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Outlook

‚‚ Introduction Interacting particle systems

‚‚ Modeling / applications: agent based modeling (ABM)

‚‚ Well-posedness of the nonlinear SPDE model – for independent particles

‚‚ Numerical analysis ?

‚‚ Simulations
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Interacting particle systems

‚‚ Problem: describe interacting particle system

‚‚ Q: How large is the system?

‚N small —– particle description

‚N Ñ8 —– hydrodynamics/mean-field limit: PDE

‚N ă 8 but large —– fluctuating hydrodynamics: SPDE
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Independent Brownian particles
[D96, K73]

‚‚ Non-interacting Brownian particles dXi “ dBi, i “ 1, . . . N on Td

‚‚ Goal: empirical density ρN px, tq “ 1
N

řN
i“1 δpx´Biptqq

‚‚ Dean-Kawasaki SPDE

Btµ
N “

1

2
∆µN `

1
?
N

∇ ¨ p
a

µNξq pDKq

‚‚ Q: Relation between ρN and µN : starting with ρN can we derive (DK)?
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Relation between the empirical density and DK
[D96, K73]

‚‚ Empirical density ρN px, tq “ 1
N

řN
i“1 δpx´Biptqq “

1
N

řN
i“1 ρipx, tq

‚‚ Ito’s formula for ρi

dρi “
1

2
∆ρidt`∇ ¨ pρidBiq

‚‚ After summation we obtain almost closed equation

dρN “
1

2
∆ρNdt`

1
?
N

ÿ

i

∇ ¨ pρidBiq

‚‚ What to do with the noise term?
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Relation between the empirical density and DK

‚‚ Empirical density ρN px, tq “ 1
N

řN
i“1 δpx´Biptqq “

1
N

řN
i“1 ρipx, tq

‚‚ Almost closed equation

dρ “
1

2
∆ρdt`

1
?
N

N
ÿ

i“1

∇ ¨ pρidBiq

‚‚ What to do with the noise term?

η̃px, tq :“
N
ÿ

i“1

∇ ¨ p 9Biptqρipx, tqq

‚‚ Compute correlation function〈
η̃px, tqη̃py, t1q

〉
“ 2δpt´ t1q

N
ÿ

i“1

∇x∇ypρipx, tqρqipy, tqq

‚‚ Consider statistically the same noise term

ηpx, tq “ ∇ ¨ pξpx, tqρ1{2px, tqq
‚‚ Dean-Kawasaki

Btµ
N “

1

2
∆µN `

1
?
N

∇ ¨ p
a

µNξq pDKq
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Weakly interacting particles
[D96, K73]

‚‚ Particle system

dXi “ N´1
ÿ

j‰i

∇UpXi ´Xjqdt` dBi

‚‚ DK equation

Btµ
N “

1

2
∆µN `∇ ¨ pµN∇U ˚ µN q `N´1{2∇ ¨ p

a

µNξq

‚‚ Hydrodynamic limit [McK66, Szn91]

Btµ “
1

2
∆µ´∇ ¨ pµ∇U ˚ µq

‚‚ Fluctuations
a

µN ´ µÑ Gaussian

‚‚ Quantifying fluctuations — via semi-discretization [CFIR23]

d´jpµ
N
h ´ µh, µ

N ´ µq À hp`1 ` e´Nh
d

`N´j{2
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Application: Agent Based Modeling

‚‚ Agents: humans, molecules, particles, cells, amoeba ...

‚‚ Move randomly in space Xptq

‚‚ Interact when they are close

ñ change of type: opinion, status, ... Y ptq

‚‚ Examples: infection/disease spreading, historical processes, opinion dynamics,
protein complex formation

https://medium.com/arupcitymodelling/ 8 / 40



Model formulation
[CFG+18, CHZ+18, HCDjWS21]

‚‚ N agents —– very big, but finite —— “mesoscale”

