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Why interested in Poincaré series ?

Naive misunderstanding : Poincaré series could give crystalline measures.
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What are crystalline measures ?

The Dirac comb.

Sum of exponentials converges in S'(R):

% Z e = Zé(s — 2mk).
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What are crystalline measures ?

The Dirac comb.

Sum of exponentials converges in S'(R):

% Z e = Zé(s — 2mk).

k€EZ kEZ

In other words, Dirac comb is a periodic measure supported on lattice Za:

u(x) = Z(S(x — ka),a > 0.

keZ
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What are crystalline measures ?

The Dirac comb.

Sum of exponentials converges in S'(R):
1 iks
gz:e :Zé(s—Zwk).
kez kez

In other words, Dirac comb is a periodic measure supported on lattice Za:

u(x) = Zé(x — ka),a > 0.

keZ

Fourier transform [i supported by dual lattice by Poisson summation.
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What are crystalline measures ?

.
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What are crystalline measures ?

Crystalline measures.

Definition (Y Meyer)

A crystalline measure p is a complex measure s.t. both u and ji are supported on locally finite
sets.
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What are crystalline measures ?

Crystalline measures.

Definition (Y Meyer)

A crystalline measure p is a complex measure s.t. both u and ji are supported on locally finite
sets. A crystalline distribution y is a tempered distribution s.t. both p and i are supported on
locally finite sets.

W (x) = ez 0 (x — ka), a > 0 is a crystalline distribution.
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What are crystalline measures ?

Crystalline measures.

Definition (Y Meyer)

A crystalline measure p is a complex measure s.t. both u and ji are supported on locally finite
sets. A crystalline distribution y is a tempered distribution s.t. both p and i are supported on
locally finite sets.

W (x) = ez 0 (x — ka), a > 0 is a crystalline distribution.

Definition (Y Meyer)

A crystalline measure . is exotic if support(u) is not a finite union of lattices.
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What are crystalline measures ?

Crystalline measures.

Definition (Y Meyer)

A crystalline measure p is a complex measure s.t. both u and ji are supported on locally finite
sets. A crystalline distribution y is a tempered distribution s.t. both p and i are supported on
locally finite sets.

W (x) = ez 0 (x — ka), a > 0 is a crystalline distribution.

Definition (Y Meyer)

A crystalline measure . is exotic if support(u) is not a finite union of lattices.

Challenge: find exotic crystalline measures and distributions.
Results by Kahane—Mandelbrojt, Guinand, Lev—Olevskii, Meyer, Sarnak—Kurasov,
Viazovska—Radchenko. Look for crystalline measures carried by length spectras.
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Poincaré series for amateurs in pictures.
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To Poincaré series

Poincaré series by and for serious people.

F. Paulin: Regards croisé sur les séries de Poincaré et leurs applications : Group I acts
on X, subgroup I'p C T, f lNp-invariant on X :

’)"67—"’*
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To Poincaré series

Poincaré series by and for serious people.

F. Paulin: Regards croisé sur les séries de Poincaré et leurs applications : Group I acts
on X, subgroup I'p C T, f lNp-invariant on X :

P(x) = Z f(yx).

Y€EM/To

Nguyen Viet Dang (Sorbonne Université) Poincaré Series and Convex Bodies on Flat Tori. 7/23



To Poincaré series

Spectral interpretation: trace formula

Trace formula principle: relate spectrum to integral geometry.
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To Poincaré series

Spectral interpretation: trace formula

Trace formula principle: relate spectrum to integral geometry. Vector field Oy generates
flow e~t% on St
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To Poincaré series

Spectral interpretation: trace formula

Trace formula principle: relate spectrum to integral geometry. Vector field Oy generates
flow e~ on S'. Spectrum o (dp) = iZ with eigenfunctions (€*?)xcz.
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To Poincaré series

Spectral interpretation: trace formula

Trace formula principle: relate spectrum to integral geometry. Vector field Oy generates
flow e~ on S'. Spectrum o (dp) = iZ with eigenfunctions (€*?)xcz.

/ (efae*aq) A bed = / 5(t+0— c1)o(6 — c)db
st st

27
= Z/ 0(t+ 0 — c1 +27wn)d(0 — 2)db
0

n€Z
itn in. —in.
= E o(t+2rn+c—a)= E e (<5C1,e ><5C2,e >)
neZ Z
integral geometric side spectral side
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tive curvature

First result.

51. Rlvl'éw,
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Surfaces negative curvature

From spectra to geometry.

Relates length spectrum and topology :

Suwiace
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Surfaces negative curvature

From spectra to geometry.

Relates length spectrum and topology :

Theorem (D.—Riviere 2020)

¢ holomorphic when Re(s) >> 1 has meromorphic extension to C.

Cclycz(o) = ﬁ = be 0 (1)
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About graphs.

Theorem (Dang-Mehmeti)

Schottky group T acting on Berkovich line P}", surface PL°" \ limit set/T, g number of
generators of [ genus,

—Sk(Cc,yC 1
Cc,c(s) = Z € fen )7 CC,C(O) = 17_ — 1.
ver g

Similar results on graphs by Anantharaman.

