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Why	Synthe5c	Quantum	Systems

Almost	all	materials	are	made	of	the	same	ingredients:

• Periodic	arrangement	of	ionic	cores	

• Electrons	hopping	between	sites	

• Coulomb	interac5ons

Scien5fic	American

SuperconductorsMetals

maximummetals finolex

Insulators

ceramics.org

Generalized	material:

• Periodic	arrangement	of	la-ce	sites	

• Par5cles	hopping	between	sites	

• Par5cle-par5cle	interac5ons

• Many	different	ways	to	make	this	

• Many	different	ways	to	control	this	

• Different	realiza5ons	probe	different	ques5ons



Outline

• Coplanar	Waveguide	(CPW)	La-ces	

• Deformable	la-ce	sites	

• Line-graph	la-ces	

• Interac5ng	photons	

• Band	Engineering	

• Hyperbolic	la-ce	

• Gapped	flat	bands	

• Mathema5cal	Connec5ons	

• Bounds	on	gaps	in	graph	spectra	

• Connec5ons	to	quantum	error	correc5on	

• Fullerene	spectra	

• Experimental	Data



Microwave	Coplanar	Waveguide	Resonators

• 2D analog of coaxial cable 

• Cavity defined by cutting center pin 

• Voltage antinode at “mirror”

Blais	et	al.,	PRA	69,	062320	(2014)

Modes of Transmission Lines Resonators

Fig. 2.6 Schematic illustration of a typical coplanar waveguide (CPW) resonator used in

circuit QED together with its discretized lumped-element equivalent circuit. The qubit lies

between the center pin and the adjacent ground plane and is located at an antinode of the
electric field, shown in this case for the full-wave resonance of the CPW. From Blais et

al.(2004).

Each segment of the line of length dx has inductance ! dx and the voltage drop along
it is −dx ∂x∂tΦ(x, t). The flux through this inductance is thus −dx ∂xΦ(x, t) and the
local value of the current is given by the constitutive equation

I(x, t) = −
1

!
∂xΦ(x, t). (2.121)

The Lagrangian for a system of length L (L is not to be confused with some discrete
inductance)

Lg ≡
∫ L

0
dxL(x, t) =

∫ L

0
dx

[
c

2
(∂tΦ)

2 −
1

2!
(∂xΦ)

2

]
, (2.122)

The Euler-Lagrange equation for this Lagrangian is simply the wave equation

v2p∂
2
xΦ− ∂2tΦ = 0. (2.123)

The momentum conjugate to Φ(x) is simply the charge density

q(x, t) ≡
δLg

δ∂tΦ
= c∂tΦ = cV (x, t) (2.124)

and so the Hamiltonian is given by

H =

∫ L

0
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{
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}
. (2.125)
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Adding	Non-Linearity

monicity, and the realization of strong coupling to the trans-
mission line resonator. In addition, the dispersive regime of
the coupled system is described by an ac Stark shift Hamil-
tonian in complete analogy to the regular CPB, allowing for
the transfer of control and readout protocols from the CPB to
the transmon system.

The effort to reduce the noise susceptibility in solid-state
qubits based on Josephson junctions has led to a variety of
different qubit types. Usually, these designs achieve a noise
suppression in one particular channel, oftentimes accompa-
nied by a tradeoff with respect to noise in other channels.
Flux qubits !10,11" operate at EJ /EC ratios similar to those of
the transmon, i.e., EJ /EC#102–103. Accordingly, flux qubits
reach an insensitivity to charge noise comparable to the
transmon. However, flux qubits will typically show a signifi-
cantly larger susceptibility to flux noise, especially when op-
erated away from the flux sweet spot. Phase qubits !12" trade
in a slight increase in critical-current noise sensitivity for a
drastic suppression of charge noise. Recent devices using
inductive coupling to establish a current bias !17" may also
face increased flux sensitivity.