‚‚ every agent at time t: pXiptq, Yiptqq
N
i“1 “: Xptq

‚‚ position in D: Xiptq P D Ă Rd

dXiptq “ ´p∇V pXiptqq `∇UipXqqdt` σdBiptq
landscape V : D Ñ R: attractivity of the environment

interaction potential Ui : DN Ñ R, Xptq ÞÑ
ř

j‰i up}Xiptq ´Xjptq}q

‚‚ change process/opinion dynamics

Markov jump process Yi, i P t1, . . . , Nu

interaction rules tRru
NR
r“1 – type change: Rr : Ts ` Ts2 Ñ Ts1 ` Ts2

network matrix Aijptq “ 1 if }Xiptq ´Xjptq} ď d

transition rate function λri “ γr
řN

1 Aijptq1s2pYjptqq1spYiptqq

Yiptq “ Yip0q `
ÿ

r

Pri
ˆ
ż t

0

λri pt
1qdt1

˙

vr
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Innovation spreading example
[HCDjWS21]

N “ 1000 agents, D “ r0, 1s, dint “ 0, 002 – interaction just within the well
double well landscape, N1 “ 800, initial normal distribution
Interaction rule: T1 ` T2 Ñ 2T2
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Model reduction

‚‚ Problem: big N is very expensive

‚‚ Replace the micro-scale model of individual agents by a meso-scale model of
stochastic agent densities —– ą FHD

‚‚ Agent density µs
Btµs “ Dµs ` Iµs

‚‚ Diffusion operator: Dean-Kawasaki equation

Dµpx, tq “ α

2
∆µ`∇ ¨ p∇V µq ` 1

?
N

∇ ¨ p?µξq
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Simulation and comparison
[HCDjWS21]

‚‚ Error estimates? Choice of parameters? Conservation of properties?
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Feedback loop dynamics
[CKDj22]

‚‚ Two-way interaction between the agents’ spatial movement and their opinion
#

dXt “ ŨpXt,Θtqdt` σsppXt,ΘtqdB
sp
t

dΘt “ Ṽ pXt,Θtqdt` σoppXt,ΘtqdB
op
t

‚‚ Agents can interact if they are close enough in space and they attract each
other if their opinions are similar
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Computation of the limit
[CKDj22]

‚‚ McKean–Vlasov-type PDE for the limiting measure

Btµtpz, ηq “ ´ divz pµtpz, ηq ¨ Upz, η, µtqq ´ divη pµtpz, ηq ¨ V pz, η, µtqq

`
1

2

d
ÿ

i,j“1

B2

BziBzj

`

µtpz, ηq ¨ σsppz, η, µtq ¨ σsppz, η, µtq
J
˘

i,j

`
1

2

B2

Bη2
`

µtpz, ηqσoppz, η, µtq
2
˘
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What can we say about the empirical density?

How to include finite size effects? In applications: N ă 8!

Linear fluctuations (CLT):

linearize around PDE ù linear Gaussian SPDE

µN » µ`
1
?
N
ν dν “

1

2
∆νdt`∇ ¨ p?µdW q

Problem: Violates ”physical” constraints
(positivity, conservation of mass) — could be controlled (IC, N)
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Wish list

How to include finite size effects? In applications: N ă 8!

Goal: Find nonlinear SPDE models. Wish list:

‚ preserve ”physical” constraints (positivity, conservation laws)

‚ preserve dynamical properties (metastability, condensation, . . . )

‚ control the approximation error

‚ rigorous numerical analysis

Reliable nonlinear SPDE approximation of particle systems/ABM
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DK - Ill-posedness vs. Triviality
[KLvR19]

‚‚ Diffusive DK

dµN “
1

2
∆µNdt`

1
?
N

∇ ¨ p
a

µNdW q, µ0 “
1

N

N
ÿ

i“1

δxi

‚‚ Difficulties: regularity, square-root, super-criticality

‚‚ Existing literature: Konarovskyi, Lehmann, von Renesse [KLvR19,KLvR20]

Gess, Fehrman [FG19,FG20, FG22,...]