Nguyen Viet Dang (Sorbonne Université) Poincaré Series and Convex Bodies on Flat Tori. 11/23



Convex bodies in Torus

Simpler problem: two convex subsets on torus.

ogmd ﬂarvwm \ZMMJ K"‘E"‘-
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Convex bodies in Torus

Convex subsets in torii.

Ki, Kx C R convex and 0Ki,0K>, analytic, strictly convex hypersurfaces of RY.
p:RY — T projects on T¢,

a =p(9Ki),c =p(0K2).

C, |
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Convex bodies in Torus

Convex subsets in torii.

Ki, Kx C R convex and 0Ki,0K>, analytic, strictly convex hypersurfaces of RY.
p:RY — T projects on T¢,

a =p(9Ki),c =p(0K2).

Consider

C(Ch C2,S) _ Zefsl(’Y)
~

holomorphic on Re(s) > 0.
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Convex bodies in Torus

Work in progress

Theorem (Bonthonneau-D-Léautaud-Riviere, in progress)
Define N = {+i|¢|; &€ € 29}, near i|€| € A\ {0} : T k)
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Convex bodies in Torus

Work in progress

Theorem (Bonthonneau-D-Léautaud-Riviere, in progress)

Define A = {+£i|¢

€ €29, nearil¢] € A\ {0} :

((s) = — (@0t (s—iléhar+...) + log(s — ilE]) (bo + (s — ilED)br + ...
(s —i¢]) 2

if n odd
+ (bo+(s—il€)b1+...)

if n even

where (a;, bj)72 depend on K1, K>, €.

W&N\ S-0 ¢ d

a &»Te,ol JTG
(é(s) - 8_24 oi%' K2)+G(1) / ﬂiuzﬂ' otumss
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Convex bodies in Torus

Work in progress

Theorem (Bonthonneau-D-Léautaud-Riviere, in progress)

Define N = {%i|€]; € € Z9}, near i|¢| € A\ {0} :

C(S)—W(%HS*I’I&I)&%--) +  log(s —il¢]) (bo + (s — il€])br +...)
sS—1 2
if n odd
+ (bo+(s—il€)bi+...)
if n even

where (a;, bj)72 depend on K1, K>, €.
Ce,0,(S) has multivalued analytic continuation on strip in picture.

:
dom () dodd =

5
o = A

2,¢
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Convex bodies in Torus

Nilsson

Qjéq
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Convex bodies in Torus

Nilsson class

Definition
f Nilsson near z = 0 if moderate growth + finite determinations:
f= Z ai(z) log(z)"1 2",
finite

vi € N, ui € C, aj holomorphic.

Multivariate version has nice functorial properties, applications in PDE, oscillatory
integrals, Feynman integrals by Boutet de Monvel, Leray, Malgrange, Pham ...
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Transport by the geodesic flow.

Wy
Wy

M = S*T9 contact manifold. Coordinates (x;6) € T x S9!,

NN
~

eV (x;0) = (x + t0;0) € T? x s97*

Y

: 1V T
Geodesic flow generator V = 0.0,: | (" f)(x;0) = f(x + t6;0) ‘:
Given a distribution w € D'(STY):

e Vw(x;0) = w(x — t6;6).
f = e " w solves transport equation:

Oef +0.0F = 0, £(0,.) = w.
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Convex bodies in Torus

Transporting currents.

¥ ={(x;0),x € ¢;,0 L Tcci} unit normal to c;,

Wl\ W S“ﬂ' 4 6,eeduxic

i

ﬂp\{ 3‘
I
Ci
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Transporting currents. HMam&; 196 PL‘A

Y ={(x;0),x € ¢i,0 L Tici} unit normal to c¢;, de Rham current of integration [X;].
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Convex bodies in Torus

Transporting currents.

Y ={(x;0),x € ¢i,0 L Tici} unit normal to c¢;, de Rham current of integration [X;].
Geometrically, submanifold el® ™" (£;) emanating from ¥; and counting:

Number of arcs length < T = |e[°’T]V (1) Ny

A

_“ C'L C’l
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Convex bodies in Torus

Transporting currents.

Y ={(x;0),x € ¢i,0 L Tici} unit normal to c¢;, de Rham current of integration [X;].
Geometrically, submanifold el® ™" (£;) emanating from ¥; and counting:

Number of arcs length < T = |e[°’T]V (1) Ny

Proposition (Representation of el®71V (£;) as current)

Currents [¥;] in ST9, V generates geodesic flow.

[0V (5,)] = —/0 e V[Ey]dt

Integration current

1 . CT\I(Z'A
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Convex bodies in Torus

Intersection formula.

Proof.

8 [ —ve V[Ti]dt
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Convex bodies in Torus

Intersection formula.
Ll&-CMTM :Zv = Otiv + ivoi
Proof.
;
8 [ —ve V[Tildt= — [ dive v [E1]dt —/ rvde™V[L]dt
0

=0
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Convex bodies in Torus
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Convex bodies in Torus

Intersection formula.

