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In the previous lecture:

• The many fermion problem: introduction, notations

• Slater Determinants

• Hartree-Fock

• Some classic variational wave functions: Slater 
determinant, BCS/pairs, Gutzwiller, Jastrow-Slater, 
Backflow, …

• Optimizing wave functions with Monte Carlo



Today’s menu:

• Variational wave functions (cont’d): Jastrow, 
Backflow

• Fermionic Neural Wave Functions (determinantal or 
not)

• Some examples – with a particular focus on Hidden 
Fermion Determinantal States (HFDS)

• Some applications 



Jastrow-Slater Wave Function
Continuous space: Slate determinant with (possibly long-range)
symmetric weight: 

General form also applicable to lattice:
<latexit sha1_base64="r7jdrMsP651O9NrSyFsplpbOsbM="></latexit>
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• JSWF applied to Hubbard model in d=1
• In contrast to GWF, able to reproduce 
     Mott insulator at ½-filling 
     (with no symmetry breaking) 
• Long-range Jastrow crucial
• d=2: JSWF is not enough see: Capello et al 
PRB 73, 245116 (2006) 



`Backflow’
• General idea: allow the 1-particle orbitals entering the Slater determinant 
• to depend on the coordinates on all other particles. 
• First proposed in the continuum (Helium 4) by Feynman and Cohen 
      Phys Rev 102, 1189 (1956)
• Applied to the lattice only in 2008 and onwards: 
      Tocchio et al. PRB 78, 041101 (2008); PRB 83, 185138 (2011); 
      PRB 94, 195126 (2016)

<latexit sha1_base64="gzWbMG0wj0EW5AdvViKj5rZINgo="></latexit>

r1 = b(r1; r2, · · · , rN ) , etc.
<latexit sha1_base64="ZDYEoNSUYYaG30JUsGgv7k0DDhU="></latexit>

 SD(r1, · · · , rN ) = det [�↵i(rj)]
For example:

<latexit sha1_base64="Ck7Bwc1Er1YPSO2bVXzgqSt4WBc="></latexit>

�↵(ri) = �↵(ri) +
X

j

cij [x]�↵(rj)

More generally:



F.Becca, Jülich lectures, 2019





Backflow with Neural Networks



Di Luo and Clark, PRL 122, 226401 (2019) 

NN parametrized form of the backflow term for each orbital:

<latexit sha1_base64="IJiB6dGE7LsmL2CQWPwoZweaZ4c="></latexit>

�b
k�(ri�; r/i) = �k�(ri�) + aNN

ki,�({rj�, j 6= i})



Di Luo and Clark, PRL 122, 226401 (2019) 

Much better accuracy is obtained with 
a flexible parametrization of the backflow as 
provided by a NN, in comparison to 
a priori parametrizations.



Neural Quantum States and ML: 
The Dawn of a New Era for Fermionic 
Variational Wave Functions 
Two broad classes of methods:

1. Antisymmetry guaranteed by structure of the wave-function – usually 
Slater determinant or superpositions of SDs (``1st quantization’’)

2. Wave-function represented on the basis of configurations in Fock space – 
antisymmetry of amplitudes is insured by taking care of the sign between |x> and 
|n(x)> (``2nd quantization’’) 

<latexit sha1_base64="47Ec/B5/uo76ijl/etADa/N5lQ4="></latexit>

 (x1, · · · , xN ) = "� (x�(1), · · · , x�(N))

<latexit sha1_base64="BUbMOQfVpSD8mqng6Yb/TLDs3is="></latexit>
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The second method can only be used by choosing a one-particle basis (always 
the case for lattice models) while the first can be used directly in the continuum.
Beware of computational overhead re: interaction tensor Uijkl if a basis is used!



