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Outlook

e Introduction Interacting particle systems
e Modeling / applications: agent based modeling (ABM)
o Well-posedness of the nonlinear SPDE model — for independent particles

e Numerical analysis 7

e Simulations



Interacting particle systems

e Problem: describe interacting particle system

e Q: How large is the system?
e N small — particle description
e N — o0 — hydrodynamics/mean-field limit: PDE
o N < o0 but large — fluctuating hydrodynamics: SPDE
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Independent Brownian particles
[D96, K73]

 Non-interacting Brownian particles dX; = dB;,i=1,...N on T¢
o Goal: empirical density p™ (z,t) = £ SN | §(z — By(t))

e Dean-Kawasaki SPDE

1

o = SAY + =V - (Vi (DK)

e Q: Relation between p™¥ and pV: starting with p?¥ can we derive (DK)?

40



Relation between the empirical density and DK
[D96, K73]

o Empirical density pN (z,t) = & 3N 6(z — Bi(t)) = L SN, pila, t)

e Ito's formula for p;

1
dp; = §Apidt + V- (pidB;)

e After summation we obtain almost closed equation
1
N _ 1A N -
dp —2Ap dt + E V - (p:idBy;)

e What to do with the noise term?
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Relation between the empirical density and DK
o Empirical density p¥ (z,t) = & SV 6(z — Bi(t)) = £ 2N | pi(x, 1)
e Almost closed equation

1 N
dp = §Apdt ; (pidB;)

ﬂ\

e What to do with the noise term?

i, t) = YV - (Bilt)pi(e,1))

=

1

K3
e Compute correlation function

N
(i, )7y, t')) Z y(pi(a,1)p)i(y, 1))

e Consider statistically the same noise term
n(a,t) = V- (€, )p"(x,1))

e Dean-Kawasaki
o™ ——Au +7V (V1) (DK)
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e Particle system
aX; = N' S VU(X; — X;)dt + dB,
J#i
e DK equation
1
o™ = GARN + V- (VU )+ N7 - (V3N

e Hydrodynamic limit [McK66, Szn91]

1
Ot = iA/L—V-(uVU*u)

e Fluctuations

VuN — p— Gaussian

e Quantifying fluctuations — via semi-discretization [CFIR23]

d_i(ul — pn, pN — ) < hPH e NP NI



Application: Agent Based Modeling

e Agents: humans, molecules, particles, cells, amoeba ...
e Move randomly in space X (t)
e Interact when they are close
= change of type: opinion, status, ... Y (¢)

e Examples: infection/disease spreading, historical processes, opinion dynamics,
protein complex formation

Agent Agent-agent interaction  Agent-environment interaction

https://medium.com/arupcitymodelling/
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Model formulation
[CFG+18, CHZ+18, HCDjWS21]

e N agents — very big, but finite —— “mesoscale”
e every agent at time t: (X, (1), V; (1)), =: X(¢)
e position in D:  X,(t)e D c R?
dX;(t) = =(VV(X;(t)) + VU (X))dt + odB;(t)
landscape V : D — R: attractivity of the environment
interaction potential U; : DN — R, X(t) — Y, u(| Xi(t) — X;(t)])
e change process/opinion dynamics
Markov jump process Y;,i € {1,...,N}
interaction rules {Rr}f,vjl —type change: R, : Ts + Ty — Ty + Tyn
network matrix A;;(t) = 1if | X;(¢t) — X; ()| < d
transition rate function A} = ~, Zfl A ()1 (Y5(8))1s(Y5(2))

Yi(t) = Y;(0) + Z Pr U(: A;‘(t’)dt’) o,
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Innovation spreading example
[HCDjWS21]
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Figure 4: A single realization of the spreading process in a double well landscape on D = [0, 1] with
1000 agents and modeled by the ABM. The empirical density of 7 agents at time ¢ is given by the
blue histogram while the density of type 75 agents is shown using the red histogram.