Cornalba, Shardlow, Zimmer, Fischer, Raithel [CFIR23,CF21,CSZ20,CZS19]

Martini, Mayorcas [MM22]

‚‚ measure-valued martingale solution: µN is a solution to the MP iff

Mf
t :“

〈
µNt , f

〉
´

1

2

ż t

0

〈
µNs ,∆f

〉
ds @f P C8c pR

dq

is a martingale with quadratic variation

rMf ,Mf st “
1

N

ż t

0

〈
µNs , |∇f |2

〉
ds

‚‚ Still problems: sensitivity, approximation 17 / 40



Approximation of DK
[Dj, Kremp, Perkowski 22]

We replace the square root with

fpxq “ fδN pxq “

$

’

&

’

%

1?
δN
x |x| ď δN{2,

smooth δN{2 ď |x| ď δN ,

signpxq
a

|x| |x| ě δN .

f P C1pRq, ‖f 1‖L8 ď
CN
δN

, |f 1pxq| À 1
?
x
, for all x ą 0

and

|fpxq| À
a

|x|, |fpxq2 ´ x| À δ, for all x ě 0.

Approximate equation

dµ̃Nt “
1

2
∆µ̃Nt dt`

1
?
N

∇ ¨ pfpµ̃Nt qdWN
t q

µ̃N0 “ ρN ˚ µN0 P L
2pTdq ρN appropriate mollifier

Truncated noise

WN
t pxq :“

ÿ

|k|ďMN

ekpxqB
k
t :“

ÿ

|k|ďMN

expp2πik ¨ xqBkt
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Approximated DK - notion of the solution

‚‚ “Assumptions”: f : R Ñ R, ‖f 1‖8 ď L, fp0q “ 0

dµ̃Nt “
1

2
∆µ̃Nt dt`

1
?
N

∇ ¨ pfpµ̃Nt qdWN
t q

µ̃0
N
P L2

Definition

A stochastic process pµ̃tqtě0 with paths in
L2pr0, T s, H1pTdqq X Cpr0, T s, L2pTdqq is a solution for the initial condition
µ̃0 P L

2pTdq, if for all ϕ P H1pTdq,

xµ̃t, ϕy “ xµ̃0, ϕy ´

ż t

0

1

2
x∇µ̃s,∇ϕyds`

ÿ

kPZd

ż t

0

x∇pfpµ̃tqφkq, ϕy ¨ dBks

“ xµ̃0, ϕy ´
d
ÿ

i“1

ż t

0

1

2
xBiµ̃s, Biϕyds`

d
ÿ

i“1

ÿ

kPZd

ż t

0

xBipfpµ̃tqφkq, ϕydB
k,i
s .
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Remark

‚‚ The well-posedness result can be generalized to (b “ 1?
N
f)

dut “
1

2
∆utdt`∇ ¨ pbputqdWtq

‚‚ Noise Wtpxq :“
ř

kPZd φkpxqB
k
t such that

CW1 :“
ÿ

kPZd

‖φk‖28 ă 8 and CW2 :“
ÿ

kPZd

‖∇φk‖28 ă 8

‚‚ Diffusion b P C1pR,Rq : ‖b1‖8 ď L.

In particular, b has most linear growth: There exist Cb1, C
b
2 such that

|bpxq|2 ď Cb1|x|
2
` Cb2, x P R.

‚‚ Our case: L2 “ Cb1 “
CN

Nδ , CW1 ď p2MN ` 1qd

‚‚ Small noise / Stochastic parabolicity (Ito vs Str) CW1 maxpL2, Cb1q ă 1

‚‚ Coercivity assumption CN p2MN`1qd

NδN
ă 1
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Approximated DK - well-posedness result

dµ̃Nt “
1

2
∆µ̃Nt dt`

1
?
N

∇ ¨ pfpµ̃Nt qdWN
t q

µ̃N0 P L
2

‚‚ the variational theory cannot be applied directly
‚‚ Idea: transform the equation, by applying p1 ´ ∆q´1{2, use the variatio-
nal approach and conclude from there together with a-priori bounds the well-
posedness result

Lemma (Dj, Kremp, Perkowski 22)

Under previous assumptions, there exists a unique probabilistically strong
solution v P L2pr0, T s, H1q X Cpr0, T s, L2q to

dxvt, ϕy “ ´
1

2
x∇vt,∇ϕydt`

1
?
N

ÿ

|k|ďMN

xGkpvtq, ϕydB
k
t

for all ϕ P H1 with Gkpvq :“ p1´∆q´1{2∇pfpp1´∆q1{2vqφkq and initial
condition v0 P L

2.

