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Summary of previous course

Thomas LECUIT   2025-2026

• Logic of information flow and information processing 
• Abstraction to characterise the logic: algorithmic level of analysis

• Conservation of the logic more fundamental than that of genes 
• Evolution by tinkering is constrained by the logic of functional systems

Course 3:  A logic view of information processing:  
Network motifs



Thomas LECUIT   2025-2026

• Deciphering the logic of biochemical and gene networks is possible 

• The existence of network motifs reflects evolutionary constraints on the 
search for algorithms that fulfil a computational task. 

• Examples of computational modules: 
• Response accelerator: NAR 
• Persistence detector: C-FFL 
• Noise filtering and Response delay: PAR 
• Pulse generator and Temporal waves: I-FFL and interlocked FFLs 
• Robustness: NAR 
• Some algorithms combine tasks: ie. PAR increases sensitivity but not noise.  
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aequal to the half-life of the gene product17. The faster 
the degradation rate, the shorter the response time. For 
proteins that are not actively degraded, as is the case for 
most proteins in growing bacterial cells, the response 
time is equal to one cell-generation time. This is a result 
of the dilution effect from cell growth.

Negative autoregulation. Negative autoregulation (NAR) 
occurs when a transcription factor represses the tran-
scription of its own gene17–19 (FIG. 1b). This network motif 
occurs in about half of the repressors in E. coli 5,17, and in 
many eukaryotic repressors10. NAR has been shown to 
display two important functions.

First, NAR speeds up the response time of gene cir-
cuits. This occurs when NAR uses a strong promoter to 
obtain a rapid initial rise in the concentration of pro-
tein X. When X concentration reaches the repression 
threshold for its own promoter, the production rate of 
new X decreases. Thus, the concentration of X locks 
into a steady-state level that is close to its repression 
threshold. This steady-state level can be adjusted over 
evolutionary time by mutations that cause variation 
in the repression threshold of X to its own promoter. 
By contrast, a simply regulated gene that is designed 
to reach the same steady-state level must use a weaker 
promoter. As a result, an NAR system reaches 50% of its 
steady state faster than a simply regulated gene (FIG. 1d). 
The dynamics of NAR show a rapid initial rise followed 
by a sudden locking into the steady state, possibly 
accompanied by an overshoot or damped oscillations. 
Response acceleration (or speed-up) by NAR has been 
demonstrated experimentally 17 using a fluorescently 
tagged repressor, TetR, that was designed to repress its 
own promoter (FIG. 1e). Speed-up in a natural context 
was demonstrated in the SOS DNA-repair system of 
E. coli, in which the master regulator, LexA, represses its 
own promoter20. These and many of the other experi-
ments discussed in this Review were made possible by 
fluorescent-reporter assays, which allow the transcrip-
tion dynamics of living cells to be measured with high 
resolution and accuracy21.

In addition to speeding responses, NAR can reduce 
cell–cell variation in protein levels. These variations are 
due to an inherent source of noise: the production rates 
of proteins fluctuate by tens of percents (reviewed in 
REF. 22) (FIG. 1f). This noise results in cell–cell variation 
in protein level. NAR can, in many cases, reduce these 
variations: high concentrations of X reduce its own 
rate of production, whereas low concentrations cause 
an increased production rate. The result is a narrower 
distribution of protein levels than would be expected 
in simply regulated genes (FIG. 1f), as demonstrated 
experimentally by Besckei and Serrano19,20,23. However, 
if the NAR feedback contains a long delay, noise can 
also be amplified.

Positive autoregulation. Positive autoregulation (PAR) 
occurs when a transcription factor enhances its own 
rate of production (FIG. 1c). The effects are opposite to 
those of NAR: response times are slowed and variation 
is usually enhanced.

Figure 1 | Simple regulation and autoregulation. 
a | In simple regulation, transcription factor Y is activated 
by a signal Sy. When active, it binds the promoter 
of gene X to enhance or inhibit its transcription rate. 
b | In negative autoregulation (NAR), X is a transcription 
factor that represses its own promoter. c | In positive 
autoregulation (PAR), X activates its own promoter. 
d | NAR speeds the response time (the time needed to 
reach halfway to the steady-state concentration) relative 
to a simple-regulation system that reaches the same 
steady-state expression. PAR slows the response time. 
e | An experimental study of NAR, using a synthetic gene 
circuit in which the repressor TetR fused to GFP represses 
its own promoter. High-resolution fluorescence 
measurements in living Escherichia coli cells show that 
this NAR motif has a response time about fivefold faster 
than a simple-regulation design. f | A schematic cell–cell 
distribution of protein levels. NAR tends to make 
this distribution narrower in comparison with simple 
regulation, whereas PAR tends to make it wider, and in 
extreme cases bimodal with two populations of cells. 
X/Xst, X concentration relative to steady state Xst.
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PAR slows the response time because at early stages, 
when levels of X are low, production is slow. Production 
picks up only when X concentration approaches the acti-
vation threshold for its own promoter. Thus, the desired 
steady state is reached in an S-shaped curve (FIG. 1d). 
The response time is longer than in a corresponding 
simple-regulation system, as shown theoretically24 and 
experimentally by Maeda and Sano25.

PAR tends to increase cell–cell variability. If PAR is 
weak (that is, X moderately enhances its own produc-
tion rate), the cell–cell distribution of X concentration 
is expected to be broader than in the case of a simply 
regulated gene (FIG. 1f). Strong PAR can lead to bimodal 
distributions, whereby the concentration of X is low 
in some cells but high in others. In cells in which the 
concentration is high, X activates its own production 
and keeps it high indefinitely. Strong PAR can therefore 
lead to a differentiation-like partitioning of cells into 
two populations25–27 (FIG. 1f). In some cases, PAR can 
be useful as a memory to maintain gene expression, as 
mentioned below (see the section on developmental 

networks). In other cases, a bimodal distribution is 
thought to help cell populations to maintain a mixed 
phenotype so that they can better respond to a stochastic 
environment (reviewed in REF. 28).

Feedforward loops
The second family of network motifs is the feedforward 
loop (FFL). It appears in hundreds of gene systems in 
E. coli6,9 and yeast7,10, as well as in other organisms11–16. 
This motif consists of three genes: a regulator, X, which 
regulates Y, and gene Z, which is regulated by both X 
and Y. Because each of the three regulatory interactions 
in the FFL can be either activation or repression, there 
are eight possible structural types of FFL (FIG. 2a).

To understand the function of the FFLs, we need to 
understand how X and Y are integrated to regulate the 
Z promoter29,30. Two common ‘input functions’ are an 
‘AND gate’, in which both X and Y are needed to activate 
Z, and an ‘OR gate’, in which binding of either regulator 
is sufficient. Other input functions are possible, such 
as the additive input function in the flagella system24,31 
and the hybrid of AND and OR logic in the lac pro-
moter32. However, much of the essential behaviour of 
FFLs can be understood by focusing on the stereotypical 
AND and OR gates. Each of the eight FFL types can thus 
appear with at least two input functions.

In the best studied transcriptional networks (E. coli 
and yeast), two of the eight FFL types occur much more 
frequently than the other six types. These common types 
are the coherent type-1 FFL (C1-FFL) and the incoherent 
type-1 FFL (I1-FFL)33,34,36. Here I discuss their dynamical 
functions in detail; the functions of all eight FFL types 
are described in REF. 34.

The C1-FFL is a ‘sign-sensitive delay’ element and a 
persistence detector. In the C1-FFL, both X and Y are 
transcriptional activators (FIG. 2b). I will first consider 
the behaviour of the FFL when the Z promoter has an 
AND input function, and then turn to the case of the 
OR input function.

With an AND input function, the C1-FFL shows 
a delay after stimulation, but no delay when stimula-
tion stops. To see this, let’s follow the behaviour of the 
FFL. When the signal Sx appears, X becomes active 
and rapidly binds its downstream promoters. As a 
result, Y begins to accumulate. However, owing to the 
AND input function, Z production starts only when Y 
concentration crosses the activation threshold for the 
Z promoter. This results in a delay of Z expression fol-
lowing the appearance of Sx (FIG. 3a). In contrast, when 
the signal Sx is removed, X rapidly becomes inactive. As 
a result, Z production stops because deactivation of its 
promoter requires only one arm of the AND gate to be 
‘shut off ’. Hence, there is no delay in deactivation of Z 
after the signal Sx is removed (FIG. 3a).

This dynamic behaviour is called sign-sensitive delay; 
that is, delay depends on the sign of the Sx step. An ON 
step (addition of Sx) causes a delay in Z expression, but 
an OFF step (removal of Sx) causes no delay.

The duration of the delay is determined by the bio-
chemical parameters of the regulator Y; for example, the 

Figure 2 | Feedforward loops (FFLs). a | The eight types 
of feedforward loops (FFLs) are shown. In coherent FFLs, 
the sign of the direct path from transcription factor X to 
output Z is the same as the overall sign of the indirect 
path through transcription factor Y. Incoherent FFLs have 
opposite signs for the two paths. b | The coherent type-1 
FFL with an AND input function at the Z promoter. 
c | The incoherent type-1 FFL with an AND input function 
at the Z promoter. SX and SY are input signals for X and Y.
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higher the activation threshold for the Z promoter by Y, 
the longer the delay. The delay that is generated by the 
FFL can be useful to filter out brief spurious pulses of 
signal. A signal that appears only briefly does not allow 
Y to accumulate and cross its threshold, and thus does 
not induce a Z response. Only persistent signals lead to 
Z expression (FIG. 3a).

The sign-sensitive delay function of this motif has 
been experimentally demonstrated in the arabinose-
utilization system of E. coli9 (FIG. 3b). A delay occurs 
after addition of the input signal cAMP, but not after 
its removal. This delay, of about 20 min, is on the same 
timescale as spurious pulses of cAMP that occur in 
the natural environment when E. coli transits between 
growth conditions.

When the Z promoter has OR logic, the FFL has the 
opposite effect to the AND case we have just discussed: 
with an OR input function, the C1-FFL shows no delay 
after stimulation, but does show a delay when stimu-
lation stops. To see this, note that when the signal Sx 
appears, X alone is sufficient to activate Z because of the 
OR-gate logic. If the signal suddenly stops after a long 
period of stimulation, X is no longer active, but the pres-
ence of Y is still enough to allow production of Z. Thus, 
the C1-FFL with OR logic allows continued production 
in the face of a transient loss of the input signal.

This behaviour was experimentally demonstrated in 
the flagella system of E. coli24 (FIG. 3c). The flagella motor 
genes are regulated in an FFL that has input functions 
that resemble OR gates (additive functions of the two 
activators FlhDC and FliA). The flagella FFL was found 
to prolong flagella gene expression after the input signal 
(active FlhDC) stopped, but no delay occurred when 
the input signal appeared. Mutations and conditions 
that inactivate the FliA gene in this FFL lead to a loss of 
this delay, resulting in immediate shut-off of the flagella 
genes once the input signal stops. The delay in the flag-
ella system, of about 1 hour, is comparable to the time 
that is needed for the biogenesis of a complete flagella 
motor.

