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Today’s menu:
• Cont’d from lecture 5: Hidden Fermion Determinantal 

States: some results and conclusion
• Fundamentals of Density Functional Theory in a 

nutshell
• Teaching a neural network to implement the 

Hohenberg-Kohn correspondence
• Constructing Density Functionals using Machine 

Learning 
• Some Applications
• Disclaimer: this is only an incomplete overview of an 

emerging and burgeoning field… basically to make you 
want to read/learn more about it.



Hidden Fermion Determinantal 
States (HFDS)

• For a recent extension to continuum space and application to nuclear 
matter, see: A.Lovato et al. Phys Rev Research 4, 043178 (2022)



J. Robledo-Moreno et al.
PNAS, 2022

HFDS: The Basic Concept

HFDS enlarges the Hilbert space 
with fermionic `hidden’ modes. 

The wave function is a Slater 
determinant in the enlarged space, 
subject to a constraint for projecting 
it back to the physical space.

This results in a correlated/entangled
wave-function



HFDS: The General Concept
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P̂f : , en = F (n) , x̃ = f(x)

These lines parametrized by 
neural networks



Figure courtesy Javier Robledo-Moreno
See J R-M’s PhD thesis for more details



Parametrization of a Hidden Fermion 
Determinantal State by neural networks

J.Robledo-Moreno, G.Carleo, A.G. and J.Stokes, PNAS, 2022

Each row of the hidden sector is parametrized by a different perceptron. 
For example, with 2 layers:
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J.Robledo-Moreno, G.Carleo, A.G. and J.Stokes, PNAS, 2022

HFDS with physically motivated constraints: 
benchmark on 4*4 Hubbard model at ½-filling



J.Robledo-Moreno, G.Carleo, A.G. and J.Stokes, PNAS, 2022

Numerical results with NN parametrization: 
4*4 Hubbard model at ½-filling



Relative error as a function of hidden 
fermion number and depth of NN
(4*4 Hubbard model at ½ filling)

J.Robledo-Moreno, G.Carleo, A.G. and J.Stokes, PNAS, 2022



NN-HFDS: Stripe order in the Hubbard model 
at 1/8 doping on 4*L cylinders (up to L=16)

J.Robledo-Moreno, G.Carleo, A.G. and J.Stokes, PNAS, 2022



Today’s menu (cont’d):
• Fundamentals of Density Functional Theory, in a 

nutshell
• Teaching a neural network to implement the 

Hohenberg-Kohn correspondence
• Constructing Density Functionals using Machine 

Learning 
• Some Applications
• Disclaimer: this is only an incomplete overview of 

an emerging and burgeoning field… basically to 
make you want to read/learn more about it.



Density Functional Theory in a 
Nutshell
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ab initio Hamiltonian for materials or molecules:

Or lattice model, e.g.:



Walter Kohn
Nobel Lecture, 1999

Walter Kohn, Pierre Hohenberg and Lu Sham



Introduction to DFT: Useful References

• Julien Toulouse, Introduction to DFT lecture notes 
• Kieron Burke and John Kozlowski Lies my teacher told me 

about DFT arXiv:2108.11534 and D.J.Carrascal et al. 
J.Phys:Cond Mat 29, 019501 (2017)

• N.Argaman and G.Makov DFT: An Introduction Am J.Phys 68, 
69 (2000)

• R.O.Jones and O.Gunnarsson The DFT formalism, its 
application and prospects Rev Mod Phys 61, 689 (1989)

• Richard Martin Electronic Structure Cambridge University 
Press

mailto:http://www.lct.jussieu.fr/pagesperso/toulouse/enseignement/introduction_dft.pdf


Centerstage in DFT: The Local Density
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Density Functional Theory – In a 
Nutshell (I)
• Hohenberg-Kohn theorem I (1964):
• The local charge density n(r) is in bijective correspondence 

with the one-body potential
• n(r) thus fully determines the Hamiltonian itself, and hence 

the full spectrum, etc.!  …. in principle.
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| 0i, E0

HK theorem

Schrödinger

Full spectrum, physical observables, correlation functions etc.