Proof: apply variational theory – coercivity and monotonicity 21 / 40



Approximated DK - well-posedness result

dµ̃Nt “
1

2
∆µ̃Nt dt`

1
?
N

∇ ¨ pfpµ̃Nt qdWN
t q

µ̃N0 P L
2

Lemma (A priori energy estimate)

Under the previous assumptions, the following energy bound holds true:

Er‖µ̃t‖2L2s ` λ

ż t

0

Er‖∇µ̃s‖2L2sds ď ‖µ̃0‖2L2 `
CW2
N

t‖µ̃0‖L1 .

Proof: Ito’s lemma
Caution: be careful about }µ̃}2L2
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Theorem (Dj, Kremp, Perkowski 22 )

Consider the equation

dµ̃Nt “
1

2
∆µ̃Nt dt`

1
?
N

∇ ¨ pfpµ̃Nt qdWN
t q,

µ̃N0 P L
2pTdq,

where f P C1pRq satisfies ‖f 1‖L8 À
1?
δ
, |f 1pxq| À 1?

x
, for all x ą 0 and

|fpxq| À
a

|x|, |fpxq2 ´ x| À δ, for all x ě 0,

and where

WN
t pxq :“

ÿ

|k|ďMN

ekpxqB
k
t :“

ÿ

|k|ďMN

expp2πik ¨ xqBkt

If CN p2MN`1qd

NδN
ă 1 holds (“coercivity condition”), where CN ą 0 is such that

}f 1}28 ď
CN

δN
, then equation has a unique strong solution. If µ̃N0 ě 0, then

µ̃Nt ě 0 and ‖µ̃Nt ‖L1 “ ‖µ̃N0 ‖L1 for all t P r0, T s.
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Approximated DK - well-posedness result

Idea of the proof: Let µ̃Nt “ p1´∆q1{2vt, then

µ̃N P L2pr0, T s, L2q X Cpr0, T s, H´1q

By the a-priori energy estimate, it follows that almost surely

µ̃N P L2pr0, T s, H1q and sup
tPr0,T s

Er‖µ̃Nt ‖2L2s ă 8

ñ t ÞÑ µ̃Nt P L
2 is weakly continuous

Together with a.s. continuity of the mapping

t ÞÑ ‖µ̃Nt ‖2L2

ñ µ̃N P Cpr0, T s, L2q
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Preservation of non-negativity and conservation of mass

Theorem (DjKrempPerkowski22 )

Let u` and u´ be two solutions with initial conditions u`0 , u
´
0 P L

2,
respectively, such that u`0 pxq ě u´0 pxq for Lebesgue-almost all x P Td. Then

P
`

u`t ě u´t Leb -a.e.@t P r0, T s
˘

“ 1.

Idea of the proof:
application of Itô’s formula to a suitable C2 approximation of the map x ÞÑ
maxpx, 0q2, applied to the difference of the solutions

wt :“ u´t ´ u
`
t

choose Φppwtq Ò ‖maxpwt, 0q‖2L2 , pÑ8

Apply Ito’s formula - bound terms, take the expectation, consider the limit

E
”

‖maxpws, 0q‖2L2

ı

“ 0

pPb Lebqpwt ď 0q “ 1,@t ě 0

Use the continuity of the solution to conclude
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Preservation of non-negativity and conservation of mass

Corollary

Assume additionally that bp0q “ 0. Let u be a solution with initial condition
u0 ě 0 almost everywhere. Then Pput ě 0 Leb -a.e.@t P r0, T sq “ 1.

Since the zero function is a solution as fp0q “ 0, with zero initial condition,
the result follows directly.