The I1-FFL is a pulse generator and response accelerator. 
In the I1-FFL, the two arms of the FFL act in opposi-
tion: X activates Z, but also represses Z by activating the 
repressor Y (FIG. 2c). As a result, when a signal causes X 
to assume its active conformation, Z is rapidly produced 
(FIG. 4a). However, after some time, Y levels accumulate 
to reach the repression threshold for the Z promoter. As 
a result, Z production decreases and its concentration 
drops, resulting in pulse-like dynamics (FIG. 4b). In the 
extreme case that Y completely represses Z, the pulse 
drops to zero.

Pulse-like dynamics were experimentally demonstrated 
in a synthetic I1-FFL that was built of well-characterized 
bacterial regulators in E. coli35. In this FFL, the activa-
tor LuxR (X) was made to activate both a GFP reporter 
(Z) and the λ-repressor C1 (Y), which repressed the Z 
promoter.

In addition to pulse-like dynamics, the I1-FFL can 
carry out another dynamical function: response accel-
eration. In cases in which Y does not completely repress 

Figure 4 | The incoherent type-1 feeforward loop (I1-FFL) and its dynamics. 
a | The I1-FFL can generate a pulse of Z expression in response to a step stimulus of 
Sx. This occurs because once Y has passed its threshold (indicated by an orange 
circle) it starts to repress Z. b | The I1-FFL shows faster response time for the 
concentration of protein Z than a simple-regulation circuit with the same steady-
state expression level. c | An experimental study of the dynamics of the I1-FFL in the 
galactose system of E. coli. Response acceleration in the wild-type system (marked 
‘galE-WT’) is found following steps of the input signal (glucose starvation). The 
acceleration is disrupted when the effect of the repressor GalS is abolished by 
mutating its binding site in the promoter of the output gene operon galETK 
(marked ‘galE-mut’). T1/2, response time; Z/Zst, Z concentration relative to 
the steady state.
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Figure 3 | The coherent type-1 feedforward loop (C1-FFL) and its dynamics. a | The C1-FFL with an AND input 
function shows delay after stimulus (SX) addition, and no delay after stimulus removal. It thus acts as a sign-sensitive 
filter, which responds only to persistent stimuli. b | An experimental study of the C1-FFL in the arabinose system of 
Escherichia coli, using fluorescent-reporter strains and high-resolution measurements in living cells. This system 
(represented by red circles) shows a delay after addition of the input signal (cAMP), and no delay after its removal, 
relative to a simple-regulation system that responds to the same input signal (the lac system, represented by blue 
squares). c | The C1-FFL with an OR-like input function in the flagella system of E. coli shows a delay after signal 
removal but not after the onset of signal (represented by orange circles). Deletion of the ‘Y’ gene (FliA) abolishes this 
delay (represented by purple squares). Z/Zst, Z concentration relative to the steady state Zst.

R E V I E W S

NATURE REVIEWS | GENETICS  VOLUME 8 | JUNE 2007 | 453

Time (min) Time (min)
0 20 40 60 80 100 120 140 160

0.3
40

0.4

0.5

0.6

0.7

0.8

0.9

1

60 80 100 120 140 160
0

0.2

0.1

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Z/
Z st

Z/
Z st

1

10

Z = araBAD, 
araFGH

SX = cAMP

SY = arabinose

X

Y

20 30 40

0.1

0.2

0.3

0.4

0.5

0

0

0.5

1

Z
Y

In
pu

t S
x

Time (min)

Time

10 20 30 40

Time (min)

ON step of SX OFF step of SX

0.2

0.4

0.6

0.8

1

0

CRP

LacI

Z = lacZYA

SX = cAMP

SY = allolactose

AND

Z

0 2 4 6 8 10 12 14 16 18 20

0

0.5

1

0

0.5

1
a

b Arabinose system

SX X

Y

Z

FlhDC

FliA

OR

fliLMNOPQR

SX

SY

Z/
Z st

Z/
Z st

c

lacZYA

FliA deleted

araBAD

FliA present

SX 

Delay

AND

CRP

AraC

AND

ON step of SX OFF step of SXLac system

Figure 3 | The coherent type-1 feedforward loop (C1-FFL) and its dynamics. a | The C1-FFL with an AND input 
function shows delay after stimulus (SX) addition, and no delay after stimulus removal. It thus acts as a sign-sensitive 
filter, which responds only to persistent stimuli. b | An experimental study of the C1-FFL in the arabinose system of 
Escherichia coli, using fluorescent-reporter strains and high-resolution measurements in living cells. This system 
(represented by red circles) shows a delay after addition of the input signal (cAMP), and no delay after its removal, 
relative to a simple-regulation system that responds to the same input signal (the lac system, represented by blue 
squares). c | The C1-FFL with an OR-like input function in the flagella system of E. coli shows a delay after signal 
removal but not after the onset of signal (represented by orange circles). Deletion of the ‘Y’ gene (FliA) abolishes this 
delay (represented by purple squares). Z/Zst, Z concentration relative to the steady state Zst.
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Figure 3 | The coherent type-1 feedforward loop (C1-FFL) and its dynamics. a | The C1-FFL with an AND input 
function shows delay after stimulus (SX) addition, and no delay after stimulus removal. It thus acts as a sign-sensitive 
filter, which responds only to persistent stimuli. b | An experimental study of the C1-FFL in the arabinose system of 
Escherichia coli, using fluorescent-reporter strains and high-resolution measurements in living cells. This system 
(represented by red circles) shows a delay after addition of the input signal (cAMP), and no delay after its removal, 
relative to a simple-regulation system that responds to the same input signal (the lac system, represented by blue 
squares). c | The C1-FFL with an OR-like input function in the flagella system of E. coli shows a delay after signal 
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delay (represented by purple squares). Z/Zst, Z concentration relative to the steady state Zst.

R E V I E W S

NATURE REVIEWS | GENETICS  VOLUME 8 | JUNE 2007 | 453

Time (min) Time (min)
0 20 40 60 80 100 120 140 160

0.3
40

0.4

0.5

0.6

0.7

0.8

0.9

1

60 80 100 120 140 160
0

0.2

0.1

0.3

0.4

0.5

0.6

0.7

0.8

0.9
Z/

Z st

Z/
Z st

1

10

Z = araBAD, 
araFGH

SX = cAMP

SY = arabinose

X

Y

20 30 40

0.1

0.2

0.3

0.4

0.5

0

0

0.5

1

Z
Y

In
pu

t S
x

Time (min)

Time

10 20 30 40

Time (min)

ON step of SX OFF step of SX

0.2

0.4

0.6

0.8

1

0

CRP

LacI

Z = lacZYA

SX = cAMP

SY = allolactose

AND

Z

0 2 4 6 8 10 12 14 16 18 20

0

0.5

1

0

0.5

1
a

b Arabinose system

SX X

Y

Z

FlhDC

FliA

OR

fliLMNOPQR

SX

SY

Z/
Z st

Z/
Z st

c

lacZYA

FliA deleted

araBAD

FliA present

SX 

Delay

AND

CRP

AraC

AND

ON step of SX OFF step of SXLac system

Figure 3 | The coherent type-1 feedforward loop (C1-FFL) and its dynamics. a | The C1-FFL with an AND input 
function shows delay after stimulus (SX) addition, and no delay after stimulus removal. It thus acts as a sign-sensitive 
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Escherichia coli, using fluorescent-reporter strains and high-resolution measurements in living cells. This system 
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relative to a simple-regulation system that responds to the same input signal (the lac system, represented by blue 
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66   ◾   An Introduction to Systems Biology

4.5  THE MULTI-OUTPUT FFL CAN GENERATE 
FIFO TEMPORAL PROGRAMS

What might be the function of multi-output FFL? To address this question, we will consider 
a well-characterized case of the multi-output FFL and see that it can generate a FIFO 
temporal program, in contrast to the LIFO order generated by SIMs.

A multi-output FFL regulates the gene system for the production of !agella, E. coli’s 
outboard motors (Figure 4.8). When E. coli is in a comfortable environment with abundant 
nutrients, it divides happily and does not try 
to move. When conditions become worse, 
E. coli makes a decision to grow several motors 
attached to helical !agella (propellers), which 
allow it to swim. It also generates a navigation 
system that tells it where to go in search of 
a better life. We will explore this navigation 
system called chemotaxis in Chapter 9. For 
now, let’s consider the genes that make the 
parts of the !agella motor.

#e !agella motor is a 50-nm device built of 
about 30 types of protein (Figure 4.8; Macnab, 
2003). #e motor is electrical, converting the 
energy of proton in!ux to drive rotation at 
about 100 Hz. #e motor rotates the !agellum, 
which is about 10 times longer than the cell it 
is attached to (E. coli is about 1 micron long). 
Flagella rotation pushes the cell forward at 
speeds that can exceed 30 microns/sec.

#e motor is put together in stages (Figure 
4.8). #is is an amazing example of biological 
self-assembly, like throwing Lego blocks in 
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Dynamics of information processing

• Framework to understand and predict the emergence 
of cell states (e.g. bistability) 

• We need a framework to understand the transition 
between states: Dynamics

• Network motifs already provide an approach to deciphering the logic of 
dynamical responses (e.g. response acceleration or slow down, pulse waves).
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aequal to the half-life of the gene product17. The faster 
the degradation rate, the shorter the response time. For 
proteins that are not actively degraded, as is the case for 
most proteins in growing bacterial cells, the response 
time is equal to one cell-generation time. This is a result 
of the dilution effect from cell growth.

Negative autoregulation. Negative autoregulation (NAR) 
occurs when a transcription factor represses the tran-
scription of its own gene17–19 (FIG. 1b). This network motif 
occurs in about half of the repressors in E. coli 5,17, and in 
many eukaryotic repressors10. NAR has been shown to 
display two important functions.

First, NAR speeds up the response time of gene cir-
cuits. This occurs when NAR uses a strong promoter to 
obtain a rapid initial rise in the concentration of pro-
tein X. When X concentration reaches the repression 
threshold for its own promoter, the production rate of 
new X decreases. Thus, the concentration of X locks 
into a steady-state level that is close to its repression 
threshold. This steady-state level can be adjusted over 
evolutionary time by mutations that cause variation 
in the repression threshold of X to its own promoter. 
By contrast, a simply regulated gene that is designed 
to reach the same steady-state level must use a weaker 
promoter. As a result, an NAR system reaches 50% of its 
steady state faster than a simply regulated gene (FIG. 1d). 
The dynamics of NAR show a rapid initial rise followed 
by a sudden locking into the steady state, possibly 
accompanied by an overshoot or damped oscillations. 
Response acceleration (or speed-up) by NAR has been 
demonstrated experimentally 17 using a fluorescently 
tagged repressor, TetR, that was designed to repress its 
own promoter (FIG. 1e). Speed-up in a natural context 
was demonstrated in the SOS DNA-repair system of 
E. coli, in which the master regulator, LexA, represses its 
own promoter20. These and many of the other experi-
ments discussed in this Review were made possible by 
fluorescent-reporter assays, which allow the transcrip-
tion dynamics of living cells to be measured with high 
resolution and accuracy21.