Remarkably, the transmon achieves its exponential insen-
sitivity to 1/ f charge noise without incurring a penalty in the
form of increased sensitivity to either flux or critical-current
noise. This advantage can be illustrated by comparing the
transmon to the traditional CPB, as shown in Table I. As
discussed above, the transmon is in fact comparatively less
sensitive to flux and critical-current noise than the CPB. In
fact, even without any reduction in the canonical 1 / f noise
intensities, we predict that a transmon qubit operated at the
flux sweet spot should be limited only by the effects of re-
laxation. In conclusion, we are confident that the transmon
will belong to a new generation of superconducting qubits
with significantly improved coherence times and scalability.
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APPENDIX A: FULL NETWORK ANALYSIS

For completeness, we describe the modeling of the trans-
mon device starting from an analysis of the full capacitance
network !56". This network is depicted in Fig. 12$a%. It is
based on the capacitances between the various conducting
islands, see Fig. 12$b%. For a minimal model, we take into
account the two ground planes and center pin of the trans-
mission line resonator as well as the two islands connected
through the Josephson junctions. In the actual device, the dc

bias is supplied via an additional capacitance to the center
pin. For simplicity, we restrict our network to five islands in
Fig. 12, considering only the effective voltage V between
bottom ground plane and center pin.

By Thévenin’s theorem, any single-port linear network of
impedances and voltage sources can be substituted by an
equivalent circuit consisting of one voltage source V! and
one impedance. In our particular case it is useful to retain the
original gate voltage source Vg in the equivalent circuit. This
can be accomplished by allowing for one additional imped-
ance, as shown in Fig. 12$c%. The two effective capacitances
can be interpreted as an effective gate capacitance Cg and an
effective shunting capacitance CB. Together, they adjust for
the correct voltage seen from the Josephson-junction port via
the parameter !=Vab /Vg=Cg /C" and the total capacitance
C"=CB+Cg+CJ between the nodes a and b; see Fig. 12$c%.
$In the following, we absorb the junction capacitance into
CB.%

The parameters ! and C" are extracted from the full ca-
pacitance network as follows. Each conducting island, enu-
merated by i=1, . . . ,n, is associated with a certain charge Qi
and a potential #i $with respect to infinity%. These obey the
linear relation Qi=& jCij# j. For each island, we know either
its charge or its potential. Let us choose the island enumera-
tion such that for islands i$ i0, the charges Qi

* are known,
whereas for i% i0 the potentials #i

* are known. $Here, the
additional star signals that the quantity is known.% We thus
have the following system of linear equations:

Qi
* = &

j$i0

Cij# j + &
j%i0

Cij# j
* for i $ i0, $A1%

Qi = &
j$i0

Cij# j + &
j%i0

Cij# j
* for i % i0, $A2%

from which we can determine the unknown quantities
#1 , . . . ,#i0

,Qi0+1 , . . . ,Qn. With the solution, we can immedi-

FIG. 12. $Color online% $a% Full capacitance network for the
transmon device. $b% Simplified schematic of the transmon device
design $not to scale%. $c% Reduced network.
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 Anharmonic oscillator

Ĥ = 4EC n̂
2 � EJ cos '̂

L̂z= !r!p" ·ez=−i" !
!# , so that the rotor’s Hamiltonian reads

Hrot =
L̂z

2

2ml2
− mgl cos # . !2.6"

Identifying the !integer-valued" number operator for Cooper
pairs with the angular momentum of the rotor, n̂↔ L̂z /", and
relating EJ↔mgl, EC↔ !"2 /8ml2", one finds that the rotor
Hamiltonian is identical to the transmon Hamiltonian with
ng=0.

To capture the case of a nonzero offset charge, we imag-
ine that the mass also carries an electrical charge q and
moves in a homogeneous magnetic field with strength B0 in z
direction. Representing the magnetic field by the vector po-
tential A=B0!−y ,x ,0" /2 !symmetric gauge" and noting that
the vector potential enters the Hamiltonian according to

p → p − qA ⇒ Lz → Lz + 1
2qB0l

2, !2.7"

one finds that the offset charge ng can be identified with
qB0l2 /2". This establishes a one-to-one mapping between
the transmon system and the charged quantum rotor in a
constant magnetic field. We emphasize that for the transmon
!and CPB" the island charge is well defined so that n̂ has
discrete eigenvalues and # is a compact variable leading to
$!#"=$!#+2%". In the rotor picture, this corresponds to the

fact that the eigenvalues of the angular momentum L̂z are
discrete and that the “positions” # and #+2% are identical. It
is important to note that this mapping is different from the
tilted washboard model used within the context of resistively
shunted junctions, see, e.g., #27$, and must not be confused
with this case.

