUAL TRAJECTORIES

d | (t)i
dt

= �iHe↵ | (t)i+ dP (t)L̂e↵ | (t)i
<latexit sha1_base64="RDC6+hHuFq9hNFD7o7WqaFkkKBQ="></latexit>

DENSITY MATRIX METHODS

SOLVE THE TIME-EVOLUTION ODE

⇢̂(t) = eLt⇢̂(0)
<latexit sha1_base64="q5dOGxOuUkYnKQfPKLlRvc7GLTc="></latexit>

STEADY-STATE ONLY: SOLVE THE SYSTEM
(
L⇢̂ = 0

Tr[⇢̂] = 1
<latexit sha1_base64="IiPQiV5ZfbpJq3X4H8yqf/ioVzA="></latexit>
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<latexit sha1_base64="ISXTlF4Rw3z/vmvhyCGWY+XoZCk="></latexit>



NUMERICAL METHODS FOR THE MASTER EQ.

DENSITY MATRIX METHODS STEADY-STATE OPTIMISATION (VMC)

STEADY STATE
d⇢ss
dt

= L⇢ss = 0
<latexit sha1_base64="iJl5RGSgYCSODjI/2gO976r/P6E="></latexit>
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C(vss) = 0 () ⇢̂vss = ⇢̂ss
<latexit sha1_base64="ZuF5QBz5hfnEzKQFttfnix+Y+/8="></latexit>

C(v) � 0
<latexit sha1_base64="ux35wM0/ZTIMC46qLNsosLvl0jo="></latexit>

[Vicentini et Al, PRL 122 (2019)]
[Weimer, PRL 114 (2015)]

SOLVE THE TIME-EVOLUTION ODE

⇢̂(t) = eLt⇢̂(0)
<latexit sha1_base64="q5dOGxOuUkYnKQfPKLlRvc7GLTc="></latexit>

STEADY-STATE ONLY: SOLVE THE SYSTEM
(
L⇢̂ = 0

Tr[⇢̂] = 1
<latexit sha1_base64="IiPQiV5ZfbpJq3X4H8yqf/ioVzA="></latexit>



NUMERICAL METHODS FOR THE MASTER EQ.

DENSITY MATRIX METHODS

SOLVE THE TIME-EVOLUTION ODE

⇢̂(t) = eLt⇢̂(0)
<latexit sha1_base64="q5dOGxOuUkYnKQfPKLlRvc7GLTc="></latexit>

STEADY-STATE ONLY: SOLVE THE SYSTEM
(
L⇢̂ = 0

Tr[⇢̂] = 1
<latexit sha1_base64="IiPQiV5ZfbpJq3X4H8yqf/ioVzA="></latexit>

STEADY-STATE OPTIMISATION (VMC)

STEADY STATE
d⇢ss
dt

= L⇢ss = 0
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C(vss) = 0 () ⇢̂vss = ⇢̂ss
<latexit sha1_base64="ZuF5QBz5hfnEzKQFttfnix+Y+/8="></latexit>

C(v) � 0
<latexit sha1_base64="ux35wM0/ZTIMC46qLNsosLvl0jo="></latexit>

DYNAMICAL SIMULATION (TDVP OR IMPLICIT)
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d⇢(t)
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= L⇢(t)

<latexit sha1_base64="GUpNIWvqD0BtCzBAMYQLyuAnciU=">AAACJXicbVDLSgNBEJyN73fUowiDQfBi2JWguQgBQTwqGhNIYuiddJIhsw9megNh2ZMfI171O7yJ4Mlv8A/cxBxMYp2Kqm6qu9xQSUO2/Wll5uYXFpeWV1bX1jc2t7LbO/cmiLTAsghUoKsuGFTSxzJJUlgNNYLnKqy4vYuhX+mjNjLw72gQYsODji/bUgClUjO7X29rEHGr3nfjfpLELUr4Ob99iI+dhF82szk7b4/AZ4kzJjk2xnUz+11vBSLy0CehwJiaY4fUiEGTFAqT1XpkMATRgw7WUuqDh6YRj95I+GFkgAIeouZS8ZGIfzdi8IwZeG466QF1zbQ3FP/zahG1i41Y+mFE6IthEEmFoyAjtEz7Qd6SGolgeDly6XMBGohQSw5CpGKUFjYRGHYHRgqTpB05043MkvuTvHOaL9wUcqXiuK1ltscO2BFz2BkrsSt2zcpMsEf2zF7Yq/VkvVnv1sfvaMYa7+yyCVhfPx59pek=</latexit>
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<latexit sha1_base64="6dWilyiDy+q/wjtD8nroggmJJmw=">AAACF3icbVC7TgJBFJ3FF+KDVUubicTEiuwao5ZEGwsLTOSRACF3hwtMmH1k5q6GED7E2Op32BlbSz/DP3AXtxDwVCfn3JtzcrxISUOO82XlVlbX1jfym4Wt7Z3dor23XzdhrAXWRKhC3fTAoJIB1kiSwmakEXxPYcMbXad+4wG1kWFwT+MIOz4MAtmXAiiRunaxfYt90nIwJNA6fOzaJafszMCXiZuREstQ7drf7V4oYh8DEgqMablORJ0JaJJC4bTQjg1GIEYwwFZCA/DRdCaz4lN+HBugkEeouVR8JuLfjwn4xox9L7n0gYZm0UvF/7xWTP3LzkQGUUwYiDSIpMJZkBFaJosg70mNRJA2Ry4DLkADEWrJQYhEjJOJ5gKj4dhIYabJRu7iIsukflp2z8tnd2elylW2Vp4dsiN2wlx2wSrshlVZjQkWs2f2wl6tJ+vNerc+fk9zVvZzwOZgff4AQB2g5w==</latexit>,
[Nagy et Al, PRL 122 (2019)]
[Hartmann and Carleo, PRL 122 (2019)]