In addition to speeding responses, NAR can reduce 
cell–cell variation in protein levels. These variations are 
due to an inherent source of noise: the production rates 
of proteins fluctuate by tens of percents (reviewed in 
REF. 22) (FIG. 1f). This noise results in cell–cell variation 
in protein level. NAR can, in many cases, reduce these 
variations: high concentrations of X reduce its own 
rate of production, whereas low concentrations cause 
an increased production rate. The result is a narrower 
distribution of protein levels than would be expected 
in simply regulated genes (FIG. 1f), as demonstrated 
experimentally by Besckei and Serrano19,20,23. However, 
if the NAR feedback contains a long delay, noise can 
also be amplified.

Positive autoregulation. Positive autoregulation (PAR) 
occurs when a transcription factor enhances its own 
rate of production (FIG. 1c). The effects are opposite to 
those of NAR: response times are slowed and variation 
is usually enhanced.

Figure 1 | Simple regulation and autoregulation. 
a | In simple regulation, transcription factor Y is activated 
by a signal Sy. When active, it binds the promoter 
of gene X to enhance or inhibit its transcription rate. 
b | In negative autoregulation (NAR), X is a transcription 
factor that represses its own promoter. c | In positive 
autoregulation (PAR), X activates its own promoter. 
d | NAR speeds the response time (the time needed to 
reach halfway to the steady-state concentration) relative 
to a simple-regulation system that reaches the same 
steady-state expression. PAR slows the response time. 
e | An experimental study of NAR, using a synthetic gene 
circuit in which the repressor TetR fused to GFP represses 
its own promoter. High-resolution fluorescence 
measurements in living Escherichia coli cells show that 
this NAR motif has a response time about fivefold faster 
than a simple-regulation design. f | A schematic cell–cell 
distribution of protein levels. NAR tends to make 
this distribution narrower in comparison with simple 
regulation, whereas PAR tends to make it wider, and in 
extreme cases bimodal with two populations of cells. 
X/Xst, X concentration relative to steady state Xst.

R E V I E W S

NATURE REVIEWS | GENETICS  VOLUME 8 | JUNE 2007 | 451

Cell generations

X/
X st

0 1 2 3 40.5 1.5 2.5 3.5 4.5 5
0

0.2

0.4

0.6

0.8

1

Cell generations

log X

X/
X st

N
um

be
r o

f c
el

ls

0 0.21 1 1.50.5 2 2.5 3
0

0.2

0.4

0.6

0.5

0.8

1

b c

Positive 
autoregulation

Negative 
autoregulation

Simple 
regulation

Y XX X

d

e

f

aequal to the half-life of the gene product17. The faster 
the degradation rate, the shorter the response time. For 
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time is equal to one cell-generation time. This is a result 
of the dilution effect from cell growth.

Negative autoregulation. Negative autoregulation (NAR) 
occurs when a transcription factor represses the tran-
scription of its own gene17–19 (FIG. 1b). This network motif 
occurs in about half of the repressors in E. coli 5,17, and in 
many eukaryotic repressors10. NAR has been shown to 
display two important functions.

First, NAR speeds up the response time of gene cir-
cuits. This occurs when NAR uses a strong promoter to 
obtain a rapid initial rise in the concentration of pro-
tein X. When X concentration reaches the repression 
threshold for its own promoter, the production rate of 
new X decreases. Thus, the concentration of X locks 
into a steady-state level that is close to its repression 
threshold. This steady-state level can be adjusted over 
evolutionary time by mutations that cause variation 
in the repression threshold of X to its own promoter. 
By contrast, a simply regulated gene that is designed 
to reach the same steady-state level must use a weaker 
promoter. As a result, an NAR system reaches 50% of its 
steady state faster than a simply regulated gene (FIG. 1d). 
The dynamics of NAR show a rapid initial rise followed 
by a sudden locking into the steady state, possibly 
accompanied by an overshoot or damped oscillations. 
Response acceleration (or speed-up) by NAR has been 
demonstrated experimentally 17 using a fluorescently 
tagged repressor, TetR, that was designed to repress its 
own promoter (FIG. 1e). Speed-up in a natural context 
was demonstrated in the SOS DNA-repair system of 
E. coli, in which the master regulator, LexA, represses its 
own promoter20. These and many of the other experi-
ments discussed in this Review were made possible by 
fluorescent-reporter assays, which allow the transcrip-
tion dynamics of living cells to be measured with high 
resolution and accuracy21.

In addition to speeding responses, NAR can reduce 
cell–cell variation in protein levels. These variations are 
due to an inherent source of noise: the production rates 
of proteins fluctuate by tens of percents (reviewed in 
REF. 22) (FIG. 1f). This noise results in cell–cell variation 
in protein level. NAR can, in many cases, reduce these 
variations: high concentrations of X reduce its own 
rate of production, whereas low concentrations cause 
an increased production rate. The result is a narrower 
distribution of protein levels than would be expected 
in simply regulated genes (FIG. 1f), as demonstrated 
experimentally by Besckei and Serrano19,20,23. However, 
if the NAR feedback contains a long delay, noise can 
also be amplified.

Positive autoregulation. Positive autoregulation (PAR) 
occurs when a transcription factor enhances its own 
rate of production (FIG. 1c). The effects are opposite to 
those of NAR: response times are slowed and variation 
is usually enhanced.

Figure 1 | Simple regulation and autoregulation. 
a | In simple regulation, transcription factor Y is activated 
by a signal Sy. When active, it binds the promoter 
of gene X to enhance or inhibit its transcription rate. 
b | In negative autoregulation (NAR), X is a transcription 
factor that represses its own promoter. c | In positive 
autoregulation (PAR), X activates its own promoter. 
d | NAR speeds the response time (the time needed to 
reach halfway to the steady-state concentration) relative 
to a simple-regulation system that reaches the same 
steady-state expression. PAR slows the response time. 
e | An experimental study of NAR, using a synthetic gene 
circuit in which the repressor TetR fused to GFP represses 
its own promoter. High-resolution fluorescence 
measurements in living Escherichia coli cells show that 
this NAR motif has a response time about fivefold faster 
than a simple-regulation design. f | A schematic cell–cell 
distribution of protein levels. NAR tends to make 
this distribution narrower in comparison with simple 
regulation, whereas PAR tends to make it wider, and in 
extreme cases bimodal with two populations of cells. 
X/Xst, X concentration relative to steady state Xst.
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most proteins in growing bacterial cells, the response 
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of the dilution effect from cell growth.

Negative autoregulation. Negative autoregulation (NAR) 
occurs when a transcription factor represses the tran-
scription of its own gene17–19 (FIG. 1b). This network motif 
occurs in about half of the repressors in E. coli 5,17, and in 
many eukaryotic repressors10. NAR has been shown to 
display two important functions.

First, NAR speeds up the response time of gene cir-
cuits. This occurs when NAR uses a strong promoter to 
obtain a rapid initial rise in the concentration of pro-
tein X. When X concentration reaches the repression 
threshold for its own promoter, the production rate of 
new X decreases. Thus, the concentration of X locks 
into a steady-state level that is close to its repression 
threshold. This steady-state level can be adjusted over 
evolutionary time by mutations that cause variation 
in the repression threshold of X to its own promoter. 
By contrast, a simply regulated gene that is designed 
to reach the same steady-state level must use a weaker 
promoter. As a result, an NAR system reaches 50% of its 
steady state faster than a simply regulated gene (FIG. 1d). 
The dynamics of NAR show a rapid initial rise followed 
by a sudden locking into the steady state, possibly 
accompanied by an overshoot or damped oscillations. 
Response acceleration (or speed-up) by NAR has been 
demonstrated experimentally 17 using a fluorescently 
tagged repressor, TetR, that was designed to repress its 
own promoter (FIG. 1e). Speed-up in a natural context 
was demonstrated in the SOS DNA-repair system of 
E. coli, in which the master regulator, LexA, represses its 
own promoter20. These and many of the other experi-
ments discussed in this Review were made possible by 
fluorescent-reporter assays, which allow the transcrip-
tion dynamics of living cells to be measured with high 
resolution and accuracy21.

In addition to speeding responses, NAR can reduce 
cell–cell variation in protein levels. These variations are 
due to an inherent source of noise: the production rates 
of proteins fluctuate by tens of percents (reviewed in 
REF. 22) (FIG. 1f). This noise results in cell–cell variation 
in protein level. NAR can, in many cases, reduce these 
variations: high concentrations of X reduce its own 
rate of production, whereas low concentrations cause 
an increased production rate. The result is a narrower 
distribution of protein levels than would be expected 
in simply regulated genes (FIG. 1f), as demonstrated 
experimentally by Besckei and Serrano19,20,23. However, 
if the NAR feedback contains a long delay, noise can 
also be amplified.

Positive autoregulation. Positive autoregulation (PAR) 
occurs when a transcription factor enhances its own 
rate of production (FIG. 1c). The effects are opposite to 
those of NAR: response times are slowed and variation 
is usually enhanced.

Figure 1 | Simple regulation and autoregulation. 
a | In simple regulation, transcription factor Y is activated 
by a signal Sy. When active, it binds the promoter 
of gene X to enhance or inhibit its transcription rate. 
b | In negative autoregulation (NAR), X is a transcription 
factor that represses its own promoter. c | In positive 
autoregulation (PAR), X activates its own promoter. 
d | NAR speeds the response time (the time needed to 
reach halfway to the steady-state concentration) relative 
to a simple-regulation system that reaches the same 
steady-state expression. PAR slows the response time. 
e | An experimental study of NAR, using a synthetic gene 
circuit in which the repressor TetR fused to GFP represses 
its own promoter. High-resolution fluorescence 
measurements in living Escherichia coli cells show that 
this NAR motif has a response time about fivefold faster 
than a simple-regulation design. f | A schematic cell–cell 
distribution of protein levels. NAR tends to make 
this distribution narrower in comparison with simple 
regulation, whereas PAR tends to make it wider, and in 
extreme cases bimodal with two populations of cells. 
X/Xst, X concentration relative to steady state Xst.
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proteins that are not actively degraded, as is the case for 
most proteins in growing bacterial cells, the response 
time is equal to one cell-generation time. This is a result 
of the dilution effect from cell growth.

Negative autoregulation. Negative autoregulation (NAR) 
occurs when a transcription factor represses the tran-
scription of its own gene17–19 (FIG. 1b). This network motif 
occurs in about half of the repressors in E. coli 5,17, and in 
many eukaryotic repressors10. NAR has been shown to 
display two important functions.

First, NAR speeds up the response time of gene cir-
cuits. This occurs when NAR uses a strong promoter to 
obtain a rapid initial rise in the concentration of pro-
tein X. When X concentration reaches the repression 
threshold for its own promoter, the production rate of 
new X decreases. Thus, the concentration of X locks 
into a steady-state level that is close to its repression 
threshold. This steady-state level can be adjusted over 
evolutionary time by mutations that cause variation 
in the repression threshold of X to its own promoter. 
By contrast, a simply regulated gene that is designed 
to reach the same steady-state level must use a weaker 
promoter. As a result, an NAR system reaches 50% of its 
steady state faster than a simply regulated gene (FIG. 1d). 
The dynamics of NAR show a rapid initial rise followed 
by a sudden locking into the steady state, possibly 
accompanied by an overshoot or damped oscillations. 
Response acceleration (or speed-up) by NAR has been 
demonstrated experimentally 17 using a fluorescently 
tagged repressor, TetR, that was designed to repress its 
own promoter (FIG. 1e). Speed-up in a natural context 
was demonstrated in the SOS DNA-repair system of 
E. coli, in which the master regulator, LexA, represses its 
own promoter20. These and many of the other experi-
ments discussed in this Review were made possible by 
fluorescent-reporter assays, which allow the transcrip-
tion dynamics of living cells to be measured with high 
resolution and accuracy21.