N = 1000 agents, D = [0,1], din: = 0,002 — interaction just within the well
double well landscape, N1 = 800, initial normal distribution
Interaction rule: T + Ty — 2715
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Model reduction

e Problem: big N is very expensive

Agent-based model Density-based model
—__pia,t)
i Ty agents § i TN
© 0o cooco o RA ~ R4
Model reductio e
H — >
i T, agents i for large N p2(z, t)
oo o oo ) [N

e Replace the micro-scale model of individual agents by a meso-scale model of
stochastic agent densities — > FHD

e Agent density p;
Oths = Dps + Lps

o Diffusion operator: Dean-Kawasaki equation

Du(a,t) = SA1+ V- (VVp1) + —=V - (Vi)

E’H
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Simulation and comparison
[HCDjws21]
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Figure 5: Realization of the innovation spreading process in a double well landscape with 1000
agents (SPDE approach). We plot the number density of non-adopters pi (a,£) and the density of

adopters pa(a,t) at a few time instances.

e Error estimates? Choice of parameters? Conservation of properties?
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e Two-way interaction between the agents' spatial movement and their opinion
dX; = U(Xy,0)dt + 0gp(Xy, 01)dB;P
dO; = V(Xy,0,)dt + oop(Xt,0;)dB

e Agents can interact if they are close enough in space and they attract each
other if their opinions are similar
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e McKean—Vlasov-type PDE for the limiting measure

Oepie(z,m) = = divz (ue(zm) - Uz, ) = divyy (ue(z,m) - V(2,0 10))
02 .
+ 2 LJZ:: 02;0%; (Mt(ZJ?) cosp(2,m, i) - 0sp(2om, fit) )”

1 02 2
+§87]2 (11e(2,m)oop (2,1, p11)?)

-8

@t=0 (b)t=05 ©t=1
Figure 7. Empirical density of agents in mean-field limit given by Equation (20) at initial time t = 0,
intermediate time t = 0.5, and final time f = 1.




What can we say about the empirical density?

Hydrodynamic limit
:> (LLN), nonlinear PDE
Jrr"" » [

M random particles

interacting particle systems

How to include finite size effects? In applications: N < oo!

Linear fluctuations (CLT):

linearize around PDE v~ linear Gaussian SPDE

wN o~ o+ \/LNI/ dv = %Aydt + V- (VpdW)

Problem: Violates " physical” constraints
(positivity, conservation of mass) — could be controlled (IC, N)
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Wish list

N —x Hydrodynamic limit
—— (LLN), nonlinear PDE
N :
M ;r'\‘ i

M random particles

interacting particle systems

How to include finite size effects? In applications: N < oo!

Goal: Find nonlinear SPDE models. Wish list:

e preserve "physical” constraints (positivity, conservation laws)

e preserve dynamical properties (metastability, condensation, ...)
e control the approximation error

e rigorous numerical analysis

Reliable nonlinear SPDE approximation of particle systems/ABM

16
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e Diffusive DK

1
duy fAqut + 7V (\/ uNdw), po =3

=
NO()

e Difficulties: regularity, square-root, super-criticality

e Existing literature: Konarovskyi, Lehmann, von Renesse [KLvR19,KLvR20]
Gess, Fehrman [FG19,FG20, FG22,..]
Cornalba, Shardlow, Zimmer, Fischer, Raithel [CFIR23,CF21,£5Z20,CZS19]
Martini, Mayorcas [MM22]

« measure-valued martingale solution: 1 is a solution to the MP iff

ME = (1) =5 | G Ads vreCERY)

is a martingale with quadratic variation

t
(M, 0], = ij (N, [V £ ds
N 0

e Still problems: sensitivity, approximation



Approximation of DK
[Dj, Kremp, Perkowski 22]

We replace the square root with

1

Wored 7| < On/2,

f(@) = fsy(x) = { smooth On/2 < || < O,
sign(x)/|z| |z| = dn.
Cn

1
1 / ~N ’ < -
FeC R, fllps < e |f'(2)] < N forallz >0

and

If(z)] < \/m, |f(fl7)2 —z| <6, forall z = 0.