In the transmon regime, i.e., large EJ /EC, the dynamics of
the rotor is dominated by the strong gravitational field. Ac-
cordingly, small oscillation amplitudes around #=0 are fa-
vored; see Fig. 3. Perturbation theory for small angles imme-

diately leads to an anharmonic oscillator with quartic
perturbation !Duffing oscillator". !This method will be em-
ployed in Sec. II C to obtain the leading-order anharmonicity
corrections." However, the charge dispersion &m cannot be
captured in such a perturbative picture. Within the perturba-
tive approach !at any finite order" the # periodicity is lost
and the angular variable becomes noncompact, −' (#('.
Now, in the absence of the boundary condition $!#+2%"
=$!#" the vector potential can be eliminated by a gauge
transformation. In other words, the effect of the offset charge
ng only enters through the rare event of a full 2% rotation, in
which case the system picks up an Aharonov-Bohm-type
phase. This corresponds to “instanton” tunneling events
through the cosine potential barrier to adjacent wells, and
explains the WKB-type exponential decrease of the charge
dispersion. It is interesting to note that the nonvanishing
charge dispersion is truly a nonperturbative quantum effect,
which can be ascribed to the discreteness of charge or
equivalently to the peculiar role of the vector potential in
quantum mechanics leading to the Aharonov-Bohm effect.

The comparison between the exact result for the charge
dispersion and the asymptotic expansion is depicted in Fig.
4!a". The requirements on the largeness of EJ /EC are seen to
become stricter for increasing level index. For the transmon,
we will mainly focus on the lowest two levels, for which Eq.
!2.5" constitutes a very good approximation when EJ /EC
)20. Asymptotically, the differential charge dispersion
!E01/!ng is dominated by the contribution from the first ex-
cited level, so that from Eqs. !2.3" and !2.5" we have

FIG. 3. !Color online" !a" Rotor analogy for the transmon. The
transmon Hamiltonian can be understood as a charged quantum
rotor in a constant magnetic field %ng. For large EJ /EC, there is a
significant “gravitational” pull on the pendulum and the system
typically remains in the vicinity of #=0. Only tunneling events
between adjacent cosine wells !i.e., a full 2% rotor movement" will
acquire an Aharonov-Bohm-type phase due to ng. The tunneling
probability decreases exponentially with EJ /EC, explaining the ex-
ponential decrease of the charge dispersion. !b" Cosine potential
!black solid line" with corresponding eigenenergies and squared
moduli of the eigenfunctions.

FIG. 4. !Color online" Comparison of numerically exact and
asymptotic expressions for the charge dispersion and energy levels.
!a" Charge dispersion &&m& as a function of the ratio EJ /EC for the
lowest four levels. The solid curves depict the exact results using
Mathieu characteristic values, the dashed curves represent the
asymptotic expansion, Eq. !2.5". The right vertical scale gives the
charge dispersion in MHz for a transition frequency of 7 GHz. !b"
Energy level difference E0m=Em−E0 at ng=1/2 as a function of the
EJ /EC ratio. Solid curves show the exact results; dashed lines are
based on the asymptotic expression !2.11". The vertical scale on the
right-hand side gives the transition frequencies from the ground
state to level m in GHz, assuming a charging energy of EC /h
=0.35 GHz. All numerical data are obtained for ng=1/2.
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Koch	et	al.	PRA	76,	042319	(2007)

The	Transmon	Qubit Pu<ng	Them	Together

• CPWs are easy to control and pattern 

• Qubits give non-linearity or act as 
quantum magnets



CPW	La-ces

• Capacitive coupling of resonators  

• Photonic material 

• t < 0, constant function at high energy

HTB = !0

X

i

a
†
iai � t

X

<i,j>

(a†iaj + a
†
jai)

Underwood	et	al.	PRA	86,	023837	(2012)
Houck	et	al.	Nat	Phys	8,	(2012)

multiple of the identity graph adjacency matrix



Deformable	Resonators

• Frequency depends only on length 

• Coupling depends on ends  

• “Bendable”