[Vicentini et Al, PRL 122 (2019)]
[Weimer, PRL 114 (2015)]



VARIATIONAL ANSATZ

Lowers Memory complexity

COST FUNCTION

To determine the variational
parameters

<latexit sha1_base64="EI4vgnwCLtXOXqntzIlLeY5QKz4="></latexit>

C(w)
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NEURAL QUANTUM STATES



NEURAL DENSITY OPERATORS

<latexit sha1_base64="hr6yxE4eWD3SiB+97Pdo9sL+Af8="></latexit>
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log ⇢ : {±1}⌦2N ! C
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NEURAL DENSITY OPERATORS



<latexit sha1_base64="hr6yxE4eWD3SiB+97Pdo9sL+Af8="></latexit>

⇢̂ =
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exp[log ⇢(�, ⌘)] |�i h⌘|

NEURAL DENSITY OPERATORS

PURIFICATION ANSATZ
Consider a wavefunction in a larger system
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 2 H⌦Ha

<latexit sha1_base64="0hOQbw9blt150Tw0BGggHC+q32M="></latexit>

⇢(�, ⌘) =
X

a

 (�, a) ?(⌘, a)

Trace the ancilla to get a physical Density matrix

[Torlai, PRL 120,  240503 (2018)] 

ISSUES:
• Analytical summation -> Exponentially costly in ancilla size
• Stochastic summation -> Does it work?
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 (�,a) = � (�) exp
⇥
�aT (U� + d)

⇤
EXCEPTION: «SHALLOW» ANCILLA /RBM
• Leads to a condition on the nonlinearity G
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 (�,a) = � (�) exp
⇥
�aT (U� + d)

⇤

[Torlai, PRL 120,  240503 (2018)] 
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P
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PURIFIED NDO ANSATZ

SHALLOW ANCILLA ANSATZ «PURIFICATION»

<latexit sha1_base64="9zqOSAb1WDF9V8vCHBDx/muf0uQ="></latexit>

log ⇢(�,⌘) = � (�)�
?

 
(⌘)

HX

j

G(U [j]
i
�i + U [j],?

i
⌘i + d[j])

<latexit sha1_base64="3KN5cPOHwJ7GSt0suNEtKVvM+zw=">AAACFXicbVDLSsNAFJ3UV62vqAsXbgaL4Kok4qMboeBClxXsA5pQJtNJM3SSCTMTIYR8hx/gVj/Bnbh17Rf4G07aLGzrgQuHc+7l3nu8mFGpLOvbqKysrq1vVDdrW9s7u3vm/kFX8kRg0sGccdH3kCSMRqSjqGKkHwuCQo+Rnje5LfzeExGS8uhRpTFxQzSOqE8xUloamkdOiFSAEcvucngDHcbHDuYyGJp1q2FNAZeJXZI6KN Eemj/OiOMkJJHCDEk5sK1YuRkSimJG8pqTSBIjPEFjMtA0QiGRbjZ9IIenWhlBnwtdkYJT9e9EhkIp09DTncW5ctErxP+8QaL8ppvRKE4UifBskZ8wqDgs0oAjKghWLNUEYUH1rRAHSCCsdGZzW+IglRTLvKaTsRdzWCbd84Z91bh8uKi3mmVGVXAMTsAZsME1aIF70AYdgEEOXsAreDOejXfjw/ictVaMcuYQzMH4+gXPzZ8i</latexit>

G = log cosh

IT’S NOT DEEP. 
CAN WE MAKE IT BETTER?
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[GRAM]: PURIFICATION OF A SMALL ANCILLA