In addition to speeding responses, NAR can reduce 
cell–cell variation in protein levels. These variations are 
due to an inherent source of noise: the production rates 
of proteins fluctuate by tens of percents (reviewed in 
REF. 22) (FIG. 1f). This noise results in cell–cell variation 
in protein level. NAR can, in many cases, reduce these 
variations: high concentrations of X reduce its own 
rate of production, whereas low concentrations cause 
an increased production rate. The result is a narrower 
distribution of protein levels than would be expected 
in simply regulated genes (FIG. 1f), as demonstrated 
experimentally by Besckei and Serrano19,20,23. However, 
if the NAR feedback contains a long delay, noise can 
also be amplified.

Positive autoregulation. Positive autoregulation (PAR) 
occurs when a transcription factor enhances its own 
rate of production (FIG. 1c). The effects are opposite to 
those of NAR: response times are slowed and variation 
is usually enhanced.

Figure 1 | Simple regulation and autoregulation. 
a | In simple regulation, transcription factor Y is activated 
by a signal Sy. When active, it binds the promoter 
of gene X to enhance or inhibit its transcription rate. 
b | In negative autoregulation (NAR), X is a transcription 
factor that represses its own promoter. c | In positive 
autoregulation (PAR), X activates its own promoter. 
d | NAR speeds the response time (the time needed to 
reach halfway to the steady-state concentration) relative 
to a simple-regulation system that reaches the same 
steady-state expression. PAR slows the response time. 
e | An experimental study of NAR, using a synthetic gene 
circuit in which the repressor TetR fused to GFP represses 
its own promoter. High-resolution fluorescence 
measurements in living Escherichia coli cells show that 
this NAR motif has a response time about fivefold faster 
than a simple-regulation design. f | A schematic cell–cell 
distribution of protein levels. NAR tends to make 
this distribution narrower in comparison with simple 
regulation, whereas PAR tends to make it wider, and in 
extreme cases bimodal with two populations of cells. 
X/Xst, X concentration relative to steady state Xst.
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proteins that are not actively degraded, as is the case for 
most proteins in growing bacterial cells, the response 
time is equal to one cell-generation time. This is a result 
of the dilution effect from cell growth.

Negative autoregulation. Negative autoregulation (NAR) 
occurs when a transcription factor represses the tran-
scription of its own gene17–19 (FIG. 1b). This network motif 
occurs in about half of the repressors in E. coli 5,17, and in 
many eukaryotic repressors10. NAR has been shown to 
display two important functions.

First, NAR speeds up the response time of gene cir-
cuits. This occurs when NAR uses a strong promoter to 
obtain a rapid initial rise in the concentration of pro-
tein X. When X concentration reaches the repression 
threshold for its own promoter, the production rate of 
new X decreases. Thus, the concentration of X locks 
into a steady-state level that is close to its repression 
threshold. This steady-state level can be adjusted over 
evolutionary time by mutations that cause variation 
in the repression threshold of X to its own promoter. 
By contrast, a simply regulated gene that is designed 
to reach the same steady-state level must use a weaker 
promoter. As a result, an NAR system reaches 50% of its 
steady state faster than a simply regulated gene (FIG. 1d). 
The dynamics of NAR show a rapid initial rise followed 
by a sudden locking into the steady state, possibly 
accompanied by an overshoot or damped oscillations. 
Response acceleration (or speed-up) by NAR has been 
demonstrated experimentally 17 using a fluorescently 
tagged repressor, TetR, that was designed to repress its 
own promoter (FIG. 1e). Speed-up in a natural context 
was demonstrated in the SOS DNA-repair system of 
E. coli, in which the master regulator, LexA, represses its 
own promoter20. These and many of the other experi-
ments discussed in this Review were made possible by 
fluorescent-reporter assays, which allow the transcrip-
tion dynamics of living cells to be measured with high 
resolution and accuracy21.

In addition to speeding responses, NAR can reduce 
cell–cell variation in protein levels. These variations are 
due to an inherent source of noise: the production rates 
of proteins fluctuate by tens of percents (reviewed in 
REF. 22) (FIG. 1f). This noise results in cell–cell variation 
in protein level. NAR can, in many cases, reduce these 
variations: high concentrations of X reduce its own 
rate of production, whereas low concentrations cause 
an increased production rate. The result is a narrower 
distribution of protein levels than would be expected 
in simply regulated genes (FIG. 1f), as demonstrated 
experimentally by Besckei and Serrano19,20,23. However, 
if the NAR feedback contains a long delay, noise can 
also be amplified.

Positive autoregulation. Positive autoregulation (PAR) 
occurs when a transcription factor enhances its own 
rate of production (FIG. 1c). The effects are opposite to 
those of NAR: response times are slowed and variation 
is usually enhanced.

Figure 1 | Simple regulation and autoregulation. 
a | In simple regulation, transcription factor Y is activated 
by a signal Sy. When active, it binds the promoter 
of gene X to enhance or inhibit its transcription rate. 
b | In negative autoregulation (NAR), X is a transcription 
factor that represses its own promoter. c | In positive 
autoregulation (PAR), X activates its own promoter. 
d | NAR speeds the response time (the time needed to 
reach halfway to the steady-state concentration) relative 
to a simple-regulation system that reaches the same 
steady-state expression. PAR slows the response time. 
e | An experimental study of NAR, using a synthetic gene 
circuit in which the repressor TetR fused to GFP represses 
its own promoter. High-resolution fluorescence 
measurements in living Escherichia coli cells show that 
this NAR motif has a response time about fivefold faster 
than a simple-regulation design. f | A schematic cell–cell 
distribution of protein levels. NAR tends to make 
this distribution narrower in comparison with simple 
regulation, whereas PAR tends to make it wider, and in 
extreme cases bimodal with two populations of cells. 
X/Xst, X concentration relative to steady state Xst.
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Negative autoregulation. Negative autoregulation (NAR) 
occurs when a transcription factor represses the tran-
scription of its own gene17–19 (FIG. 1b). This network motif 
occurs in about half of the repressors in E. coli 5,17, and in 
many eukaryotic repressors10. NAR has been shown to 
display two important functions.

First, NAR speeds up the response time of gene cir-
cuits. This occurs when NAR uses a strong promoter to 
obtain a rapid initial rise in the concentration of pro-
tein X. When X concentration reaches the repression 
threshold for its own promoter, the production rate of 
new X decreases. Thus, the concentration of X locks 
into a steady-state level that is close to its repression 
threshold. This steady-state level can be adjusted over 
evolutionary time by mutations that cause variation 
in the repression threshold of X to its own promoter. 
By contrast, a simply regulated gene that is designed 
to reach the same steady-state level must use a weaker 
promoter. As a result, an NAR system reaches 50% of its 
steady state faster than a simply regulated gene (FIG. 1d). 
The dynamics of NAR show a rapid initial rise followed 
by a sudden locking into the steady state, possibly 
accompanied by an overshoot or damped oscillations. 
Response acceleration (or speed-up) by NAR has been 
demonstrated experimentally 17 using a fluorescently 
tagged repressor, TetR, that was designed to repress its 
own promoter (FIG. 1e). Speed-up in a natural context 
was demonstrated in the SOS DNA-repair system of 
E. coli, in which the master regulator, LexA, represses its 
own promoter20. These and many of the other experi-
ments discussed in this Review were made possible by 
fluorescent-reporter assays, which allow the transcrip-
tion dynamics of living cells to be measured with high 
resolution and accuracy21.

In addition to speeding responses, NAR can reduce 
cell–cell variation in protein levels. These variations are 
due to an inherent source of noise: the production rates 
of proteins fluctuate by tens of percents (reviewed in 
REF. 22) (FIG. 1f). This noise results in cell–cell variation 
in protein level. NAR can, in many cases, reduce these 
variations: high concentrations of X reduce its own 
rate of production, whereas low concentrations cause 
an increased production rate. The result is a narrower 
distribution of protein levels than would be expected 
in simply regulated genes (FIG. 1f), as demonstrated 
experimentally by Besckei and Serrano19,20,23. However, 
if the NAR feedback contains a long delay, noise can 
also be amplified.

Positive autoregulation. Positive autoregulation (PAR) 
occurs when a transcription factor enhances its own 
rate of production (FIG. 1c). The effects are opposite to 
those of NAR: response times are slowed and variation 
is usually enhanced.

Figure 1 | Simple regulation and autoregulation. 
a | In simple regulation, transcription factor Y is activated 
by a signal Sy. When active, it binds the promoter 
of gene X to enhance or inhibit its transcription rate. 
b | In negative autoregulation (NAR), X is a transcription 
factor that represses its own promoter. c | In positive 
autoregulation (PAR), X activates its own promoter. 
d | NAR speeds the response time (the time needed to 
reach halfway to the steady-state concentration) relative 
to a simple-regulation system that reaches the same 
steady-state expression. PAR slows the response time. 
e | An experimental study of NAR, using a synthetic gene 
circuit in which the repressor TetR fused to GFP represses 
its own promoter. High-resolution fluorescence 
measurements in living Escherichia coli cells show that 
this NAR motif has a response time about fivefold faster 
than a simple-regulation design. f | A schematic cell–cell 
distribution of protein levels. NAR tends to make 
this distribution narrower in comparison with simple 
regulation, whereas PAR tends to make it wider, and in 
extreme cases bimodal with two populations of cells. 
X/Xst, X concentration relative to steady state Xst.
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each other, has two steady states: either both X and Y 
are OFF, or both are ON. The double-negative loop, in 
which two repressors repress each other, has different 
steady states: either X is ON and Y is OFF, or the oppo-
site. In both cases, a transient signal can cause the loop 
to lock irreversibly into a steady state. In this sense, 
this network motif can provide memory of an input 
signal, even after the input signal is gone. Often, X and 
Y also positively regulate themselves, strengthening 
the memory effects. The same motif can also comprise 
miRNAs62 or post-transcriptional interactions such as 
phosphorylations63,64.

Positive-feedback loops can regulate or be regulated 
by other signals2,16,60. In a regulating loop, two regulators 
X and Y form a feedback loop, and also jointly regulate 
downstream Z genes. A double-positive loop between X 
and Y is useful for decisions whereby the cell irreversibly 
assumes a fate in response to a transient developmental 
signal. Genes that are specific to the cell fate can be co-
activated by X and Y. A double-negative loop (FIG. 7b) 
is useful in this motif as a toggle switch between two 
different fates65, such as lysogeny and lysis in λ-phage3. 
The genes that are activated by X are repressed by Y, 
and the opposite.