Layout	and	Effec5ve	La-ces

Resonator	La-ce Effec5ve	Photonic	La-ce

• An edge on each resonator • A vertex on each resonator
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Outline

• Coplanar	Waveguide	(CPW)	La-ces	

• Deformable	la-ce	sites	

• Line-graph	la-ces	

• Interac5ng	photons	

• Band	Engineering	

• Hyperbolic	la-ce	

• Gapped	flat	bands	

• Mathema5cal	Connec5ons	

• Bounds	on	gaps	in	graph	spectra	

• Connec5ons	to	quantum	error	correc5on	

• Fullerene	spectra	

• Experimental	Data



Projec5ng	to	Flat	2D
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Heptagon-Kagome	Device

• 2 shells 

• Operating frequency: 16 GHz 

• 4 input-output ports

Kollár	et	al.	Nature	571	(2019)



Spectrum	Calcula5ons

• No Bloch theory 

• Graph theory  

• Finite-size numerics

Hyperbolic geometry is non-
commutative
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Line-Graph	La-ces
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Band	Structure	Correspondence
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Band	Structure	Correspondence
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EffecJve	Hamiltonian
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• Bounded	self-adjoint	operator	on	L(X)
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Incidence	Operator
• From	X	to	L(X)

Layout	Tight-Binding	Hamiltonian
• Bounded	self-adjoint	operator	on	X
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Density	of	States	and	Flat-Band	States
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Outline

• Coplanar	Waveguide	(CPW)	La-ces	

• Deformable	la-ce	sites	

• Line-graph	la-ces	

• Interac5ng	photons	

• Band	Engineering	

• Hyperbolic	la-ce	

• Gapped	flat	bands	

• Mathema5cal	Connec5ons	

• Bounds	on	gaps	in	graph	spectra	

• Connec5ons	to	quantum	error	correc5on	

• Fullerene	spectra	

• Experimental	Data



Other	Maximal	Gaps?

• Even	larger	gaps	possible	at	other	energies?	

• Where	can	planar	graphs	have	gaps?

Two	Driving	QuesJons

Kollár	et	al.	Comm.	AMS	1,1	(2021)	

• Have	found	2	such	gaps.	

• Conjecture	that	these	are	the	only	ones.

�/2�

�/2�

ai bi

aii

bii

aiii

biii
�/2�

�/2�

ai bi

aii

bii

aiii

biii

�/2�

�/2�

ai bi

aii

bii

aiii

biii

�/2�

�/2�

ai bi

aii

bii

aiii

biiiThm:
No	large	3-regular	graph	can	have	a	gap	
larger	than	2.	

A.K.A.	
n=2,	m=0	carbon	nanotube

Guo,	Mohar	Lin.	Alg.	and	Appl.	449,	68-75	(2014)	



Abelian	Covers	and	Planar	Gaps

Thm:
All	points	in	[-3,3)	can	be	gapped	by	
large	3-regular	planar	graphs.	

• Ini5al	energies	are	k=0	energies	of	
the	la-ce	
• Small	graphs	and	their	spectra	

tabulated.	

• “Periodic	table”	of	unit	cells	to	
start	from.

a

b

c

d

eFour	Seeds
a

b

c

d

e

• Combined	gaps	cover	[-3,2√2].	

• Itera5on	of	L(S(X))	covers	the	rest.	

• Use	method	of	Abelian	covers	to	
construct	examples.	
• “Unwrap”	small	graph	to	form	la-ce

Kollár	et	al.	Comm.	AMS	1,1	(2021)	

New	La<ce	Viewpoint



Line	Graphs	and	Quantum	Error	Correc5on

Chapman	et	al.	Quantum	4,	278	(2020)	 Chapman,	Flammia,	AJK,	PRX	Quantum	3,	03021	(2022)	

Thm:	(Chapman	and	Flammia)
A	spin	model	can	be	solved	exactly	by	
mapping	to	non-interac5ng	fermions	via	the	
Jordan-Wigner	transforma5on	if	and	if	only	
the	an5commuta5on	rela5ons	of	its	terms	
have	the	structure	of	a	line	graph.	