GRAM-HADAMARD DENSITY OPERATOR

<latexit sha1_base64="+Fzl2hi4l8PpTgWqjVscYVTqqVM="></latexit>

⇡i(�,⌘) =
dX

a=1

 i(�, a) 
?
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Consider a bosonic ancilla of size d, which can be purified by brute-force summation
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Rank[⇡i] = d

[HADAMARD]: PRODUCT OF TWO POSITIVE DEFINITE MATRICES IS POSITIVE DEFINITE
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MY

i
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The %𝜋$ defined here is PD because it’s a Gram Matrix

𝜓! (𝜎, 𝑎) Can be an Arbitrary NN



I want to perform Autoregressive Sampling of the diagonal
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[F.V., Rossi, Carleo, arXiv:2206.13488] 

Equivalent to considering 𝜙$ in autoregressive order:
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GRAM-HADAMARD DENSITY MATRIX



THE DRIVEN-DISSIPATIVE
TRANSVERSE-FIELD ISING
MODEL

NEURAL NETWORK QUANTUM STATES OUT OF EQUILIBRIUM

The hamiltonian is

With de-exitation jump operators

We study the magnetizations
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BENCHMARK: D-D TRANSVERSE FIELD ISING

WITH «SHALLOW» PURIFIED ANSATZ

[F.V., Biella, Regault, Ciuti, PRL 122 (2019)] 

The hamiltonian is

With de-exitation jump operators
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BENCHMARK: D-D TRANSVERSE FIELD ISING

WITH DEEP GRAM-HADAMARD ANSATZ
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[F.V., Rossi, Carleo, arXiv:2206.13488] 

The hamiltonian is

With de-exitation jump operators
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WITH «SHALLOW» PURIFIED ANSATZ
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BENCHMARK: D-D TRANSVERSE FIELD ISING

The hamiltonian is

With de-exitation jump operators
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[Di Luo et Al, PRL 128, 090501 (2022)]

WITH DEEP GRAM-HADAMARD ANSATZ

WITH «SHALLOW» PURIFIED ANSATZ

WITH POSITIVE OPERATOR VALUED MEASURE BASIS
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OPEN SYSTEM DYNAMICS

NEURAL NETWORK QUANTUM STATES OUT OF EQUILIBRIUM

DYNAMICAL SIMULATION (TDVP OR IMPLICIT)
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BENCHMARK: DISSIPATIVE XYZ MODEL

[Nagy and Savona, PRL 122 (2019)]

The hamiltonian is

With de-exitation jump operators L̂j = ��
j
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~Yj + Jz Ẑi
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BENCHMARK: D-D XYZ MODEL

[Reh et Al, PRL 127 (2021)]

The hamiltonian is

With de-exitation jump operators L̂j = ��
j
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hzẐi

2D 4x4



CONCLUSIONS

Finite Temperature: structured problem
• Not necessary to really represent the density matrix
• Imaginary time evolution ó initialization problem
• Few works on the subject

Mixed States: encoding positivity of matrix is HARD
• Direct sampling + Positivity for deep networks
• Mapping to EPS [F.V. et Al, arXiv: 2206.13488]
• Unclear the advantage/disadvantage of POVM

Open Problems: working with 
zeros in our parametrisation
• Measurements enforce zeros in 

the wavefunction. Working on it
(see seminar by G. Carleo)

• Density Matrices: full of zeros
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NetKet: The Machine Learning toolbox 
for Quantum Many-Body Physics

JAX - POWERED

Write your Neural Networks in 
any jax-compatible framework or 
use one from the built-in library

EASY-MONTE CARLO

Standard algorithms are easy to use

FAST

Runs on GPUs, scales with MPI 
across 10s to 100s of nodes and
GPUs

GEOMETRIC TENSOR

Efficient, easy to use 
implementation of the
Quantum Geometric Tensor

FULL-FEATURED
VMC, Lindblad Master Equation,
TDVP dynamics, Quantum state
Reconstruction, continuous
Systems (1st quantisation) …

www.netket.org

SciPost Physics Codebases 7 (2022)



You want to perform a Variational Monte Carlo. You need to:
1. Write the Neural Network representing log-wavefunction
2. Write the formula for the gradient
3. Write a Monte-Carlo sampler
4. Represent the Hamiltonian
5. Compute local energies, estimate errors
6. Write an advanced optimiser

And…
• Maybe make it run on GPUs
• Change the network -> change the gradient
• Make it FAAAAST

VARIATIONAL MONTE CARLO IN PRACTICE



You want to perform a Variational Monte Carlo. You need to:
1. Write the Neural Network representing log-wavefunction
2. Write the formula for the gradient
3. Write a Monte-Carlo sampler
4. Represent the Hamiltonian
5. Compute local energies, estimate errors
6. Write an advanced optimiser

And…
• Maybe make it run on GPUs
• Change the network -> change the gradient
• Make it FAAAAST

Optax

VARIATIONAL MONTE CARLO IN PRACTICE
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