Corollary

Let u be the solution with non-negative initial condition u0. Then almost surely
ş

|ut|pxqdx “
ş

|u0|pxqdx for all t P r0, T s.

Use the positivity of the solution µ and test with ϕ “ 1 P C8pTdq.
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Entropy estimate

‚‚ Goal: weak-error estimate (better than HLim)

|ErF pµ̃Nt qs ´ ErF pµNt qs| À N´1´ 1
d{2`1 pt` logpNqq

‚‚ Problem: dependence on }µ̃0}L2 — [FG21]

Theorem (Entropy estimate - DjKrempPerkowski22 )

Consider the initial condition µ̃N0 :“ ρN ˚ µN0 for µN0 :“ 1
N

řN
i“1 δxi and let

pρN qNě1 be a mollifying sequence such that µ̃N0 ě 0 and ‖ρN ˚ µN0 ‖L1 “ 1.
Under the coercivity condition, the following entropy estimate holds

sup
tPr0,T s

E

„
ż

µ̃Nt logpµ̃Nt q



` λ

ż T

0

E

„
ż

|∇µ̃Nt |2

µ̃Nt



dt

À

ż

µ̃N0 logpµ̃N0 q `
TMd`2

N

N
, (1)

for λ :“ 1
4 p1´

Cp2MN`1qd

NδN
q.

Remark: why does it matter
ş

µ̃N0 logpµ̃N0 q À logpNq vs ‖µ̃N0 ‖2L2 À Nd
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Initial condition

There exist accurate approximations of Dirac masses with moderately large
entropy:

Lemma

Let ρ P C8c pR
dq with

ş

Rd ρpyqdy “ 1, such that ρ ě 0 and ρ is symmetric in

the sense that ρpxq “ ρp´xq for all x P Rd. Define
ρN pyq :“

ř

kPZd NdρpNpy ` kqq, y P Td. Then ρN P C8pTdq is positive,
ş

Td ρ
N pyqdy “ 1, and with µN0 “

řN
i“1 δxi

and µ̃N0 :“ µN ˚ ρN we have

µ̃N0 ě 0, }µ̃N0 }L1pTdq “ 1,

ż

µ̃N0 logpµ̃N0 q À logN.

Moreover, we have for all ϕ P C2
b pR

dq:

|xµN0 , ϕy ´ xµ̃N0 , ϕy| À N´2‖ϕ‖C2
b
,

where ‖ϕ‖C2
b

:“
ř2
j“0‖Djϕ‖8.
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Weak error estimate

Theorem (DjKrempPerkowski22)

Let µN be the martingale solution of the original Dean-Kawasaki equation with
initial condition µN0 :“ 1

N

řN
i“1 δxi . Let µ̃N0 be as just constructed and let f

and WN be as before. Assume the coercivity, supN
CN p2MN`1qd

NδN
ă 1. Let µ̃N

be the solution of the approximate Dean-Kawasaki equation with initial
condition µ̃N0 .
Then for any t ą 0, ϕ P C8pTdq and F pµq :“ exppxµ, ϕyq for µ PM, the
following weak error bound holds:

|ErF pµ̃Nt qs ´ ErF pµNt qs| Àϕ N´2 `
δN
N
t`

t

M2
NN

`
Md
N

N2
t`

logN

M2
NN

.

For MN “ δ
´1{2
N and δN » N´

1
d{2`1 (which is the optimal choice under the

coercivity condition) we have

|ErF pµ̃Nt qs ´ ErF pµNt qs| Àϕ N
´1´ 1

d{2`1 pt` logpNqq.
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Laplace duality argument
KLvR19

‚‚ Hamilton-Jacobi equation

Btv “
1

2
∆v `

1

2N
|∇v|2, v0 “ ϕ P C8pTdq.