The non-determinantal (`2nd quantized’) 
approaches are a quite direct extension 
of what we saw earlier for spin models
Two early papers:

Nature Communications, 2020

Nature Communications, 2018

[Note: `Quantum’ ML in the title is not 
an essential aspect]



Indeed, fermionic creation and annihilation 
operators can be represented as spin operators:

<latexit sha1_base64="wwBQea3gUZ2vl3Zmg6UN2W9kmu0="></latexit>
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BUT, importantly, one must take care of the anticommutation:
<latexit sha1_base64="gL9B4BYC1nHqVj/cLtfqF7TD3cM="></latexit>

{cp, c+q } = �pq

|xi ⌘ |{p1, · · · , pN}i = "�(x)|(p1, · · · , pN )can.ord.i $ "�(x)|n(x)i

This can be formalized as a Jordan-Wigner `string’ (or other encoding such as 
Bravyi-Kitaev): <latexit sha1_base64="0rAhuSr9UYOZT+XbCkEb0VDwgLQ="></latexit>
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This is basically bookeeping for keeping track of the sign of the permutation bringing (x) 
to its canonically ordered form – can indeed be coded as bookeeping when accepting 
a move x à x’ and calculating matrix elements by sampling 

For more info on fermion to qubit mapping see e.g. Nys and Carleo arXiv:2205.00733 



The wave function amplitude on configuration x can be encoded as a NN, 
e.g. an RBM, as in previous lectures and VMC performed, etc.

Computational cost: the bottleneck is the computation of the `local energy’ 
which costs Npar . Nord . Nconf with:
- Npar the number of parameters in the NN
- Nord the number of modes we encounter when reordering the configuration
- Nconf the number of distinct configurations encountered when calculating 
the matrix elements of the hamiltonian for a given sample

Choo et al. Nat. Comm. 2020



Extension to the solid-state (periodic systems)
N.Yoshioka, W.Mizokami and F.Nori Comm. Phys. 2021 



Yoshioka et al. Comm Phys 2021

Hermann et al. arXiv:2208.12590
(A recent review article)

The goal: cutting computational cost with NNs



Determinant based/1st quantized 
approaches: some examples
• FermiNet: D.Pfau et al. (Google DeepMind + Imperial College) Phys Rev 

Research 2, 033429 (2020) and subsequent papers (e.g. arXiv:2011.07125)

• PauliNet: J.Hermann, Z.Schätzle and F.Noé (FU+TU, Berlin) Nature 
Chemistry 12, 891 (2020) and subsequent papers

• HFDS (Hidden Fermions Determinantal State) J.Robledo-
Moreno, G.Carleo, A.G. and J.Stokes PNAS, 119 Vol 32 (2022) and 
subsequent papers e.g. A.Lovato et al. PRR 4, 043178 (2022)

• Also:
• Early paper: Nomura et al. PRB 96, 205152 (2017) [RBM parametrized 

Jastrow etc.]
• J.Stokes et al. PRB 102, 205122 (2020)
• NN backflows, see above: Ruggeri et al. PRL 120, Di Luo and Clark PRL 122
• Several relevant works not quoted here, for a recent short review see 

J.Hermann et al. arXiv:2208.12590



FermiNet
D.Pfau et al. Phys Rev Research 2, 033429 (2020) and subsequent papers

Directly in continuum space 
(no basis set)

Sum of determinants

Orbitals parametrized as deep NN
with backflow etc.



D.Pfau et al. 
Phys Rev Research 2, 033429 (2020)



PauliNet
J.Hermann, Z.Schätzle and F.Noé 
Nature Chemistry 12, 891 (2020)

Slater-Jastrow + Backflow
More physical input than 
more agnostic FermiNet





Nature Chemistry 12, 891 (2020)



Comparison 
FermiNet/PauliNet
Spencer et al. arXiv:2011.07125
Hermann et al. arXiv:2208.12590

Sketch from Monino et al.
arXiv:2204.05098 



Hidden Fermion Determinantal 
States (HFDS)

• For a recent extension to continuum space and application to nuclear 
matter, see: A.Lovato et al. Phys Rev Research 4, 043178 (2022)



Inspired by auxiliary `slave’ particle 
methods
Key idea: Enlarge Hilbert space and project back onto the physical Hilbert space
by imposing a constraint. 

Example: `Slave boson’ for U=∞ 
Local Hilbert space:

<latexit sha1_base64="5XhRH5vKk7KnYoLUsBBWsCVqVnc="></latexit>

|0i ! b+|0i , |�i = c+� |0i ! f+
� |0i

<latexit sha1_base64="uc4fzL/UKTSEYzId5SdvKTRssu0="></latexit>

8i , b+i bi +
X

�

f+
i�fi� = 1Impose constraint on each site:

This constraint prevents double occupancies, as well as (unphysical) states with more 
than one boson per site. It must be imposed on all sites.