Numerical	Phenomenology

• Large	gap	

• But	not	the	
ground	state

• Large	gap	

• And	the	
ground	state

Error	suppression	is	limited	by	the	skew	
energy	differences	between	
orientaJons,	not	single-parJcle	gaps

• Relevant	quan55es	from	an	
oriented	version	of	the	root	graph	
• Sum	of	absolute	values	of	the	

eigenvalues	

• a.k.a.	“skew”	energy	

• Single-par5cle	excita5on	gap	
• Difference	between	middle	two	

eigenvalues	in	one	orienta5on	

• Skew	energy	gap	
• Difference	between	the	sum	of	

the	absolute	values	of	the	
eigenvalues	in	two	different	
orienta5ons

Two	Relevant	Spectral	Gaps



Outlook:	Nanotubes	and	Fullerenes

Kollár,	Sarnak,	Wei,	in	Prepara5on	(2023)	

• Previous	result:	
• Gaps	anywhere	except	3	

• If	you	let	the	size	of	the	faces	diverge	

•What	happens	if	you	limit	the	size	of	the	faces?

• Planar	

• 3-regular	

• Faces	of	at	most	6	sides

New	Class	of	Graphs
Turns	out	that	the	
“nantoube”	graphs	
we	keep	seeing	are	
incredibly	important.

• Can	be	made	planar	
• Only	hexagonal	and	

triangular	faces	

• gap	=	[-1,1]	

• Largest	possible	gap

• Planar	
• Only	hexagonal	and	pentagonal	faces	

• Largest	possible	gap	with	no	squares	or	triangles
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To get upper bounds on �(�̄Xm), we need to know more about what Xm looks
like outside the pointed neighborhoods of vm. Let � be a simple closed path in a
nanotube N which divides in into two pieces N� and N+, � = V (N�) \ V (N+).
An example � and the resulting N+ and N� is shown in Fig.

fig:cappingprocedure

10 a for the case of
N5,0.

Figure 10. Capping a nanotube a An infinite nanotube withfig:cappingprocedure

a dividing path � (shown in orange) separating it into two halves
N+ and N�. b Doubly capped version of the same nanotube. The
two dividing paths � and ⇣ are shown in orange, and the capping
graphs Y and Z in red. In this case the two caps are identical, but
in general, they need not be.

Denote the vertices of N+ which are of degree two by v1, . . . , vk. All of these
points are comtained in �. If Y is a finite connected graph with k vertices of
degree two w1, . . . , wk, and the rest of degree 3, then we define the left capping of
N by Y along �, denoted N+(�, Y ) to be the 3-regular graph whose vertex set is
V (N+) t V (Y ), and whose edges are those already in the induced graphs N+ and
Y , with vj joined to wj , j = 1, . . . , k. Thus, N+(�, Y ) consists of an infinite one-
sided nanotube which is capped along � with Y sewn in as the cap. An example
of � and Y for the nanotube N5,0 is shown in Fig.

fig:cappingprocedure

10 b.

Nanotubes30 ALICIA J. KOLLÁR, PETER SARNAK, AND FAN WEI

Figure 7. Nanotubes Sketch of how a nanotube is formedfig:nanotubes

from the honeycomb. a A flake of honeycomb lattice containing
one fundamental domain of the n = 2, m = 1 nanotube. The two
lattice vectors ~a1 and ~a2 are shown in red and orange, and the
chircal vector ~c which maps back to the origin is shown in green.
The resulting fundamental domain is indicated by the light-blue
rectangle. b The nanotube graph after identifying vertices which
are equivalent modulo ~c. Edges which connect the two sides of
the strip are indicated with light-blue arcs. c The hexagonal first
Brillouin zone with the two inequivalent Dirac points K and K

0

indicated in red and yellow. Red lines indicate the allowed values
of the ~k for this nanotube (see (

eq:valuek

3.8)).