‚‚ Cole-Hopf transformation w “ e
1
N v : Btw “

1
2w

‚‚ Laplace duality argument [KLvR19] For F pµNt q “ expp
〈
µNt , vt´t

〉
q

ErF pµNt qs “ expp
〈
µN0 , vt

〉
q

‚‚ For approximated equation we get

d
`

exppxµ̃Ns , vt´syq
˘

s
“ ´

1
?
N

ÿ

|k|ďMN

exppxµ̃Ns , vt´syqxfpµ̃
N
s qek,∇vt´sydBks

`
1

2N
exppxµ̃Ns , vt´syq

ˆ

ÿ

|k|ďMN

|xfpµ̃Ns qek,∇vt´sy|
2
´ xµ̃Ns , |∇vt´s|

2
y

˙

ds
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Proof

|ErF pµ̃Nt qs ´ ErF pµNt qs| ď |exppxµ̃N0 , vtyq ´ exppxµN0 , vtyq|

`
1

2N
E

„
ż t

0

exppxµ̃Ns , vt´syq

∣∣∣∣ ÿ

|k|ďMN

|xfpµ̃Ns qek,∇vt´sy|
2
´ xµ̃Ns , |∇vt´s|

2
y

∣∣∣∣ds
‚‚ Initial condition

|exppxµ̃N0 , vtyq ´ exppxµN0 , vtyq| ď |xµ̃N0 ´ µN0 , vty| expp‖vt‖8q Àϕ N
´2,

‚‚ Split the second term and use assumptions on f

1

2N

ˆ

ÿ

|k|ďMN

|xfpµ̃Ns qek,∇vt´sy|
2
´ xµ̃Ns , |∇vt´s|

2
y

˙

“
As ` Cs

2N
,

‚‚ Use entropy estimate

E

«

ż T

0

ż

|Bxfpµ̃
N
t q|

2

ff

ď E

«

ż T

0

ż

|Bxµ̃s|
2

µ̃s

ff

ď E

„
ż

µ̃N0 log µ̃N0



` CpM,Nq
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Proof - last steps

Collecting all the estimates

|ErF pµ̃Nt qs ´ ErF pµNt qs| Àϕ N´2 `
δN
N
t`

t

M2
NN

`
Md
N

N2
t`

logN

M2
NN

.

‚‚ coercivity assumption Md
N À δNN

‚‚ choose MN “ δ
´1{2
N , δN » N´

1
d{2`1

|ErF pµ̃Nt qs ´ ErF pµNt qs| Àϕ N´2 `N´1´ 1
d{2`1 pt` logNq

À N´1´ 1
d{2`1 pt` logNq.
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Numerics for (approximate) DK - outlook

‚‚ Problem: positivity preserving scheme for singular (div) SPDE

‚‚ Existing work:

Numerics for singular (div noise) SPDEs [GG19, CS22, CF21, CFIR23]

Positivity preserving scheme for FHD: [MGPCK22]

FHD - computations - finite volume [DVEGB10]

Positivity preserving schemes for SPDEs: [BCU23]

‚‚ How do we measure if the scheme is accurate?
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Hybrid method

‚‚ Work in progress with J. Bell (LBNL)

‚‚ Previous work: Bell, Foo, Garcia - for stochastic Burgers’ [BFG07]

Donev, Bell, Garcia, Alder - FHD [DBGA10]
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Hybrid method for DK

35 / 40



Approximated DK

‚‚ Motivation/application: opinion dynamics
‚‚ formal SPDE: Dean - Kawasaki equation: non-robust martingale solution

dµN “
1

2
∆µNdt`

1
?
N

∇ ¨ p
a

µNdW q, µ0 “
1

N

N
ÿ

i“1

δxi

‚‚ Modified Dean-Kawasaki equation

dµ̃Nt “
1

2
∆µ̃Nt dt`

1
?
N

∇ ¨ pfδpµ̃N qdWMN q

‚‚ Well-posedness results

‚‚ Preservation of non-negativity and conservation of mass

‚‚ Model error estimate:

|ErF pρ̃Nt qs ´ ErF pρNt qs| ď N´k `N´1´ 1
d{2`1 p1` logNq

‚‚ Numerical approximation: weak error estimate – in progress

‚‚ Outlook: Interacting particles - nonlinear SPDE approximation
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Thank you for your attention!
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