Proof.
;
8 [ —ve V[Tildt= — [ dive V[E1]dt — / wde™V[E]dt = — [ Lve V[T1]dt
0

=0

= e_TV[Zl] — [Zl] D
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Convex bodies in Torus

Intersection formula.

Proof.
;
8 [ —ve V[Tildt= — [ dive V[E1]dt — / wde™V[E]dt = — [ Lve V[T1]dt
0

=0

= e_TV[Zl] — [Zl] D

Assume all intersections transverse, weight intersections:

((s)=> e = /O h (1=l veV[Ea]) e ot )
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Convex bodies in Torus

Intersection formula.

Proof.

;
8 [ —ve V[Tildt= — [ dive V[E1]dt — / wdeV[Ei]dt = — [ Lve V[T1]dt
0

| —
=0

= e V[x] - [x].

O

Assume all intersections transverse, weight intersections:

((s)=) e = /O h (1=l veV[Ea]) e ot

Key observation, the resolvent appears:

Cara(s) = = ([Tl (V + ) =)

Sw\auPA)\AJYrb\ TSN KV\M@L NoAT AN >
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Convex bodies in Torus

Viet Dang (Sorbonne Unive
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Idea from kinetic theory, Degond (1985).

Fourier transform in x, keep dependence in 0, for currents Uy = tv[X1], U = [X2] :

<U2,(v+s)—1ul>md - %d Z/ 0) +5) "L Ui(€,0)Ua(—£, 0)d* 0.
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Idea from kinetic theory, Degond (1985).

Fourier transform in x, keep dependence in 0, for currents Uy = tv[X1], U = [X2] :

<U2,(v+s)—1ul>md - %d Z/ 6) +5) " Ui(€,0)Us(—€, 0)d” 0.

Each &, multiplication operator by height function:
e Fe (SN — (g, ) Fel’(s7h).

AR
— <,
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Idea from kinetic theory, Degond (1985).

Fourier transform in x, keep dependence in 0, for currents Uy = tv[X1], U = [X2] :

<U2,(v+s)—1ul>md - %d Z/ 6) +5) " Ui(€,0)Us(—€, 0)d” 0.

Each &, multiplication operator by height function:
e Fe (SN — (g, ) Fel’(s7h).

Sums over resolvent of m :

G 2 [ limet ) e 0)T(=¢.0)d" 0

cezd
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Spectral theory of multiplication operator my.

f analytic Morse on S?7%, spectrum of m¢ : L2(S771) — L%(S¥71) is [inf(f), sup(f)].

Ex: My M)~ 12(5Y) o - —]

m%ﬁc }W‘JAM UMU(/—CM
j(}% 0) -5 ) b uyle) o - g 1}63@ )" wab)uylrl 4
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Convex bodies in Torus

Spectral theory of multiplication operator my.

f analytic Morse on S7* spectrum of mr: L2(S771) — L2(S971) is [inf(f),sup(f)]. But
if Us, Us, f analytic on S$9- L Oy, Oy, F holomorphic extension on Sg -1

/ U1 U; 4919
sd—1 f—s
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Convex bodies in Torus

Spectral theory of multiplication operator my.

f analytic Morse on S7* spectrum of mr: L2(S771) — L2(S971) is [inf(f),sup(f)]. But
if Us, Us, f analytic on S$9- L Oy, Oy, F holomorphic extension on Sg -1

/ Ui Us dd_10_/ U1,U2dd—19
sd—1 f—s a Sd_1C5571 1?75
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Convex bodies in Torus

Spectral theory of multiplication operator my.

f analytic Morse on S7* spectrum of mr: L2(S771) — L2(S971) is [inf(f),sup(f)]. But
if Us, Us, f analytic on S$9- L Oy, Oy, F holomorphic extension on Sg -1

/ U1U2dd—10:/ U1,U2dd—19:/ 1 Q
ga—1 f—s sd—1csd—1 f—s sd—1csd—1 (F? 5) hol. €AtoP
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Convex bodies in Torus

Spectral theory of multiplication operator my.

f analytic Morse on S77*, spectrum of mr: L2(S771) — L2(S971) is [inf(f),sup(f)]. But
if Us, Us, f analytic on §97¢ Oy, 0y, F holomorphic extension on Sg -1

/ U1U2dd—10:/ U1,U2dd—19:/ 1 Q
gi-1 f—s sa-1csd—t F—s se-1csg ! (F — s)holente

1
- — Q
et Vim(f)gd—1 (f — 5) hol. € Ator
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Convex bodies in Torus

Spectral theory of multiplication operator my.

f analytic Morse on S77*, spectrum of mr: L2(S771) — L2(S971) is [inf(f),sup(f)]. But
if Us, Us, f analytic on §97¢ Oy, 0y, F holomorphic extension on Sd L.

/ U1U2dd—10:/ U1,U2dd_19:/ 1
ga-1 f—s sd-tcsd—! f—s s9-1csd1 f

- (f — 5) hol.€AtoP

1
etVim(f)gd—1 (f — s)hol.€Atop
Stokes allows cycle deformatlon (K

| 54 })

o
{ &)
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Convex bodies in Torus

Thank you again for the invitation and for your attention.
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