These minima are known as Dirac points and come in two in-equivalent classes
denoted by ~K = (0, 4⇡/2a) and ~K0 = (0,�4⇡/2a), as shown in Fig.

fig:graphene

6.
Since translates of the Brillouin zone are equivalent, we can compute the spec-

trum of a nanotube by finding the set of energies E(~k) which occur along the special

lines in k-space, shown as red lines in Fig.
fig:graphene

6 c. Since ~k is continuous along these
lines, and the bands are also continuous function of ~k, the resulting nanotube spec-
trum must consist of continuous intervals from the two bands. Additionally, these
lines always pass through the origin where E(~k) takes on its extremal values of 3
and �3. Therefore, the spectra of all infinite nanotubes is of the form

eqn:firstSpecBound0eqn:firstSpecBound0 (3.9) �(n,m) = [�3,�be] [ [be, 3], be 2 [0, 3).

The band edge be will occur at 0 if the line of allowed ~k passes through one of the
Dirac points, and will be finite and strictly positive otherwise.

Consider first only the upper band (Eq.
eqn:grapheneEs

3.3 with the plus sign, and the blue
surface in Fig.

fig:graphene

6 c and d). The maximum energy 3 is obtained at the origin when

kx = ky = 0. Following the line of allowed ~k away from the origin produces a
continuous set of eigenvalue smaller than 3. When the line exits the Brillouin zone,



Outlook:	Nanotubes	and	Fullerenes

Kollár,	Sarnak,	Wei,	in	Prepara5on	(2023)	

Fullerene	Graphs

• 3-regular	

• Only	hexagonal	and	

pentagonal	faces

•C60	molecule	

•No	gaps	at	large	size

Spherical	Fullerenes
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`
2(V (X)) and define the operator Â on `

2(V (X)) by

eqn:hatAeqn:hatA (4.7) Âf(v) =

(
AN+f(v) for v 2 V (N+)

0 v 2 V (Y ).

Clearly

eqn:sigmahatAeqn:sigmahatA (4.8) �(Â) = �(AN+) [ {0},

where again {0} is of finite multiplicity. Now, the operator �̄X � Â is of rank at
most k + |Y |, and applying Krein-Weyl together with Eqns.

eqn:specN+

4.3 and
eqn:sigmahatA

4.8 yields the
proof of Poposition

prop:Pprop4

4.5.
Next we consider the spectrum of long, double-capped (hence finite) nanotubes

that can be created from N . Let � and ⇣ be two simple closed separating curves
on N which are far apart. Cap � on the left with a finite graph Y and similarly
cap ⇣ on the right by Z. One example of this is shown for N5,0 in Fig.

fig:cappingprocedure

10 b. Let l
denote the distance between � and ⇣. The resulting finite 3-regular graphs X are
denoted by N(Y, Z, l). The exact graphs depend on the precise attachments, but
the following shows that the behavior of the spectra of N(Y, Z, l) as l ! 1 does
not. It is clear from Example

example3

4.4 that �(�̄X) becomes dense in �(N) as l ! 1,
and the following gives the location of the rest of the spectrum.

prop:Pprop5 Proposition 4.6. Let X = N(Y, Z, l) as above with Y and Z and their boundaries
� and ⇣ fixed, there is a constant  = (Y, Z,N) which does not depend on l such
that �(�̄X) has at most  exceptional eigenvalues in (�aN , aN ). Moreover, as
l ! 1, these eigenvalues break up into two sets. The first set has m+ n elements,
where m is the number of exceptional eigenvalues of the left-sided cap N+(�, Y )
and n is the number of exceptional eigenvalues of the right-sided cap N�(⇣, Z), as
defined in Proposition

prop:Pprop4

4.5. These m+ n eigenvalues converge to the corresponding
exceptional eigenvalues of the one-sided cap as l ! 1. The remaining exceptional
eigenvalues in the second set, if there are any, converge to either +aN or �aN as
l ! 1.

Proof:

Insert proof.
subsec:exact50calc

4.4. The Spectrum of the One-Sided Fullerene Capping of the N5,0 Nan-
otube.
Something about how this example is needed for the proof of Theorem XYZ. I
don’t like having this massive calculation with no preamble at all.

thm:spectrumN50 Theorem 4.7. The essential spectrum of N5,0 when Fullerene capped on one side
is the two intervals (�3,�E5,0) [ (E5,0, 3), where

E5,0 =
p
1 + 4 cos(⇡/10) cos(21⇡/30) + 4 cos2(21⇡/30) = 0.382 . . . .

and the point spectrum consists of three points

(1) �a = 0.288 . . .
(2) �b = 0.360 . . .
(3) �c = �2.142 . . . ,

each with multiplicity two. The first two are exceptional eigenvalues which fall
outside the essential spectrum, and the last is bound state in the continuum.