Approximate equation
1
Vo (f(a)dw N
\/N (f(lu’L ) t )
= pN x pl e LA(T?) p" appropriate mollifier
Truncated noise

W (z) := Z ex(z)BF := Z exp(2mik - x) BF

|k|<Mpn |k|l<Mpn

1
dpl = éA[Ldet +



e “"Assumptions”: f:R—R, ||f'|l, <L, f(0) =0

1

~ 1 ~
SARYdE + —V - (f(i)aw )

VN

iy =

fig™ € L?

Definition

A stochastic process (fi¢)¢=0 with paths in
L2([0,T], H(T4)) n C([0,T], L?(T4)) is a solution for the initial condition
fip € L2(T9), if for all p € HY(T?),

Gt ) = Go )= | 5T Vs + 3 [ (H(G00, )- aBS

kezd

d t 1 d t )
~ o= X, | 5@ tiedis+ Y T [ @ulF ). oBE

i=1kezd



f)

e The well-posedness result can be generalized to (b =

o

1
dut = §Autdt +V- (b(ut)th)
o Noise Wy(z) := ¥, .4 ¢x(z)Bf such that

Of = Y lonly <0 and G = Y[Vl < o0
kezd kezd
o Diffusion be C*(R,R):  |¥/|, < L.

In particular, b has most linear growth: There exist C?, C% such that
2 _ by 2, b
|b(z)|]” < CTlz|” + C3, xeR.

o Our case: L? = CY = S, YV < (2My + 1)

« Small noise / Stochastic parabolicity (Ito vs Str)  C}¥ max(L?, C?) < 1

. . COn(2Mn+1)?
o Coercivity assumption %ﬁ) <1



1 1
dipy = ZANdt + —V - (fF(@N)aw N
H S + \/NV (f (g )dWy™)
fiy € L?

e the variational theory cannot be applied directly

o Idea: transform the equation, by applying (1 — A)~1/2, use the variatio-
nal approach and conclude from there together with a-priori bounds the well-
posedness result

Lemma (Dj, Kremp, Perkowski 22)

Under previous assumptions, there exists a unique probabilistically strong
solution v e L*([0,T], H*) n C([0,T], L?) to

1 1 5
dvg, @) = —§<wt,w>dt + i Ikl;M (G (vy), p)d B}

for all o € H' with Gy (v) := (1 — A)72V(f((1 — A)Y?v)¢y) and initial
condition vy € L?.

Proof: apply variational theory — coercivity and monotonicity



- 1. 1 .
diy’ = §Aﬂivdt + WV (f(a)awi)
iy € L?

Lemma (A priori energy estimate)
Under the previous assumptions, the following energy bound holds true:

t

2 ~2 <2 cy
el 321+ [ EDIVlEa1ds < ol + S tlol.

0

Proof: Ito's lemma
Caution: be careful about |3,



Theorem (Dj, Kremp, Perkowski 22 )

Consider the equation

~ 1. 1 -
di = SARN A+ —=V - (F(EY)aW ),

2 N
i € L*(TY),
where f € CY(R) satisfies || f'|| ;= < %, [f(x)] < T for all z > 0 and

If(@)| S Vx|, |f(z)?>—2| <46, forallz >0,

and where

Wl (z) := Z ex(z)BF := Z exp(2mik - x) BF
|k|l<My |k|l<My
If CN(*W < 1 holds ( “coercivity condition”), where Cy > 0 is such that
112 < %JV\’, then equation has a unique strong solution. If ﬂév > 0, then
fii =0 and || || 2 = [z || 2 for all t € [0,T7].