Figure 7 | Network motifs in developmental transcription networks. a | Network motifs with a double-positive-
feedback loop. When Z is activated, proteins X and Y begin to be produced. They can remain locked ON even when Z 
is deactivated (at times after the dashed line). b | Regulated feedback with a double-negative-feedback loop. Here 
Z acts to switch the steady states. Initially, Y concentration is high and represses X expression. After Z is activated, 
X is produced and Y is repressed. This state can persist even after Z is deactivated. Thus, the feedback implements a 
memory. c | A transcription network that guides the development of the Bacillus subtilis spore8. Z1, Z2 and Z3 
represent groups of tens to hundreds of genes. This network is made of two incoherent type-1 feedforward loops 
(I1-FFLs), which generate pulses of Z1 and Z2, and two coherent type-1 feedforward loops (FFLs), one of which 
generates a delayed Z3 step.
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Z acts to switch the steady states. Initially, Y concentration is high and represses X expression. After Z is activated, 
X is produced and Y is repressed. This state can persist even after Z is deactivated. Thus, the feedback implements a 
memory. c | A transcription network that guides the development of the Bacillus subtilis spore8. Z1, Z2 and Z3 
represent groups of tens to hundreds of genes. This network is made of two incoherent type-1 feedforward loops 
(I1-FFLs), which generate pulses of Z1 and Z2, and two coherent type-1 feedforward loops (FFLs), one of which 
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Time is an inherent property of the living

Ù02, COMPARAISON DES CORPS
dont il s'agit ont pénétré jusque dans ses molé-
cules intégrantes.
Tout corps , au contraire , qui possède la vie ,

se trouve continuellement, ou temporairement,
animé par une force particulière qui excite sans
cesse des mouvemens dans ses parties intérieu-
res , qui produit, sans interruption , des change-
mens d état dans ces parties , mais qui y donnelieu à des réparations

,
des renouvellemens, des

développemens
, et à quantité de phénomènesqui

sont exclusivement propres aux corps vivans;
en sorte que, chez lui, les mouvemens exci-
tés dans ses parties intérieures altèrent et dé-
truisent, mais réparent et renouvellent, ce qui
étend la durée de l'existence de l'individu , tant
que l'équilibre entre ces deux effets opposés, et
qui ont chacun leur cause, n'est pas trop forte-
ment détruit ;
6°. Pour tout corps inorganique , l'augmenta-tion de volume et de masse est toujours acci-

dentelle et sans bornes , et cette augmentation
ne s'exécute que parjuxla-posiiion , c'est-à-dire,
que par l'addition de nouvelles parties à la sur-
face extérieure du corps dont il est question.
L'accroissement, au contraire , de tout corpsvivant est toujours nécessaire et borné, et il ne

s'exécute que par intus-susception , c'est-à-dire ,
que par pénétration intérieure , ou l'introduction

PHILOSOPHIE
ZOOLOGIQUE.

SECONDE PARTIE.
Considérations sur les Causes physiques
de la Vie, les conditions qu' elle exige
pour exister, la force excitatrice de ses
mouveinens , les facultés qu'elle donne
aux corps qui la possèdent, et les ré-
sultats de son existence dans ces corp>s.

INTRODUCTION.
luiKN^iTURE,cemot sisouventprononcé comme
s'il s'agissoit d?uu être particulier, ne doit être à
nos yeux que Yensemble d'objets qui comprend :
1°. tous les corps physiques qui existent; 2°. les
lois générales et particulières qui régissent les
changemens d'état et de situation que ces corps
peuvent éprouver; 3°. enfin, le mouvement di-
versement répandu parmi eux, perpétuellement
entretenu ou renaissant dans sa source, infini-
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étonnans que les corps vivans nous présentent ;
il faut, avant tout, considérer très-attentivement
les différences qui existent entre les corps inor-
ganiques et les-corps vivans; et pour cela, il
faut mettre en parallèle les caractères essentiels
de ces deux sortes de corps.

Caractères des Corps inorganiques mis enparal-
lèle avec ceux des Corps vivans.

1°. Tout corps brut ou inorganique n'a Vin-
dividualité que dans sa molécule intégrante .: les
masses, soit solides, soit fluides, soit gazeuses,
qu'une réunion de-molécules intégrantes peut
former, n'ont point de bornes; et l'étendue ,
grande ou petite , de ces masses , n'ajoute ni ne.retranche rien qui puisse faire varier la nature du
corps dont il s'agit; car cette nature réside en
entier dans celle de la molécule intégrante de
ce corps.
Au contraire

, tout corps vivant possède l'zn-dividualilé dans sa masse et son volume ; et
cette individualité , qui est simple dans les
uns , et composée dans les autres , n'est jamaisrestreinte dans les corps vivans à celle de leurs
molécules composantes ;
2°. Un corps inorganique peut offrir une masse

véritablementhomogène
, et il peut aussi en cous-

JB de Lamarck 
(1744-1829)

1809 1815

Dynamics

Transformism

Time and dynamics in living systems



Time and dynamics in living systems
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Time is not an external variable but inherent to living systems

1957
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• Rich dynamics but not chaotic (not sensitive to initial 
conditions and noise) 

• Cycles and oscillations (see courses in nov-dec 2018)  
• Irreversibility (symmetry breaking) and discrete processes: 

decisions and checkpoints

Time and dynamics in living systems

JJ. Hopfield. Journal of Theoretical Biology 171 (1), 53-60 
Physics, computation, and why biology looks so different
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Figure 10.7: Mutual repression is ubiquitous in cellular decision making. (A)
The bacteriophage lambda switch that mediates the phage decision to become a
lysogen in the bacterium or engage in lysis. (B) In hematopoietic development,
mutual repression between di↵erent genes have been suggested to ensure the
switch-like adoption of alternate cellular fates. (C) Mutual repression in the
early fruit fly gene network has been associated with the emergence of discrete
domains of gene expression. B, adapted from P. Laslo et al., Semin. Immunol.
20:228–235, 2008 and J. P. Chute et al., it Mol. Endocrinol. 24:1–10, 2010; C,
adapted from S. B. Carroll et al., From DNA to diversity: molecular genetics
and the evolution of animal design, Blackwell Science, 2001 and J. Jaeger, Cell
Mol Life Sci 68:243, 2011.
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• Hematopoietic lignage
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Figure 10.32: Optogenetic control of Brn2 production. (A) Gal4 activator is
fused to a LoV domain. In the absence of light, the Gal4–LoV fusion cannot
activate a Brn2-RFP transgene. (B) Without Brn2-RFP present due to the
absence of light, cells remain in their pluripotent state as indicated by their
shape. (C) Upon exposure to light, the LoV domains dimerize, triggering Gal4
binding to a UAS sequence and resulting in the production of a Brn2–RFP fu-
sion protein. (D) After 24 hours of light exposure, Brn2–RFP can be clearly
observed throughout cells and concomitantly, cells have changed their morphol-
ogy. Adapted from C. Sokolik et al., Cell Systems, 1, 117-129 (2015).
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• Genetic switch underlies cell fate

Sokolik et al., 2015, Cell Systems 1, 117–129 
Hernan Garcia and Rob Phillips, Physical genomics

C. Doe Annu. Rev. Cell Dev. Biol. 2017. 33:219–40
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Figure 2
Temporal patterning
in embryonic
neuroblasts. The
horizontal lines
represent gene
expression over time
(early to late from left
to right); the dashed
lines represent
lower-level expression.
The “Cell type” rows
indicate the neuron(s)
born from each
ganglion mother cell
(GMC). The
“Markers” rows
indicate the molecular
markers that
distinguish neurons
within a lineage.
Abbreviations: INs,
interneurons of
unknown identity;
PCD, programmed
cell death; s, sibling
cell of unknown
identity. Citations to
expression data are
given in the text.
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• Neuroblast diversity
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Figure 1
(a) Stage 10 embryo flat mounted and stained for Snail protein to identify brain, thorax, and abdominal
neuroblasts (NBs). (b) Third-instar larval brain and thoracic CNS stained for Deadpan to identify the
indicated pools of NBs. (c) Three modes of NB cell division. The largest cells are NBs. Abbreviations: GMC,
ganglion mother cell; INP, intermediate neural progenitor; n, neurons [all sibling neurons are either
NotchON (n∗) or NotchOFF (n)].

formed postembryonically (Figure 1a,b). In the VNC there are 30 NBs per bilateral hemisegment,
arranged in rows and columns, giving rise to their row/column naming scheme (e.g., NB7-1 is
in row 7, column 1) (Broadus et al. 1995, Hartenstein et al. 1994). There are ∼105 central brain
NBs per brain lobe (Ito et al. 2013, Urbach & Technau 2003, Yu et al. 2013) and more than 800
optic lobe NBs per brain lobe (Bertet et al. 2014, Li et al. 2013, Yasugi et al. 2008). Each NB
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Figure 1. Characterization of cell cycle in HT1080 FUCCI cells. !e FUCCI system (a) consists of 
two "uorescent polypeptides that are ubiquitylated and degraded by proteasomes in a cell cycle regulated 
manner. !e red probe (mKO-hCdt1) increases in G1-phase and is degraded at the onset of S-phase. !e 
green probe (mAG-hGeminin) increases at the onset of S-phase and is degraded upon anaphase of mitosis. 
(b,c) Untreated cells tracked from birth. As cells progress into S-phase, green signal accumulates and red 
signal continues to degrade while the green signal continues to increase. Absence of red signal corresponds 
to the transition to late S-phase. Cells remain green through late S- and G2-phase and enter mitosis a#er 
14–18 h as indicated by observable breakdown of the nuclear envelope, and the green signal is rapidly 
degraded at anaphase onset (~15 h in this example). (c) FUCCI trace representing control cells measured 
from birth to mitosis. !e average cell cycle time is ~16 h. Cells spend ~4–6 h in G1-phase, ~8–10 h in  
S/G2-phase, and ~1.0 h in mitosis. Bar is 10 µ m. (d–f) Cell cycle arrest standards. (d) A representative 
FUCCI trace of cell born into the G1-phase arrestor, Cdk4/6 inhibitor, PD-0332991. Cells progress into G1-
phase (red) and remain until the end of acquisition (60 h). (e) A representative FUCCI trace of cell treated 
with S-phase arrestor, DNA polymerase-α  inhibitor, aphidicolin. Cells tracked from G1-phase (red), progress 
into S-phase with normal kinetics and become green. Cells remain green until the end of acquisition (45 h). 
(f) A representative FUCCI trace of cell treated with the G2-arrestor, Cdk1 inhibitor, 20 µ M RO-3306. Cells 
tracked from G1-phase (red), progress normally into S-phase with normal kinetics and become green. Cells 
remain green until the end of acquisition (70 h). See Supplementary Fig. 1a–d online for FUCCI distribution 
over time. Supplementary videos S1, S2, S4, S5 online. Cell number tracked: untreated, 22, PD0332991, 19, 
aphidicolin, 24, RO-3306, 20.