SPECTRAL RIGIDITY FOR PLANAR CUBIC GRAPHS 47

relation:

lim
l!1

�cap(n,m, l) ! �(n,m) [ {�c

i
},eqn:cappedTubeSpec (4.33)

where �cap(n,m, l) denotes the spectrum of a capped Nn,m of length l, and �(n,m)
denotes the spectrum of the corresponding perfect infinite nanotube. {�c

i
} corre-

spond to localized eigenstates stemming from the cap. This establishes Theorem
thm:fullereneBulkGaps

4.8.
In order to identify the exact set of points that may be gapped using Fullerenes,

we must consider the set of Fullerene-capable nanotubes and the exceptional eigen-
values induced by their cappings. The nanotube N5,0 has the largest gap of all
Fullerene cappable nanotubes, so its bulk gap and exceptional eigenvalues will set
the primary limits on the possible gaps for Fullerenes. Probably will be theorem
numbers to reference once the intro gets rewritten. Also needs so stitching here.

Armed with the exact exceptional eigenvalues of the Fullerene capping of N5,0

computed in Section
subsec:exact50calc

4.4, we can prove the following theorem:

thm:fullereneMaxGapSet Theorem 4.9. The set IF = (�E5,0, 0.360 . . .) [ (0.360 . . . , E5,0) is the largest
almost gap set of Fullerenes, where

E5,0 =
p
1 + 4 cos(⇡/10) cos(21⇡/30) + 4 cos2(21⇡/30) = 0.382 . . . .

I.e., every point in the interval (�E5,0, E5,0) can be gapped except the single excep-
tional eigenvalue 0.360 . . ., and no gaps are possible outside this interval.

Proof: The nanotube N5,0 is the smallest-diameter Fullerene-cappable nanotube
BrinkmanCensus

[4], and it has the largest gap (�E5,0, E5,0) = (�0.382 . . . , 0.382 . . .). The cap for
this nanotube is unique

BrinkmanCensus

[4], and the spectrum of the capped nanotube was computed
numerically. In addition to the bulk bands, it includes two exceptional eigenvalues
�a = 0.288 . . . and �b = 0.360 . . ., each of which is of multiplicity four. The larger
exceptional eigenvalue is so large that it is not included in the gap of any other
Fullerene-cappable nanotube, and hence, this point can never be gapped.

The smaller exceptional eigenvalue falls within the bulk gaps of the N4,3 and
N5,1, which have gaps of (�0.293 . . . , 0.293 . . .) and (�0.308 . . . , 0.308 . . .), respec-
tively. The spectra for Fullerene-capped versions of these two nanotubes were also
computed numerically. In each case, at least on exceptional eigenvalue is induced,
but they are distinct from �a. Thus all points in (�E5,0, E5,0) may be gapped,
except �b = 0.360 . . ..

To complete the proof of
thm:fullereneMaxGapSet

4.9, it remains to show that there are no other ex-
ceptional eigenvalues near ±E5,0 which may have been overlooked due to finite
numerical resolution, and to find an exact expression for �b. To establish this re-
sult, we will compute the exceptional eigenvalues of the Fullerene capping of N5,0

exactly. The proof is given in the next section.
As described in Section

sec:capspectrum

??, when N5,0 is capped on both ends, then the solutions
above are no longer exact. The exact eigenvalues are shifted slightly, and the
corresponding eigenfunctions are symmetric and antisymmetric combinations of
states that decay exponentially from the left and right caps. As the length of the
capped nanotube increases, the correction induced by the second cap decreases with
the length of tube between the two caps, and the exceptional eigenvalues of N5,0

with two caps converge to those of the semi-infinite capped case with twice the
multiplicity.

Kroto	et	al.,	Nature	318,	14	(1985),	Nobel	Prize	Chem.	1996	

• Largest	possible	gap	for	a	Fullerene
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To get upper bounds on �(�̄Xm), we need to know more about what Xm looks
like outside the pointed neighborhoods of vm. Let � be a simple closed path in a
nanotube N which divides in into two pieces N� and N+, � = V (N�) \ V (N+).
An example � and the resulting N+ and N� is shown in Fig.

fig:cappingprocedure

10 a for the case of
N5,0.