Proof of HK-I 
[on the board]

See notes on DFT at the 
end of this document



Teaching a neural network to 
learn the HK map



Implemented for a Toy Model:
Spinless fermions in d=1 with n.n. repulsion, 
half-filling (N=L/2)
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• This model has a well-known phase diagram:

• U/t < 2: Metallic phase (`Luttinger liquid’)
• U/t>2: Mott insulating phase with charge-density wave order, wavelength 2a
• The quantum critical point is in the Kosterlitz-Thouless universality class

• cf. e.g T. Giamarchi’s book `Quantum Physics in One Dimension’



Network architecture (deep 
feedforward)

J. Robledo-Moreno, G. Carleo and A.G. PRL 125, 076402 (2020) 

• Input layer: local density on each site
• Green neurons: ReLu activation
• Output layer: 2L components of wave-function, also insuring normalization



Training on random potentials with 
exact diagonalization

J. Robledo-Moreno, G. Carleo and A.G. PRL 125, 076402 (2020) 

Cost function: Infidelity

Training set in both phases: U/t=1 (LL), U/t=4 (MI/CDW) and U/t=2 (QCP)
Test on validation set (also generated by ED on unseen random potentials)

Metallic (LL) phase U/t=1

Histogram
of errors 
(infidelity)
on validation 
set 

Testing the 
reconstruction 
of the 
wave-function
for two 
random 
potentials 
(insets) 



Mott Phase and Quantum Critical Point

J. Robledo-Moreno, G. Carleo and A.G. PRL 125, 076402 (2020) 

Also in the Mott phase U/t=4 
(although slightly larger errors):

Reconstruction also works well at the QCP  U/t=2

We also found that the charge density 
itself and the ground-state energy are 

well reconstructed on the validation set 



Test on structured (non-random) 
potentials at the QCP U/t=2

J. Robledo-Moreno, G. Carleo and A.G. PRL 125, 076402 (2020) 

The NN performs well, EXCEPT for a staggered potential (with periodicity 2a)
This may be rationalized: the system is unstable to a CDW with this periodicity 
at the QCP and responds with an order parameter which depends on the 
potential in a singular manner: the density functional is not smooth!



Direct reconstruction of correlation 
functions from the local density
(Note: the wave-function reconstruction is not directly scalable)

Grounded in the injective Hohenberg-Kohn map:
<latexit sha1_base64="XUhw+awnQ6/BFKz/i5NEy2ljqbQ="></latexit>

n(r) ! Observables e.g. C(r, r0) = hn̂(r)n̂(r0)i

J. Robledo-Moreno, G. Carleo and A.G. PRL 125, 076402 (2020) 

Training using DMRG with L=50
Reconstruction using a CNN is precise enough to allow 
for the determination of the Luttinger liquid parameter!



DFT in a nutshell (II): Universal Density 
Functional and Total Energy Functional

Density Functional Theory in a Nutshell (II) 

<latexit sha1_base64="jcD+cKfLVwBl5uW12EnLSz+sRb0="></latexit>
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Note  (Levy, Lieb):
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F [n] = Min ; !n(r) h |K̂ + Ĥint| i
In essence, the whole construction is a Legendre transform!



DFT in a nutshell (III): The Kohn-Sham Method
Derived here following a coupling-constant integration method

Density Functional Theory in a Nutshell (II) 
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DFT in a nutshell (III): The Kohn-Sham Method
Derived here following a coupling-constant integration method
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Machine Learning the gaps of 
semiconductors from the electron density
J. Robledo-Moreno, J. Flick and A.G. Phys Rev Materials 5, 083802 (2021) 
Again grounded in HK-I: the full spectrum (and hence the gap) is in principle entirely 
determined by the charge density!
Remember: the KS gap is NOT the physical gap! We use DFT here only to compute n(r)
Train (and validate) on experimental gaps from a curated database of the experimental 
gaps for 472 materials (note: quite  small number!) 
P. Borlido et al. J. Chem. Theor. Comput. 15, 5069 (2019)
Used in that paper for benchmarking exchange-correlation functionals.