Cell cycle

Thomas LECUIT   2025-2026
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Figure 3.21: The eukaryotic cell cycle. (A) This cartoon shows some of the
key elements of the process of cell division, including the four phases G1, S,
G2 and M, as well as some of the most important checkpoints. Cells that stop
proliferating can exit the cell cycle at G1 and enter a resting phase, called
G0. Most fully di↵erentiated cells in the adult human body are in G0. Under
particular circumstances, non-dividing cells in G0 can reenter the cell cycle
at G1. (B) Time course of cell mass and DNA content during the cell cycle.
Cell mass can increase continuously, while DNA content increases only during
S phase. (A, adapted from T. D. Pollard and W. C. Earnshaw, Cell Biology,
Philadelphia, Saunders, 2002; B, adapted from A. Murray and T. Hunt, The
Cell Cycle, New York, Oxford University Press, 1993.)
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Figure 1. Characterization of cell cycle in HT1080 FUCCI cells. !e FUCCI system (a) consists of 
two "uorescent polypeptides that are ubiquitylated and degraded by proteasomes in a cell cycle regulated 
manner. !e red probe (mKO-hCdt1) increases in G1-phase and is degraded at the onset of S-phase. !e 
green probe (mAG-hGeminin) increases at the onset of S-phase and is degraded upon anaphase of mitosis. 
(b,c) Untreated cells tracked from birth. As cells progress into S-phase, green signal accumulates and red 
signal continues to degrade while the green signal continues to increase. Absence of red signal corresponds 
to the transition to late S-phase. Cells remain green through late S- and G2-phase and enter mitosis a#er 
14–18 h as indicated by observable breakdown of the nuclear envelope, and the green signal is rapidly 
degraded at anaphase onset (~15 h in this example). (c) FUCCI trace representing control cells measured 
from birth to mitosis. !e average cell cycle time is ~16 h. Cells spend ~4–6 h in G1-phase, ~8–10 h in  
S/G2-phase, and ~1.0 h in mitosis. Bar is 10 µ m. (d–f) Cell cycle arrest standards. (d) A representative 
FUCCI trace of cell born into the G1-phase arrestor, Cdk4/6 inhibitor, PD-0332991. Cells progress into G1-
phase (red) and remain until the end of acquisition (60 h). (e) A representative FUCCI trace of cell treated 
with S-phase arrestor, DNA polymerase-α  inhibitor, aphidicolin. Cells tracked from G1-phase (red), progress 
into S-phase with normal kinetics and become green. Cells remain green until the end of acquisition (45 h). 
(f) A representative FUCCI trace of cell treated with the G2-arrestor, Cdk1 inhibitor, 20 µ M RO-3306. Cells 
tracked from G1-phase (red), progress normally into S-phase with normal kinetics and become green. Cells 
remain green until the end of acquisition (70 h). See Supplementary Fig. 1a–d online for FUCCI distribution 
over time. Supplementary videos S1, S2, S4, S5 online. Cell number tracked: untreated, 22, PD0332991, 19, 
aphidicolin, 24, RO-3306, 20.
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Not really set by initial conditions: 
• Convergence to end point  
• Adaptation and homeostasis 
• Self-organisation
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Combinatorial BMP4 and activin direct the choice
between alternate routes to endoderm in a stem cell
model of human gastrulation
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→ Human definitive endoderm is formed by multiple

developmental routes

→ Endoderm cells derived from alternate origins have the same

forward potential
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→ Dual BMP4 role affects the efficiency of alternate

developmental routes to the endoderm
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15.1. BIOLOGICAL STATISTICAL DYNAMICS: A FIRST LOOK 851
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Figure 15.2: Actin-based crawling motility of epithelial cells. (A) This series
of time-lapse images shows a single fish skin cell moving across a glass cover
slip. Behind the cell an actin-rich fragment of another cell’s lamellipodium
is crawling autonomously without a nucleus or cell body. The frames were
captured at 20 s intervals. The outlines show the positions of the cell and cell
fragment at these time intervals. Note that they glide forward without changing
shape. (B) Organization of actin filaments in the keratocyte. Seen from the
top as in the microscope images, the lamellipodium is a large extension filled
with a crosslinked network of actin filaments (see also Figure 14.2 on p. 808).
Seen from the side, the lamellipodium is a very flat structure that drags the
rounded cell body and nucleus behind it. A schematic illustration of the leading
edge indicates the approximate density of actin filaments in this structure. (A,
courtesy of G. Allen, K. Keren, and J. Theriot.)

teria such as Listeria monocytogenes and used as the basis of their own motility
within the cytoplasm of the infected human host cell as shown in Figure 15.3.
In this case, the bacterium manipulates the host cell cytoskeletal self-assembly
process to form a comet tail made up of actin filaments which pushes the bac-
terium along at rates ranging between 0.05 and 1.4µm/s, depending upon the
host cell type. As shown in Figure 15.3(C), the key components of this system
can be abstracted from their cellular context and induced to drive the motions
of synthetic beads as well.

Estimate: The Rate of Actin Polymerization We can use the observed
rate of cell migration in the examples considered in Figures 15.2 and 15.3 to
estimate the mean rate of polymerization of actin filaments. Because the mo-
tion of both the keratocyte and Listeria reflect the incorporation of monomers
on linear actin filaments, we can make a simple estimate of the rate of poly-

R. Phillips, J. Thériot, J. Kondev, H. Garcia PBOC
Keren K. et al, Mogilner A. and Theriot J., Nature, 453:475 (2008) 

cytoskeleton in live cells with pharmacological agents that affect actin
dynamics or myosin activity. The different treatments elicited stati-
stically significant morphological changes (Supplementary Fig. 1),
but their extent was rather small. In particular, the natural shape
variation in the population (Fig. 1) was substantially larger than
the shifts induced by any of the perturbations (Supplementary
Fig. 1). Furthermore, whereas the shape of an individual cell can be
significantly affected by such perturbations11, the phase space of cell

shapes under the perturbations tested was nearly identical to that
spanned by the population of unperturbed cells (Supplementary
Fig. 1). This led us to focus on the phenotypic variability in unper-
turbed populations, which, as described, provided significant insight
into the underlying mechanisms of shape determination.

Cell shape is dynamically determined

The natural phenotypic variability described presents a spectrum of
possible functional states of the system. To better characterize these
states, we measured cell speed, area, aspect ratio and other morpho-
logical features in a large number of live cells (Fig. 2a) and correlated
these traits across the population (Fig. 2b; see also the Supplementary
Information). To relate these measures to cellular actin dynamics, we
concurrently examined the distribution of actin filaments along the
leading edge. To visualize actin filaments in live cells, we used low
levels of tetramethylrhodamine (TMR)-derivatized kabiramide C,
which at low concentrations binds as a complex with G-actin to free
barbed ends of actin filaments20,21, so that along the leading edge the
measured fluorescence intensity is proportional to the local density of
filaments.

−2σ −1σ +1σ +2σ
Mean

n = 710
Shape mode 1 81.8% of total variance

Shape mode 2

Shape mode 3

11.7% of total variance

2.5% of total variance Shape Mode 4 0.9% of total variance

b

10 µm

a

Figure 1 | Keratocyte shapes are described by four primary shape modes.
a, Phase-contrast images of different live keratocytes illustrate the natural
shape variation in the population. b, The first four principal modes of
keratocyte shape variation, as determined by principal components analysis
of 710 aligned outlines of live keratocytes, are shown. These modes—cell
area (shape mode 1), ‘D’ versus ‘canoe’ shape (shape mode 2), cell-body
position (shape mode 3), and left–right asymmetry (shape mode 4)—are
highly reproducible; subsequent modes seem to be noise. For each mode, the
mean cell shape is shown alongside reconstructions of shapes one and two
standard deviations away from the mean in each direction along the given
mode. The variation accounted for by each mode is indicated. (Modes one
and two are scaled as in a; modes three and four are 50% smaller.)
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Figure 2 | Quantitative and correlative analysis of keratocyte morphology
and speed. a, The distributions of measures across a population of live
keratocytes (left panels) are contrasted with values through time for 11
individual cells (right). Within each histogram, the population mean 6 one
standard deviation is shown by the left vertical bar, whereas the population
mean 6 the average standard deviation exhibited by individual cells over
5 min is shown by the right bar. b, Significant pair-wise correlations
(P , 0.05; bootstrap confidence intervals) within a population of
keratocytes are diagrammed (left panel). Two additional measures are
included: front roughness, which measures the local irregularity of the
leading edge, and actin ratio, which represents the peakedness of the actin
distribution along the leading edge. The correlations indicate that, apart
from size differences, cells lie along a single phenotypic continuum (right
panel), from ‘decoherent’ to ‘coherent’. Decoherent cells move slowly and
assume rounded shapes with low aspect ratios and high lamellipodial
curvatures. The actin network is less ordered, with ragged leading edges and
low actin ratios. Coherent cells move faster and have lower lamellipodial
curvature. The actin network is highly ordered with smooth leading edges
and high actin ratios. c, Phase-contrast images depict a cell transiently
treated with DMSO (Supplementary Movie 1), which caused a reversible
inhibition of motility and loss of the lamellipodium. Images shown
correspond to before (20 s), during (610 s) and two time points after (830 s
and 1,230 s) the perturbation. d, Time traces of area, aspect ratio and speed
for the cell in c show that shape and speed are regained post perturbation.
Dashed lines show time points from c; arrowheads indicate the time of
perturbation. e, Area, aspect ratio and speed of nine cells are shown as
averages obtained from one-minute windows before, during and after
DMSO treatment (shown sequentially from left to right for each cell). The
cell shown in c and d is highlighted.
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64 CHAPTER 4. HOMEOSTASIS OF SHAPE

Figure 4.2: Scaling of cell shape with cell size in Stentor. (A) Schematic of a
cutting experiment done by Luc Tartar in which a small piece of the original
Stentor cell is cut o↵ and the fragment regenerates into a fully formed, but
smaller cell. (B) Comparison of the sizes of Stentor cell and its regenerated
smaller copy.

(A)

(B)

Figure 4.3: Regeneration of cell shape in Stentor. (A) Experiment of Vance
Tartar in which

4.2. LESSONS FROM STENTOR 63

(A) (B)

500 µm

Figure 4.1: Anatomy of Stentor coeruleus.

WM: regeneration is a contrast with templating. This is not a copying to get
to shape, but some other picture. Ciliate goes back to original shape proves need
for something more than templating. TL: In thinking about how shape emerges,
there are two caricatures. One is deterministic and uses inherited structural or
genetic information (or both), or start from a homogeneous medium and a
fluctuation then leads to self-organization. Regeneration experiments manifest
these principles.

Figure: big cell and small cell. Cut a tiny part of the big cell and the tiny cell
now recapitulates the big cell but basically in a Gulliver’s Travels sort of way,
are di↵erent size. Entire structure rescales, though a few things are ”intrinsic”
in their size.

With striping, argue that striping is analog of polarity signal. The way the
cell rebuilds itself is to reorganize as a bundle of stripes

3rd figure - fold the cell over and stripes have to reorganize. Stripes defined
by microtubule bundles between the stripes. Analogy with ferromagnetism and
frustration - grain boundaries, defects, etc.

hand-grafting using glass microneedles.
Wallace talks about size and ability of single celled ciliates to regenerate.

For example, Tetrahymena and paramecium.

4.2.1 The Story of Hydra

Vance Tartar (1911-1991)

64 CHAPTER 4. HOMEOSTASIS OF SHAPE

Figure 4.2: Scaling of cell shape with cell size in Stentor. (A) Schematic of a
cutting experiment done by Luc Tartar in which a small piece of the original
Stentor cell is cut o↵ and the fragment regenerates into a fully formed, but
smaller cell. (B) Comparison of the sizes of Stentor cell and its regenerated
smaller copy.