(`Holon’ / `Spinon’)

Configuration in enlarged Hilbert space is uniquely related to the physical 
configuration in the physical (projected) Hilbert space:

<latexit sha1_base64="T2vlJMV6jg7tPNbGLSIHrQLoi7g="></latexit>

|nc = 0i ! |nb = 1, nf� = 0i , |nc� = 1i ! |nb = 0, nf� = 1i



J. Robledo-Moreno et al.
PNAS, 2022

HFDS: The Basic Concept

HFDS enlarges the Hilbert space 
with fermionic `hidden’ modes. 

The wave function is a Slater 
determinant in the enlarged space, 
subject to a constraint for projecting 
it back to the physical space.

This results in a correlated/entangled
wave-function



HFDS 
formalism 

(done on the 
board)

• Example: 2-site Hubbard
• General formalism
• Special cases; Jastrow, Gutzwiller etc
• NN parametrization
• See lecture notes on website
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VIII. HIDDEN FERMIONS DETERMINANTAL STATE

A. Simple example: 2-site Hubbard model

Recall that the ground state in the N" = N# = 1 sector is:

| 0i = cos ✓
1p
2
[c+

1"c
+

1# + c+
2"c

+

2#] + sin ✓
1p
2
[c+

1"c
+

2# + c+
2"c

+

1#] (8.1)

with:

1

tan ✓
= �u

"
1 +

r
1 +

1

u2

#
, u =

U

4t
(8.2)

This wave-function cannot be written as a product of two separate Slater determinants for spin-up
and spin-down electrons (however, it can if the one-particle orbital are allowed to mix the two spins
and one projects back onto the sector with N" = N#).
we are going to show that  0 can be written as a projected SD by introducing a single hidden

fermion which can occupy two modes, denoted (for this example) S and D (S and D stand for
‘single’ and ‘double’, respectively). We consider the matrix defining the new orbitals:

�p↵ , p = (1 ", 2 ", 1 #, 2 #, S,D) , ↵ = (1, 2, 3) = (", #, h) (8.3)

� =

0

BBBBBBB@

1p
2

0 0
1p
2

0 0

0 1p
2

0

0 1p
2

0
0 0 c
0 0 ce�g

1

CCCCCCCA

(8.4)

c is simply a normalization: c2 = 1/[1 + e�2g] i.e. c = eg/2/
p
2 cosh g so that �+� = I.

This corresponds to the operators creating electrons in the three 1-particle wave-functions defined
by �:

'+

" = 1p
2
[c+

1" + c+
2"] (8.5)

'+

# = 1p
2
[c+

1# + c+
2#] (8.6)

h+ = c[h+

S + e�g h+

D] (8.7)

We form the Slater determinant with N" = N# = Nh = 1:

| SDi = '+

" '
+

# h+ |0i (8.8)

and project it subject to the constraint that the hidden fermion occupies state |Si if the physical
configuration has no double occupancy and state |Di if the physical configuration has one double
occupancy - note that with two electrons at most one double occupancy can occur. This can be
written:

h+

s hS = P̂D̂=0
⌘ [1� n̂1"n̂1#] [1� n̂2"n̂2#] , h+

DhD = P̂D̂=1
⌘ n̂1"n̂1# + n̂2"n̂2# (8.9)
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The hidden fermion acts as a ‘tag’: singly occupied configurations are given the tag ‘S’, and double
the tag ‘D’. Note that the expressions of the projector above are valid only in the N = 2 sector
considered here. The full projector imposing these two constraints reads (note that for a given
fermionic mode a, h+

a ha is a projector):

P̂ = P̂0 h
+

ShS + P̂1 h
+

DhD (8.10)

The HFDS state is the projected SD:

| HFDSi = | SDi = P̂ '+

" '
+

# h+ |0i (8.11)

Note that in contrast to most ‘slave particle’ theories, the constraint is not quadratic in the physical
electron operators - the theory is not geared at performing analytical mean-field approximations but
rather at optimizing the constraint. The HFDS state reads (dropping the subscript):

| i =
c

2
e�g[c+

1"c
+

1# + c+
2"c

+

2#]|0i ⌦ |Di +
c

2
[c+

1"c
+

2# + c+
2"c

+

1#]|0i ⌦ |Si (8.12)