Procedure:
• Input: charge density – represented by appropriate 

descriptors (see below)
• Charge density is calculated with an approximate density 

functional such as PBE (+van der Waals D2 correction)

• Output: bandgap
• Network is trained on a subset of the database (training 

set), validation on the rest of the dataset.  
• Then, generalization/prediction

Charge density descriptors:

Sum over m insures rotational invariance J. Robledo-Moreno, J. Flick and A.G. 
Phys Rev Materials 5, 083802 (2021)



Network architecture
J. Robledo-Moreno, J. Flick and A.G. 
Phys Rev Materials 5, 083802 (2021)



Test set statistics
J. Robledo-Moreno, J. Flick and A.G. 
Phys Rev Materials 5, 083802 (2021)

• Left radar plot: ML from PBE densities (unsurprisingly) performs better than 
       from LDA densities and, remarkably, also better than learning directly from the atomic 
       positions in the crystal structure!
• Right radar plot: ML from PBE densities achieves comparable success than 
       computation of gaps from computationally much more costly hybrid functional (HSE06)



Improving density functionals with ML
• Early work (not aimed at engineering a new DF but at accelerating DFT): 

J.Behler and M.Parrinello PRL 98, 146401 (2007) 
• Early work: J.Snyder et al. PRL 108, 253002 (2012) Kernel regression on a 

model problem in d=1 – and several subsequent papers by Kieron Burke 
and collaborators such as Li et al. PRL 126, 036401 (2021) `KS equations 
as regularizer: building prior knowledge into ML physics’

• S.Dick and M.Fernandes-Serra Nature Comm. 11-3509 (2020) and PRB 
104, L161109 (2021)

•  M.Ma et al (Google Mountain View) Sci. Adv. 8, eabq0279 (2022) 
`Evolving symbolic density functionals’

• J.Kirkpatrick et al. (Google DeepMind) Science 374, 1385 (2021) [DM21 
functional]

• R.Nagai, R.Akashi and O.Sugino npj Comp Mat (2020) 
• H.Kurban et al. Sci Rep (2020) 12:14403
• Many thanks to Matija Medvidović (Columbia/CCQ) and Javier Robledo-Moreno 

(NYU/CCQ) for discussions and guidance about this topic.



The DeepMind21 Functional
J.Kirkpatrick et al. Science 374, 1385 (2021)

Strategy: 
• `Features’ from 

training dataset 
concatenated into 
vectors x(r)

• The x’s are input to  
multilayer 
perceptrons

• Output is three 
weights f associated 
with the LDA 
exchange denergy 
density and two local 
versions of Hartree-
Fock energy density



~ `Local Hybrid’ 
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✓
[x(r)]eHF (r) + f!HF

✓
[x(r)]e!HF (r)

⇤
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EDM21
xc = EMLP

xc + ED3BJ
vdW
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(B) The network is trained by using a dataset of KS input densities and high-accuracy 
energy labels for molecules and exact mathematical constraints. 
(C) The gradient ofthe learned functional at fixed electron number (N) 
is supervised by requesting that the supplied orbitals are a stationary point 
of the total energy with respect to unitary rotation of occupied and virtual orbitals 
(illustrated by angle 𝛅). 