(A)

(B)

Figure 4.3: Regeneration of cell shape in Stentor. (A) Experiment of Vance
Tartar in which

Wallace Marshall (UCSF)

Ciliate:  Stentor coeruleus
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Figure 4.11: HydraStructuralInheritanceActin1
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Figure 4.12: HydraStructuralInheritanceActin2
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Figure 4.8: Fusion of chopped cells.

Kinneret Keren lab (Technion Israel Institute of Technology)

Cnidarian: Hydra
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Oikopleura dioica (Tunicate, Urochordate) 

Development as a tree of cellular decisions
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Basic phenomenology and terminology
• Fate: cell fates are discrete 
• Competence: cells are competent to respond to signals in a temporal window 
• Commitment/specification: cells are committed when they no longer need signals 
• Determination: other signals can no longer deviate the assigned cell fate. 

Case studies:  
• Proliferating pool of progenitor cells gives rise to 
two mutually exclusive states by different signals
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and pluripotency has grown, protocols for the efficient derivation 
of mES cells by promoting or inhibiting the expression of specific 
genetic pathways were developed. Oct4 (Pou5f1) is a transcription 
factor that is essential for the maintenance of pluripotency in cells 
of the ICM, the epiblast and in mES cell lines. Importantly, loss 
of Oct4 was shown to be a feature of cultured embryos that failed  
to give rise to stable ES cell lines14. On the basis of this discovery, 
culture conditions that promote Oct4 expression, namely inhi-
bition of the MAP kinase pathway, were introduced. However, 
successful derivation of mES cells from the recalcitrant strain 
background, CBA, still required a combination of diapause  
induction, epiblast excision and inhibition of MEK kinase via 
PD98059 (ref. 14). In the context of these modifications to  
traditional ES cell derivation protocols, derivation efficiency in 
the CBA strain was ~25%, which is a significant advance for a 
nonpermissive strain14.

The pluripotent ground state and overcoming barriers to 
mESC derivation
The discovery that self-renewal and pluripotency are intrinsic 
properties of mESCs was demonstrated by Smith and colleagues14, 
who showed that the inhibition of MEK/ERK and glycogen syn-
thase kinase-3 (GSK3) signaling (three inhibitors (3i): PD184352,  
PD173074/SU5402 and CHIR99021, respectively) were together 
sufficient, combined with activation of STAT3 by LIF (3i/LIF), 
to promote the pluripotent ground state of emergent ESCs from 
mice and from rats15–17. These laboratories went on to show that 
the inhibition of FGF receptor signaling is dispensable in the con-
text of more potent inhibition of MEK signaling (2i: CHIR99021 
to inhibit GSK3β and PD0325901 to inhibit MEK1/2)16. Both 
3i/LIF and, subsequently, 2i/LIF culture conditions have since 
been successfully applied for efficient (50–70%) derivation of 
germline-competent mESCs from recalcitrant strains such as 
NOD, CBA and DBA18–21. Moreover, these culture conditions 
have been used to successfully derive germline-competent rat 
ESCs from rat embryos16,17, which is an accomplishment that 
quickly led to the creation of the first rat gene knockout by 
homologous recombination in rESCs22. The successful deriva-
tion of ESCs from recalcitrant strains and from rat by using 2i/LIF 
culture conditions suggests that emergent ESCs from these strains 

or species are unable to maintain a pluripotent ground state under 
traditional ESC culture conditions (serum + LIF). In fact, it was 
later shown that, unlike emergent ESCs from permissive strain 
background (e.g., 129), emergent ESCs from nonpermissive strain 
backgrounds (e.g., NOD) are unstable and differentiate to a more 
advanced epiSC (postimplantation epiblast stem cell) state, which 
has been termed a primed pluripotent state, in the absence of 
exogenously provided inhibitors of ERK signaling23.

Although the basis of strain and species recalcitrance to ESC 
derivation is not yet fully understood, these results suggest that 
inhibition of the pathways responsible for differentiation of ICM 
epiblast cells to postimplantation epiblast cells might be sufficient 
to overcome barriers to mESC derivation in all inbred strain back-
grounds. This new model of the pluripotent, ground state of ESCs 
is an important advance in our understanding of early lineage 
commitment, and it has informed our mESC derivation protocol, 
which is highly efficient, regardless of strain background.

Experimental design
We previously published efficient derivation of germline-competent  
mESC lines from the recalcitrant strain DBA/2J (ref. 20). Crucial 
to the success of this protocol was the exclusion of serum  
during the outgrowth phase, combined with the inhibition 
of MEK/ERK (1i: PD98059) signaling during the outgrowth 
phase and during subsequent culture of emergent ES cell lines  
(3i: CHIR99021, PD173074 and PD0325901). As published data 
later showed the FGF receptor inhibitor PD173074 to be dis-
pensable and the MEK inhibitor PD98059 to be redundant, in the  
context of the more potent MEK inhibitor PD0325901 (ref. 16),  
our current protocol uses the now standard 2i combination 
(CHIR99021 and PD0325901) to achieve the same exogenous 
inhibition with simpler media formulae.

Our protocol begins with the collection and culture of late 
blastocyst–stage embryos, which can be generated by natural 
mating or by in vitro fertilization. These embryos are then  
cultured in derivation medium to allow for ICM outgrowth. 
Unlike traditional ESC derivation medium, which contains 
serum, our derivation medium uses serum replacement in 
the form of an artificial serum replacement or, in the case of 
nonpermissive strain backgrounds, we use defined serum-free 
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ES cells
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morula
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Epiblast
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Figure 1 | Overview of preimplantation development in mice. The pre-epiblast lineage in the early embryo is defined by lineage-restricted expression of the 
Oct3/4, Nanog and Gata6 genes. As early lineage specification proceeds, the pluripotent epiblast lineage is defined by Nanog expression. The epiblast lineage 
will give rise to all three definitive germ layers of the embryo-proper, namely all somatic cells and germ cells, and it is the population from which mESCs are 
derived. mESC cell lines retain the developmental potential of the epiblast lineage, and as such they can contribute to all three germ layers and the germ line 
of host blastocyst- or morula-stage embryos.
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and pluripotency has grown, protocols for the efficient derivation 
of mES cells by promoting or inhibiting the expression of specific 
genetic pathways were developed. Oct4 (Pou5f1) is a transcription 
factor that is essential for the maintenance of pluripotency in cells 
of the ICM, the epiblast and in mES cell lines. Importantly, loss 
of Oct4 was shown to be a feature of cultured embryos that failed  
to give rise to stable ES cell lines14. On the basis of this discovery, 
culture conditions that promote Oct4 expression, namely inhi-
bition of the MAP kinase pathway, were introduced. However, 
successful derivation of mES cells from the recalcitrant strain 
background, CBA, still required a combination of diapause  
induction, epiblast excision and inhibition of MEK kinase via 
PD98059 (ref. 14). In the context of these modifications to  
traditional ES cell derivation protocols, derivation efficiency in 
the CBA strain was ~25%, which is a significant advance for a 
nonpermissive strain14.

The pluripotent ground state and overcoming barriers to 
mESC derivation
The discovery that self-renewal and pluripotency are intrinsic 
properties of mESCs was demonstrated by Smith and colleagues14, 
who showed that the inhibition of MEK/ERK and glycogen syn-
thase kinase-3 (GSK3) signaling (three inhibitors (3i): PD184352,  
PD173074/SU5402 and CHIR99021, respectively) were together 
sufficient, combined with activation of STAT3 by LIF (3i/LIF), 
to promote the pluripotent ground state of emergent ESCs from 
mice and from rats15–17. These laboratories went on to show that 
the inhibition of FGF receptor signaling is dispensable in the con-
text of more potent inhibition of MEK signaling (2i: CHIR99021 
to inhibit GSK3β and PD0325901 to inhibit MEK1/2)16. Both 
3i/LIF and, subsequently, 2i/LIF culture conditions have since 
been successfully applied for efficient (50–70%) derivation of 
germline-competent mESCs from recalcitrant strains such as 
NOD, CBA and DBA18–21. Moreover, these culture conditions 
have been used to successfully derive germline-competent rat 
ESCs from rat embryos16,17, which is an accomplishment that 
quickly led to the creation of the first rat gene knockout by 
homologous recombination in rESCs22. The successful deriva-
tion of ESCs from recalcitrant strains and from rat by using 2i/LIF 
culture conditions suggests that emergent ESCs from these strains 

or species are unable to maintain a pluripotent ground state under 
traditional ESC culture conditions (serum + LIF). In fact, it was 
later shown that, unlike emergent ESCs from permissive strain 
background (e.g., 129), emergent ESCs from nonpermissive strain 
backgrounds (e.g., NOD) are unstable and differentiate to a more 
advanced epiSC (postimplantation epiblast stem cell) state, which 
has been termed a primed pluripotent state, in the absence of 
exogenously provided inhibitors of ERK signaling23.

Although the basis of strain and species recalcitrance to ESC 
derivation is not yet fully understood, these results suggest that 
inhibition of the pathways responsible for differentiation of ICM 
epiblast cells to postimplantation epiblast cells might be sufficient 
to overcome barriers to mESC derivation in all inbred strain back-
grounds. This new model of the pluripotent, ground state of ESCs 
is an important advance in our understanding of early lineage 
commitment, and it has informed our mESC derivation protocol, 
which is highly efficient, regardless of strain background.

Experimental design
We previously published efficient derivation of germline-competent  
mESC lines from the recalcitrant strain DBA/2J (ref. 20). Crucial 
to the success of this protocol was the exclusion of serum  
during the outgrowth phase, combined with the inhibition 
of MEK/ERK (1i: PD98059) signaling during the outgrowth 
phase and during subsequent culture of emergent ES cell lines  
(3i: CHIR99021, PD173074 and PD0325901). As published data 
later showed the FGF receptor inhibitor PD173074 to be dis-
pensable and the MEK inhibitor PD98059 to be redundant, in the  
context of the more potent MEK inhibitor PD0325901 (ref. 16),  
our current protocol uses the now standard 2i combination 
(CHIR99021 and PD0325901) to achieve the same exogenous 
inhibition with simpler media formulae.

Our protocol begins with the collection and culture of late 
blastocyst–stage embryos, which can be generated by natural 
mating or by in vitro fertilization. These embryos are then  
cultured in derivation medium to allow for ICM outgrowth. 
Unlike traditional ESC derivation medium, which contains 
serum, our derivation medium uses serum replacement in 
the form of an artificial serum replacement or, in the case of 
nonpermissive strain backgrounds, we use defined serum-free 

Mesoderm

Ectoderm

Definitive 
endoderm

ES cells

Zygote 2-cell 4-cell 8-cell Compact
morula

Early
blastocyst

Mid
blastocyst

Late
blastocyst

Epiblast

Differentiation

Derivation

E0.5 E4.5E4.0E3.5E3.0E2.5E2.0E1.5

Totipotent 
blastomeres

Trophectoderm (TE)
Cdx2, Gata3, Eomes

Inner cell mass (ICM)
Oct4, Nanog, Gata6

Primitive endoderm (PrE)
Gata6, Sox17, Gata4, Sox7

Pluripotent epiblast (Epi)
Nanog 

Figure 1 | Overview of preimplantation development in mice. The pre-epiblast lineage in the early embryo is defined by lineage-restricted expression of the 
Oct3/4, Nanog and Gata6 genes. As early lineage specification proceeds, the pluripotent epiblast lineage is defined by Nanog expression. The epiblast lineage 
will give rise to all three definitive germ layers of the embryo-proper, namely all somatic cells and germ cells, and it is the population from which mESCs are 
derived. mESC cell lines retain the developmental potential of the epiblast lineage, and as such they can contribute to all three germ layers and the germ line 
of host blastocyst- or morula-stage embryos.

cluster at the origin of themesodermal branch, indicated by a red
star *, is also at the origin of a branch going to neural tissues. The
cells in this cluster are enriched for both neural and mesodermal
transcription factors (sox2 and tbxta, respectively; Data S1).