Figure 10. Capping a nanotube a An infinite nanotube withfig:cappingprocedure

a dividing path � (shown in orange) separating it into two halves
N+ and N�. b Doubly capped version of the same nanotube. The
two dividing paths � and ⇣ are shown in orange, and the capping
graphs Y and Z in red. In this case the two caps are identical, but
in general, they need not be.

Denote the vertices of N+ which are of degree two by v1, . . . , vk. All of these
points are comtained in �. If Y is a finite connected graph with k vertices of
degree two w1, . . . , wk, and the rest of degree 3, then we define the left capping of
N by Y along �, denoted N+(�, Y ) to be the 3-regular graph whose vertex set is
V (N+) t V (Y ), and whose edges are those already in the induced graphs N+ and
Y , with vj joined to wj , j = 1, . . . , k. Thus, N+(�, Y ) consists of an infinite one-
sided nanotube which is capped along � with Y sewn in as the cap. An example
of � and Y for the nanotube N5,0 is shown in Fig.

fig:cappingprocedure

10 b.

Nanotube	Fullerenes
•Can	have	gaps

N5,0
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• Coplanar	Waveguide	(CPW)	La-ces	

• Deformable	la-ce	sites	

• Line-graph	la-ces	

• Interac5ng	photons	

• Band	Engineering	

• Hyperbolic	la-ce	

• Gapped	flat	bands	

• Mathema5cal	Connec5ons	

• Bounds	on	gaps	in	graph	spectra	

• Connec5ons	to	quantum	error	correc5on	

• Fullerene	spectra	

• Experimental	Data



Quasi-1D	La-ce	Design

Hardware	Layout

EffecJve	La<ce

Device	Design

4 mm

Band	Structure

• Flat bands 

• Gapped 

• Ungapped 

• Linear bands 

• Quadratic bands



Transmission
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Quasi-1D	La-ce	Device

Device

• 9 unit cells 

• 3 working qubits 

• Transmission ports

Qubit

Transmission
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) Qubit



Transmission	Measurements

Half-Wave	Modes

• Antisymmetric 
on-site wave 
function 

• Mixed sign 
hopping

Qubit

Differen5al	Transmission



Two-Tone	Spectroscopy	of	La-ce	Modes

Full-Wave	Modes

• Second harmonic 

• Symmetric on-site 
wave function

Cross-Kerr	Signal



Transmission	at	the	Full-Wave	Modes



Conclusion	and	Outlook

• Outlook	

• Synthe5c	graph	systems	

• Fullerene	spectra

Kollár	et	al.	Nature	571	(2019)
Kollár	et	al.	Comm.	Math.	Phys.	376,	1909	(2020)	

• Circuit	QED	la-ces	

• Ar5ficial	photonic	materials	

• Interac5ng	photons	

• Hyperbolic	la-ces	

• On-chip	fabrica5on	

• Flat-band	la-ces	

• Op5mal	gaps	

• Mathema5cal	Connec5ons	

• Graph	spectra	

• Quantum	error	correc5on

Boercher	et	al.	Phys.	Rev.	A	102,	032208	(2020)

Chapman,	Flammia,	AJK,	PRX	Quantum	3,	03021	(2022)	

Kollár	et	al.	Comm.	AMS	1,1	(2021)	

Bienias	et	al.	Phys.	Rev.	Ler.	128,	013601	(2022)
Boercher	et	al.	arXiv:2105.0187	(2021)	

Long,	AJK	et	al.	Phys.	Rev.	Ler.	128,	183602	(2022)	



Circuit	QED	La-ces:	Synthe5c	Quantum	Systems	on	Line	Graphs
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Full-Wave	Flat-Band	States



Tiling Polygon (n) Lattice Constant Medial Lattice Constant

7 0.566 0.492
8 0.727 0.633
9 0.819 0.714
10 0.879 0.767
11 0.921 0.804
12 0.952 0.831
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Hyperbolic	Numerics

Heptagon-Graphene

Octagon-Graphene



Hyperbolic	Numerics
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