J.Kirkpatrick et al. Science 374, 1385 (2021)



Notes on 
Density Functional Theory



17

IX. INTRODUCTION TO DFT

Decompose the hamiltonian into kinetic energy, one-body (external) potential and inter-particle
interactions:

Ĥ = K̂ + V̂ + Ĥint (9.1)

In the context of electronic structure (fixed nuclei BO approximation, e = ~ = 1), first quantized
notation, ri = (ri, �i):

K̂ = �1

2

P
N

i=1
r2

ri
(9.2)

V̂ =
P

N

i=1
vn(ri) = �

P
N

i=1

P
Nn

n=1

Zn
|ri�Rn| (9.3)

Ĥint = 1

2

P
N

i 6=j=1

1

|ri�rj | (9.4)

Or, for a lattice model of spinless electrons for example (with l,m lattice sites):

K̂ = �t
X

hlmi

(c+
l
cm + h.c.) , V̂ =

LX

l=1

vlc
+

l
cl , Ĥint = U

LX

l=1

n̂ln̂l+1 (9.5)

Local density:

n(r) = h 0|
NX

i=1

�(r � ri)| 0i =
X

�

h 0| +

�
(r) �(r)| 0i (9.6)

or, in terms of the many-body wave-function:

n(r) = N

Z
dr2

Z
drN

�� 0(r, r2, · · · , rN)
��2 ,

Z
dr n(r) = N (9.7)

For the lattice models:

nl = hn̂li = hc+
l
cli ,

X

l

nl = N (9.8)

A. The first Hohenberg-Kohn theorem (HK1)

Theorem: There is a bijective relation between the one-body potential v(r) and the local charge

density v(r).
Proof. Ad absurdum. Assume that there are two di↵erent potentials v1 6= v2+const., corresponding

to the ground-state wave-functions | 1i and | 2 with the same charge density:

h 1|n̂(r)| 1i = h 2|n̂(r)| 2i = n(r) (9.9)

First we show that | 1i 6= | 2i. Assume that they are the same. Then:

[K + V1 + Ĥint]| i = E1| i , [K + V2 + Ĥint]| i = E2| i (9.10)

subtracting:

[V1 � V2]| i = (E1 � E2)| i (9.11)
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which implies:

NX

i=1

�V (ri) (r1, · · · , rN) = �E (r1, · · · , rN) (9.12)

which can only be satisfied if �V (r) = const.. Hence  1 6=  2. We can then apply the variational
principle with a strict inequality:

E1 = h 1|Ĥ1| 1i < h 2|Ĥ1| 2i = E2 +

Z
dr [v1(r)� v2(r)]n(r) (9.13)

Similarly we also obtain:

E2 = h 2|Ĥ2| 2i < h 1|Ĥ2| 1i = E1 +

Z
dr [v2(r)� v1(r)]n(r) (9.14)

Adding these two equations, one obtains the contradiction:

E1 + E2 < E2 + E1 (9.15)

Hence we must have that v1 = v2 + const.. QED
The proof is easily generalized to the lattice. The first part now reads:

X

l

�vln̂l | i = �E| i (9.16)

Decomposing the wavefunction over the occupation number basis, this yields:
X

n

 (n)
X

l

�vl �nl,1
|ni = �E

X

n

 (n)|ni (9.17)

which implies that for all n such that  (n) 6= 0, we must have:
X

l

�vl �nl,1
= �E (9.18)

which implies that �vl = const. in which case (noting that
P

l
�nl,1

= N for any n in the canonical
ensemble) one obtains: �E = N�v. The second part of the proof is unchanged.
Hence, remarkably, there is a unique potential and hence a unique Hamiltonian (given the form of

K and Hint) corresponding to a given local density n(r):

n(r) !HK v(r) !def Ĥ !S.Eq. | 0i ! n(r) = h 0|n̂(r)| 0i (9.19)

This also implies that the local density uniquely defines (in principle...) the average value of any
operator, or any correlation function:

n(r) ! hÔi , C(r1, · · · , rn; t1, · · · , tn) (9.20)

but this mapping is injective, not bijective.