The occupation numbers of the hidden fermions are determined in a unique way by that of the
physical electrons. Explicitly, in second quantized notations with (1 ", 2 ", 1 #, 2 #;S,D) ordering:

2

664

(1 ", 1 #) ⌘ (1, 0, 1, 0) ! (1, 0, 1, 0; 0, 1) ) ce�g/2
(2 ", 2 #) ⌘ (0, 1, 0, 1) ! (0, 1, 0, 1; 0, 1) ) ce�g/2
(1 ", 2 #) ⌘ (1, 0, 0, 1) ! (1, 0, 0, 1; 1, 0) ) c/2
(2 ", 1 #) ⌘ (0, 1, 1, 0) ! (0, 1, 1, 0; 1, 0) ) c/2

3

775 (8.13)

Hence, the basis states in the enlarged HS can be labelled |n, f(n)i and the components of the HFDS
state read:

 (n) ⌘ hn, f(n)| i = det [n ? �phys] ce
�gD(n) (8.14)

in which �phys is the matrix restricted to the physical sector:

�phys =

0

BBB@

1p
2

0
1p
2

0

0 1p
2

0 1p
2

1

CCCA
(8.15)

and ? denote the component by component product:

[n ? �]p↵ ⌘ np�p↵ (8.16)

If alternatively we use configurations in first quantized form x = (i1�1, i2�2), the wave-function
amplitude reads:

 (x) = "�(x)  [n(x)] (8.17)

with �(x) the permutation bringing x to its canonically ordered form.
Note that for all of the 4 physical states above, det [n ? �phys] = 1/2. We thus recognize that the

HFDS provides an exact description of the ground-state with:

eg = tan ✓ (8.18)

and the expected limits g ! 0, ✓ ! ⇡/4 (uncorrelated limit, 2 electrons in bonding state) and
g ! 1, ✓ ! ⇡/2 (Heitler-London limit, singlet state with no double occupancy).
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B. Gutzwiller wave-function

This is easily generalized to the GWF for an arbitrary number of sites. We still need only a
single hidden fermion, but it can now occupy N/2 + 1 corresponding to the possible values of the
double-occupancy D = 0, · · · , N/2. The above expressions generalize to:

� =

0

BBBBBBB@

�phys

i�,↵ 0

0 c
0 ce�g

· · · · · ·
0 ce�gN/2

1

CCCCCCCA

(8.19)

So that (↵ = 1, · · · , N):

'+

↵ =
P

i� c
+

i��
phys

i�,↵ (8.20)

h+ = c
PN/2

d=0
e�gd h+

d (8.21)

and we impose the constraint, for each configuration, that the hidden fermion is in mode d i↵ the
double occupancy D(n) = d. This corresponds to the projector:

P̂ =
N/2X

d=0

P̂d h
+

d hd (8.22)

or, using first-quantized numbering f(n) 2 {0, 1, · · · , N/2} for the location of the hidden fermion:

f(n) =
X

i

ni"ni# (8.23)

The HFDS is now:

| i = P̂ '+

1
· · ·'+

N h+|0i (8.24)

and it is easy to check that the HDS amplitude coincides with the Gutzwiller ansatz:

 (n) = det [n ? �phys] ce
�gD(n) =  G(n) (8.25)

C. General HFDS

� =

✓
�p↵ �p↵̃

�p̃↵ �p̃↵̃

◆
=

✓
�v �v

�h �h

◆
, dim =

✓
M ⇥N M ⇥ Ñ
M̃ ⇥N M̃ ⇥ Ñ

◆
(8.26)

In this expression, ↵ = 1, · · · , N runs over physical (or ‘visible’) electrons, ↵̃ = 1, · · · , Ñ runs over
hidden fermions, p = 1, · · · ,M runs over physical modes and p̃ = 1, · · · , M̃ runs over hidden modes.
We have N physical fermions and Ñ hidden fermions:

'+

↵ =
PM

p=1
c+p �p↵ +

PM̃
p̃=1

h+

p̃ �p̃↵ (8.27)

�+

↵̃ =
PM

p=1
c+p �p↵̃ +

PM̃
p̃=1

h+

p̃ �p̃↵̃ (8.28)
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The hidden fermion configuration is uniquely determined by that of the visible/physical ones:

en = F (n) , x̃ = f(x) (8.29)