Idea of the proof: Let il¥ = (1 — A)Y2v;, then
i e L2([0,T],L*) ~ C([0,T], H™ ")
By the a-priori energy estimate, it follows that almost surely

iV e L*([0,T),HY)  and sup E[||aM]3.] <o
te[0,T]

=t i) € L? is weakly continuous
Together with a.s. continuity of the mapping

~ 2
t [l 1z

= iV e ¢([0,T], L?)



Theorem (DjKrempPerkowski22 )

Let u™ and u~ be two solutions with initial conditions ug ,u, € L?,
respectively, such that ug (z) > ug (x) for Lebesgue-almost all z € T¢. Then

P(uf > u; Leb-a.eVte [0,T]) = 1.

Idea of the proof:
application of It6's formula to a suitable C2 approximation of the map = —
max(z,0)?, applied to the difference of the solutions

wy = uy —uy
choose @, (w;) 1 |[max(w¢,0)|32, p — ©
Apply Ito's formula - bound terms, take the expectation, consider the limit
E [ hmax(w, 0)13 | = 0
(P®Leb)(wy <0)=1,Vt =0

Use the continuity of the solution to conclude



Corollary

Assume additionally that b(0) = 0. Let u be a solution with initial condition
uo = 0 almost everywhere. Then P(u; > 0 Leb-a.e.Vt € [0,T]) = 1.

Since the zero function is a solution as f(0) = 0, with zero initial condition,
the result follows directly.

Use the positivity of the solution x and test with ¢ = 1 € C®(T9).



Corollary

Assume additionally that b(0) = 0. Let u be a solution with initial condition
uo = 0 almost everywhere. Then P(u; > 0 Leb-a.e.Vt € [0,T]) = 1.

Since the zero function is a solution as f(0) = 0, with zero initial condition,
the result follows directly.

Corollary

Let u be the solution with non-negative initial condition ug. Then almost surely
Slue|(z)dz = §|uo|(z)dz for all t € [0,T).

Use the positivity of the solution x and test with ¢ = 1 € C®(T9).



Entropy estimate

o Goal: weak-error estimate (better than HLim)
ELF(a")] — ELF (u!)]l < N™'7737 (¢ + log(N)

e Problem: dependence on | fio| 2 — [FG21]
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o Goal: weak-error estimate (better than HLim)

ELF ()] — ELF(u)]| € N7 (¢ + log(N)
e Problem: dependence on | fio| 2 — [FG21]
Theorem (Entropy estimate - DjKrempPerkowski22 )

Consider the initial condition iy := p™ « p{’ for pl’ = & SN 0, and let
(pN)n=1 be a mollifying sequence such that i} =0 and [|p™ # pd¥ | ;. = 1.
Under the coercivity condition, the following entropy estimate holds

N
sup E[Jﬁivlog(ﬁfv)] +)\J E[ VAT ]dt
te[0,T] 0 :U’t
N Ny, TMR™
< [ A tog(af) + T2 (1

for \ := i( - 40(2%g;1)d)

Remark: why does it matter
§ i log(ad') < log(N) vs [|d[|7. < N



There exist accurate approximations of Dirac masses with moderately large
entropy:

Lemma

Let p e CX(RY) with §o. p(y)dy = 1, such that p > 0 and p is symmetric in
the sense that p(x) = p(—x) for all x € R%. Define

PN (Y) i= D eza N(N(y + k)), y € T Then pN € C*(T4) is positive,
§va PN (y)dy = 1, and with il = Zfil S8z, and iy := v % pN we have

20 lilaen =1 [ losd) < g
Moreover, we have for all p € CZ(R?):
|<:u‘éva 4,0> - <[Lévv 90>| = N_2||90||C§7

9 ,
where ||90||C§ 5= Zj:oHD](PHOO'



Theorem (DjKrempPerkowski22)

Let N be the martingale solution of the original Dean-Kawasaki equation with
initial condition il = + SV 04i. Let i be as just constructed and let f

d
and WY be as before. Assume the coercivity, sup y W < 1. Let iV

be the solution of the approximate Dean-Kawasaki equation with initial
condition i}