B. Universal density functional and total energy functional

Denoting by | 0[n(r)]i the unique ground-state with local density n(r), Hohenberg and Kohn
define:

F [n(r)] ⌘ h 0[n(r)]|K̂ + Ĥint| 0[n(r)]i (9.21)
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This is a universal functional of the density, which only depends on the form of the interaction term
and kinetic energy, not on the potential (i.e on the specific material at hand).
The total energy functional, for a given potential (i.e. a given material) is now:

EDFT[n(r)] = F [n(r)] +

Z
dr v(r)n(r) (9.22)

The second HK theorem states that the ground-state energy is obtained by minimizing E[n] over
v-representable densities:

E0 = Minn(r)2Dv E[n(r)] (9.23)

F [n] can also be viewed (Levy, Lieb) as:

F [n] = Min ; !n(r) h |K̂ + Ĥint| i (9.24)

in which the minimization is over all many-particle wave-functions that yield the local density n(r).
The whole construction can be viewed as a Legendre transform: we can view the energy as a

functional of the external potential v(r). The bijective map between v(r) and n(r) guarantees that
we can Legendre transform this functional into the universal functional F (aka ‘Gibbs’ functional):

n(r) =
�E[v(r)]

�v(r)
! F [n(r)] = E [v[n(r)]] �

Z
dr v[n(r)]n(r) (9.25)

As usual with Legendre transforms, we have:

v(r) = � �F [n(r)]

�n(r)
(9.26)

which means that the equilibrium density of the system is the one that minimizes the functional
EDFT[n(r)] defined above.
All the statements above are exact (with proper conditions on the density and potential), but

rather formal: the expression of the density functional is unknown! Even the kinetic energy part of
the functional is not straightforward to express in terms of n(r) only - this is where the Kohn-Sham
construction is crucial.

C. DFT: the Kohn-Sham method

I now introduce a cornerstone of DFT which is crucial to its practical implementation: the Kohn-
Sham representation of the charge density by a non-interacting reference system - a Slater determi-
nant of one-particle orbitals. It is important to note that this is only a representative system: these
orbitals are not meant to describe the excitations of the physical system, nor is this Slater deter-
minant supposed to be a good description of the many-body wave-function. For example, a Mott
insulator may well have an exact Kohn-Sham system which is gapless! The gap of the Kohn-Sham
spectrum should not be interpreted as the gap in the physical spectrum, even for weakly interacting
systems.
I follow here a derivation based on coupling constant integration (not quite the mainstream deriva-

tion, but my favorite one). Consider the modified hamiltonian:

Ĥ↵ = K̂ + V̂↵ + ↵ Ĥint (9.27)
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In this expression, V̂↵ is the unique ↵-dependent potential corresponding to a given charge density
n(r) (by virtue of the HK map, which applies to any ↵):

8↵ , h ↵

0
|n̂(r)| ↵

0
i = n(r) ) v(r) = v↵[r;n(r)] (9.28)

with  ↵

0
is the ground-state of Ĥ↵.

Note that Ĥ↵ interpolates between the physical hamiltonian for ↵ = 1 with v1(r) = v(r) the
potential of the material of interest, and a non-interacting hamiltonian in which the physical potential
has been replaced by a di↵erent one, v0(r) which is such that it reproduces the physical density of
the material in the (hypothetical) absence of interactions. This is the Kohn-Sham idea. The e↵ective
Kohn-Sham potential v0(r) ⌘ vKS(r) is the position-dependent Lagrange multiplier that we need to
apply in the absence of interactions to reproduce the charge density of the physical system - it should
not be confused with the physical potential v(r).
The ground-state wave-function of Ĥ0 is a Slater determinant of single-particle orbitals, the Kohn-

Sham orbitals:
h
k̂ + v̂KS

i
|�ai = "a|�ai (9.29)

(k̂ is the one-body kinetic energy operator). The density n(r) is obtained as:

n(r) =
NX

j=1

|�j(r)|2 (9.30)

in which the sum is over the N lowest-energy occupied KS orbitals, the ground-state of Ĥ0 being
the SD:

 ↵=0

0
(r1, · · · , rN) = det [�j(ri)] (9.31)

To find the KS representation for a given n(r), we can e.g. proceed iteratively: we solve the one-
particle Schrödinger equation for an initial guess of the potential v0, compute n(r) and then update
the potential until the target charge density is reached.
We now formally construct the density functional by coupling constant integration:

E[n(r)] ⌘ E↵=1[n(r)] = E0[n(r)] +

Z
1

0

d↵
@

@↵
h ↵

0
|Ĥ↵| ↵

0
i (9.32)

in which:

E0[n(r)] = K0[n(r)] +

Z
dr vKS(r)n(r) (9.33)

in which K0 is the kinetic energy of electrons in the reference non-interacting (KS) system:

K0[n(r)] =
NX

i=1

h�i|k̂|�ii =
NX

i=1

"i �
Z

dr vKS(r)n(r) (9.34)

It is a key advantage of the KS construction to provide an explicit construction of the kinetic term
in the functional. Note however that K0 is not the kinetic energy of electrons in the physical system.
Using the Hellmann-Feynman theorem:

@

@↵
h ↵

0
|Ĥ↵| ↵

0
i = h ↵

0
|@Ĥ↵

@↵
| ↵

0
i = h ↵

0
|@V̂↵

@↵
| ↵

0
i+ h ↵

0
|Ĥint| ↵

0
i (9.35)
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The first term is readily integrated and we obtain:

E[n(r)] = K0[n(r)] +

Z
dr v(r)n(r) +

Z
1

0

d↵ h ↵

0
|Ĥint| ↵

0
i (9.36)

We have thus obtained a formal construction of the exact density functional! We can proceed a bit
further and note that the average of the interaction term can be related to the connected density-
density correlation function:

C↵(r, r
0) ⌘ h ↵

0
| (n̂(r)� n(r)) (n̂(r0)� n(r0)) | ↵

0
i (9.37)

This is the density-density correlator of a system with interactions modified by ↵ 2 [0, 1] and
constrained (through v↵) to have the specified density n(r). This allows to pull out the Hartree term
in the above expression and we finally obtain:

E[n(r)] = K0[n(r)] +

Z
dr v(r)n(r) + EH [n(r)] + Exc[n(r)] (9.38)

with:

EH [n(r)] ==
1

2

Z
drdr0 n(r)Vint(r � r0)n(r0) (9.39)

Exc[n(r)] ==
1

2

Z
drdr0 Vint(r � r0)

Z
1

0

d↵C↵[r, r
0;n] (9.40)

the Hartree and exchange-correlation functional, respectively.
Finding a satisfactory approximation to the exchange-correlation part of the functional is the

central question for practical applications of DFT.

D. DFT-KS self-consistent loop

We now have all the elements in hand to outline the procedure for minimizing the density func-
tional. We have to solve:

0 =
�E

�n(r)
= v(r)� vKS(r) + vH(r) + vxc (9.41)

in which we have used K0 = E0 �
R
drvKS(r)n(r), �E0/�n(r) = 0 and the Hartree and exchange-

correlation potential are given by:

vH(r) =

Z
dr Vint(r)n(r) , vxc(r) ⌘

�Exc

�n(r)
(9.42)

To find the solution , one proceeds iteratively:

• Initialize density to n(r)

• Compute the Kohn-Sham potential for that density: vKS(r) = v(r) + vH [r;n] + vxc[r;n]

• Solve the one-particle Schrödinger equation in the KS potential

• Compute again n(r) from the new KS orbitals
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• Repeat loop until convergence.

At the end of the self-consistency cycle, the total energy can be computed as:

E =
X

i

"i +

Z
dr [v(r)� vKS(r)]n(r) + EH + Exc (9.43)

=
X

i

"i � EH + Exc �
Z

dr vxc(r)n(r) (9.44)