The first expression refers to the occupation number in second-quantized notation: n = {np}, ñ =
{np̃} (recall: p = i�), while the second one refers to a configuration in first quantized form (without
imposing canonical ordering): x = (x1, · · · , xN), x̃ = (x̃1, · · · , x̃Ñ) with e.g. xj = (ij, �j). The
function f is thus a fully symmetric function of its arguments.
Denoting by P̂f the projector associated with this constraint the HFDS wave function reads:

| i = P̂f '
+

1
· · ·'+

N �
+

1
· · ·�+

eN
|0i (8.30)

and its amplitude over a given configuration reads:

 (x) = det

✓
�v(x) �v(x)
�h[f(x)] �h[f(x)]

◆
= "�(x) det [(n(x), F (n(x)) ? �] (8.31)

The last line expresses that the matrix � is ‘sliced’ according to the configuration x. It also makes
explicit that the wave-function amplitude is antisymmetric, thanks to the fact that the constraint
function f(x) is symmetric (hence exchanging e.g. x1 and x2 amounts to exchange the first to lines
in the determinant). The permutation �(x) is the one that brings x to its canonically ordered form.

D. Relation to other variational states

We have already seen that the Gutzwiller wave-function is a particular case of HFDS. This can
also be shown for:

• Jastrow. Simply choose �v = �h = 0, i.e. no o↵ diagonal elements in � between the visible and
hidden sectors. Then:

 (x) = det[�h(f(x)] det[�v(x)] (8.32)

The first term is a fully symmetric Jastrow factor.

• Configuration interaction - see JRM thesis

• Backflow - see JRM thesis

E. NN parametrization

The amplitudes �v(x),�v(x);�h[f(x)],�h[f(x)] are all variational parameters. The hidden-sector
components of the determinant are parametrized using a NN. Because we only need the amplitudes
�h[f(x)],�h[f(x)] we can directly parametrize those, rather than parametrize explicitly the constraint

which also allows us to not specify explicitly the numbers of modes fM . The NN parametrization, in
a sense, deals with a continuous set of modes! We don’t have access to either these modes, or to the
constraint function f(x).
For each configuration of the physical/visible fermions x, the entry layer of the network is the

bit-string n(x), hence insuring explicit symmetry of the output under a permutation of x. Each row
i of the hidden submatrix [�h(x),�h(x)] is parametrized by a distinct NN, which can be chosen as a
multilayer perceptron with non-linear activation functions. Here is an example with two layers and
a tanh activation:

⇥
�h
1
[fi(x)], · · · ,�h

Ñ
[fi(x)]

⇤
= tanh

⇣
tanh

⇣
n ·w(1)

i + b(1)

i

⌘
·w(2)

i + b(2)

i

⌘
(8.33)

(the tanh is taken component by component).



Figure courtesy Javier Robledo-Moreno



Parametrization of a Hidden Fermion 
determinantal State by neural networks

J.Robledo-Moreno, G.Carleo, A.G. and J.Stokes, PNAS, 2022

Each row of the hidden sector is parametrized by a different perceptron. 
For example, with 2 layers:

<latexit sha1_base64="2qontPg4ytMl2kZ2OtR8yLA82Fc="></latexit>⇥
�h
1 [fi(x)], · · · ,�h

Ñ
[fi(x)]

⇤
= tanh

⇣
tanh

⇣
n ·w(1)

i + b(1)
i

⌘
·w(2)

i + b(2)
i

⌘



J.Robledo-Moreno, G.Carleo, A.G. and J.Stokes, PNAS, 2022

HFDS with physically motivated constraints: 
benchmark on 4*4 Hubbard model at ½-filling



J.Robledo-Moreno, G.Carleo, A.G. and J.Stokes, PNAS, 2022

Numerical results with NN parametrization: 
4*4 Hubbard model at ½-filling



Relative error as a function of hidden 
fermion number and depth of NN
(4*4 Hubbard model at ½ filling)

J.Robledo-Moreno, G.Carleo, A.G. and J.Stokes, PNAS, 2022



NN-HFDS: Stripe order in the Hubbard model 
at 1/8 doping on 4*L cylinders (up to L=16)

J.Robledo-Moreno, G.Carleo, A.G. and J.Stokes, PNAS, 2022