Then for any t > 0, p € C*(T%) and F(u) := exp({u, p)) for € M, the
following weak error bound holds:

_ 5 0N t M¢ log N
E[FGEM)] —E[FGEMN| <o N2+ St 4+ —— + — Ny S
| [ (Nt )] [ (Nt )]| Se + N + MI2VN + N2 + MJ%,N

— p— 1 . . . .
For My = 51\/1/2 and 0y ~ N~ 2%1 (which is the optimal choice under the
coercivity condition) we have

E[F(a)] — E[F(u])]] Sp N™'77P7 (t + log(N)).



Laplace duality argument
KLvR19

¢ Hamilton-Jacobi equation
Oy = Av + —|Vv\ . v =g@e CP(TY).

o Cole-Hopf transformation w = ex? :  dyw = tw
« Laplace duality argument [KLvR19] For F(u}) = exp({ui, vi—s))

E[F(1")] = exp((pd, vr))

e For approximated equation we get

d(exp((l vi-s)) _%ﬁ
|k|<Mn

g o) (X KA e ToOf = G o) ) s

2N |k|l<Mn

3 exp(( v ) e, Voo )dBE



[ELF(7)] = ELF ()] < lexp((fig’, ve)) — exp({ug s ve))]

+E[ f (i )| 3 KFEY ek, VeI — G [T ds

2N
|k|<MN

|

e |nitial condition

lexp((ig’s vey) — exp((ug  ve))| < IS — 1) vl exp([lvell ) <o N72,
e Split the second term and use assumptions on f

A, + C,

£V< D1 KE@er, Vor o = (il Vo] >) S
|E|<MpN

e Use entropy estimate

E [LTflamf(/liV)Iz] < U Idrus ] Uﬁévlogﬁév] +C(M,N)




Collecting all the estimates

§ t M¢ log N
E[F(EM)] —E[F(M)]| <o N2+ D¢ — 4 N .

e coercivity assumption M¢ < Sy N

1/2

_ _ 1
e choose My =6, '", 6y =~ N~ 4271

E[F(aM)] — E[F(u])]| S N™2 + N™'7 35 (¢ + log N)
< N~ '-amm (t +1logN).



o Problem: positivity preserving scheme for singular (div) SPDE

e Existing work:
Numerics for singular (div noise) SPDEs [GG19, CS22, CF21, CFIR23]
Positivity preserving scheme for FHD: [MGPCK22]
FHD - computations - finite volume [DVEGB10]

Positivity preserving schemes for SPDEs: [BCU23]

e How do we measure if the scheme is accurate?



Hybrid method

e Work in progress with J. Bell (LBNL)
e Previous work: Bell, Foo, Garcia - for stochastic Burgers' [BFG07]

Donev, Bell, Garcia, Alder - FHD [DBGA10]

» Z > Al e e YT e e
= e e /4 »> B > i
— a2 = | - i

ol 3 iAo ~al T

L3 = g :? v & ==

Sl et > |

S 557 \EE B EEErS

Lo Al - f<l°—
A A e IR :
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Hybrid method for DK

Finite volume DK Finite volume DK -- Zoom

Hybrid DK
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Approximated DK

e Motivation/application: opinion dynamics
e formal SPDE: Dean - Kawasaki equation: non-robust martingale solution

N
Il =—A th+—v (\/ NdWw), MF%Z%‘

e Modified Dean-Kawasaki equation

- 1, . 1 B
diiy = AR dt + Vi (fs(a")aw )

e Well-posedness results
e Preservation of non-negativity and conservation of mass

e Model error estimate:
E[F(5))] — E[F(p)]| < N™5 + N7 7727 (1 + log N)

e Numerical approximation: weak error estimate — in progress

e Qutlook: Interacting particles - nonlinear SPDE approximation
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Thank you for your attention!
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