These transcription factors are the molecular signature of the
NMPs—a recently characterized population of late pluripotent
axial progenitors believed to contribute to mesoderm and neural
tissue post-gastrulation.22,28

A

CB D

Figure 3. Whole-embryo RNA velocity and derived cell state transition map
(A) Projection (UMAP) of zebrafish embryo transcriptomes (early development, 10 to 24 hpf time points), color coded by cell type. Arrow streams correspond to

the average RNA velocities of single cells. On the right, stack bar plot of the cell-type proportion over time.

(B) Workflow to reconstruct state transitions from RNA velocity graph. (1) Weighted directed graph represents the expected transitions between transcriptional

states from single cells. (2) This graph defines a Markov process that can be represented as a matrix. (3) We can then estimate cluster transitions by simulating

successive state transitions for groups of cells through the graph. (4) Finally, we summarize cluster-level transitions as a coarse-grained graph.

(C) Examples of average transition probabilities for neural tube, endothelial cells, and mesodermal tissue.

(D) A coarse-grain graph of cell state transitions shows transitions between all cell states. The width of the arrows is proportional to the transition rates. Colors and

numbers correspond to the annotation in (A). Nodes grouped by a bounding box indicate clusters of cells that belong to the same broad cell types; colors

correspond to those in (A). Very weak edges should be interpreted with caution, e.g., the connection between germline cells and endoderm might be spurious.

See also Video S1C and Data S1.
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Towards a geometric view of developmental dynamics
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C.H. Waddington 
(1905-1975)

https://wellcomecollection.org/works/nzwm3z65/items

and cellular decisions

C.H. Waddington (1957). The strategy of the genes. A 
discussion of some aspects of theoretical biology.
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Development as dynamics in a high dimensional space

The strategy of the genes (1957). Chap. 2. The 
cybernetics of development 
• Development is complex process comprising 

regionalisation (patterning), histogenesis 
(differentiation) and morphogenesis. 

• Development entails evolution over time in a 
multidimensional space that characterises its 
composition (genes, proteins and other 
components of cytoplasm). 

• A phase space best characterises development. 
• Trajectories converge to end point

C.H. Waddington (1957). The strategy of the 
genes. A discussion of some aspects of 

theoretical biology. 
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• Epigenetic landscape concept  

• This system exhibits tendency 
towards a kind of equilibrium 
centred not on state but on a 
direction of change (homeorhesis, 
flow) 

• A creode (« necessary path ») is a 
representation by a trajectory in 
phase space of a temporal 
succession of states towards 
which the system will relax if 
perturbed. 

• Noise represented by irregular 
spherical shape of bead

End states 
(eg. Eye, 
brain, spinal 
chord …)

Initial states (different cytoplasmic 
states in different parts of the egg)

Development as dynamics in a high dimensional space
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• Epigenetic landscape concept  

• A complex system of interactions underlies 
the epigenetic landscape 

• Pegs represent genes and tension on guy 
ropes the « chemical forces » exerted by 
genes

Genotype 
High dimensional

Phenotype 
Low dimensional

• Connection between genotype and phenotype is 
Non-isomorphic, non-linear, combinatorial, indirect

Development as dynamics in a high dimensional space



Development as dynamics in a high dimensional space

«  Les caractéristiques fondamentales de l’organisme – sa Forme– sont des 
propriétés étendues dans le temps, que l’on peut envisager comme un ensemble 
de voies alternatives de développement, chacune étant, à des degrés divers, une 
chréode vers lequel les processus épigénétiques manifestent une homéorrhèsie.
On peut ainsi concevoir la Forme organique non seulement comme occupant 
quatre dimensions plutôt que trois, mais aussi comme comprenant des 
potentialités en plus de ce qui est effectivement réalisé chez un individu donné.
Le paysage épigénétique, avec sa représentation de vallées ramifiées aux 
versants plus ou moins abrupts ou doux, avec des cols et des vallées 
suspendues aux contours plus ou moins bien définis, fournit un schéma 
assez grossier mais, à certains égards, utile pour visualiser les différentes 
manières dont le système en développement peut être modifié. »

Thomas LECUIT   2025-2026



The geometry of time

Thomas LECUIT   2025-2026

C.H. Waddington (1957). The strategy of the genes

« Dans l’étude du développement, nous nous intéressons non seulement à 
l’état final auquel le système aboutit, mais aussi au chemin par lequel il y 
parvient. Pour étudier algébriquement ces trajectoires de développement, il 
nous faudrait intégrer les systèmes d’équations qui décrivent le comportement 
du système. Il est en général impossible de le faire de manière générale, 
même si, pour un système particulier, on peut toujours calculer des solutions 
numériquement, comme Turing l’a fait dans quelques cas.
Pour les besoins de la discussion générale, cependant, nous devons en 
revenir à un mode d’expression que l’on peut qualifier de géométrique 
plutôt qu’algébrique. »

A. Winfree  
(1942-2002)



 Do we need ~50-parameter kinetic models?
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Systems Biology: Cell Protein Reactions
Kevin Brown M
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Here is a multiparameter model, describing how a crazy collection of proteins carries information from the cell membrane to the nucleus. The 29 nonlinear 
di!erential equations that govern this systems biology model depend on 48 reaction rates and saturation constants. There were 63 experimental data 
points for this well-understood biological system. Cerione told us that the reactions were pretty well known, but the reaction constants were not. Can we 
extract the 48 rates from 63 measurements? Can we make predictions for new experiments?

the surface pursuit of sloppy models seems hopeless, we feel
with adequate care useful models of this type can be con-
structed and meaningful predictions can be extracted from
these models. We draw on analogies from statistical mechan-
ics to attempt to make useful biological statements even in
the face of sloppiness. While we slant our presentation and
applications towards biological regulation on a molecular
level, our approach could be useful for modeling in other
contexts: we expect that construction of models in other situ-
ations like terrestrial nutrient cycling !14" and oceanic bio-
geochemical cycling !15–17" share some of the features of
sloppiness, particularly, in the degree of coarse-graining and
the difficulty of obtaining parameter data that modelers de-
sire. In addition, our approaches are easily generalizable, as
they do not rely on a particular form for the model.

II. ILLUSTRATIVE EXAMPLES

In order to make both the problem and our solution to it
more concrete, we will consider two test problems to dem-
onstrate our techniques, shown in Figs. 1 and 2. The first is a
simple toy model of an autoinhibitory one gene circuit !18"
and the second, when coupled with real cellular data, we
used to try to understand aspects of differentiation in a neu-
ronal cell line !11". For the larger model #30 nonlinear dif-
ferential equations with 48 rate constants$, we consider both
the real data used in Ref. !11" and two types of fake data. In
the first case, which we call the ‘‘mock’’ model, data points
are generated from the model, which match the real data in
all respects #time, protein, fractional error$ except, of course,
that the model can match the data exactly. In the second case,
which we will henceforth refer to as the ‘‘perfect’’ model, we
go far beyond the quality and quantity of data that can cur-
rently #or in the near future$ be obtained experimentally. We
used the model to generate 90 data points #one each minute$
for every active #phosphorylated/guanosine triphosphate-
bound$ chemical !19" with error bars of size one at every
point, corresponding to fractional errors between 1 and 10!4

percent. In all cases, the sort of biological information we are
interested in is exemplified in Fig. 3, in which both mRNA
and A #protein$ concentration from the model of Fig. 1 are
shown as a function of time. The kinds of predictions we
typically make are similar to the information contained in
Fig. 3 except no experimental data are initially present #see
Ref. !11" for details$.

III. COST FUNCTIONS

The ensemble method #as described also in Ref. !8"$ fits
the model to a set of data with errors %(Y i ,& i)'1

NR, which can
include both outputs of the model yk(t i ,(! ) #the concentra-
tion of chemical k at time t i) and #presumably poorly known$
model parameters (! , which for models of protein networks
contain reaction rate information and potentially initial con-
ditions. For purposes of this study we assume we have no
rate data and only time courses of chemical expression #ac-
tivity$ for %(Y i ,& i)'. Our starting point is a cost function of
the following type, given by

C#(! $"
1
2 )

i"1

NR ! Bkyk# t i ,(! $!Y i
& i

" 2# f „y! # t ,(! $…. #1$

FIG. 1. Simple autoinhibitory gene circuit !18". Our mathemati-
cal form for this model has the following four equations and six
parameters: d!PA"/dt"k2!PA :A"!k1!P:A" , d!PA :A"/dt"
!d!PA"/dt , d!mRNA"/dt"k3!PA"!k4!mRNA" , and d!A"/dt
"k5!mRNA"!k6!A"#k2!PA :A"!k1!PA"!A" .

FIG. 2. Network for extracellular-regulated kinase #ERK1/2$ ac-
tivation by epidermal growth factor #EGF$ and neuronal growth
factor #NGF$ in rat pheochromocytoma #PC12$ cells !11". Lines
capped with an arrow represent positive stimulation and those
capped with a small circle represent negative stimulation. Our
mathematical form for this model has 28 first-order, nonlinear
ODEs with 48 parameters, which can be found in the supplemental
material to Ref. !11".

K. S. BROWN AND J. P. SETHNA PHYSICAL REVIEW E 68, 021904 #2003$

021904-2

Network for ERK1/2 activation by EGF and NGF in rat PC12 cells
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Here is a multiparameter model, describing how a crazy collection of proteins carries information from the cell membrane to the nucleus. The 29 nonlinear 
di!erential equations that govern this systems biology model depend on 48 reaction rates and saturation constants. There were 63 experimental data 
points for this well-understood biological system. Cerione told us that the reactions were pretty well known, but the reaction constants were not. Can we 
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28 first order, non linear ODE 
48 unknown parameters

Bad news:

Good news:
Most parameters are under-
constrained (sloppy)

Brown and J. Sethna. Physical Rev E 68, 021904 2003 (2003)
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which the network model exhibits the desired behaviour, given
realistic initial conditions?
Using only the solid lines in Box 1a we found no such parameter

sets despite extensive efforts. Most randomly chosen parameter sets
caused model components to oscillate strongly or caused some
components to be expressed ubiquitously while others were
repressed everywhere. Figure 1d shows the pattern most resembling
the target, obtained for around 1 in 3,000 randomly chosen

parameter sets from the initial pattern in Fig. 1b. No parameter
sets produced stable asymmetric patterns. We realized that if Wg is
the only input to en and Wg is secreted symmetrically from wg-
expressing cells, expression of en must be activated in all neigh-
bours. Similarly, as Hh signalling activates wg in neighbouring cells,
wgmust be expressed on either side of en-expressing cells. Thus, the
solid connections in Box 1a cannot suffice to explain even the most
basic behaviour of the segment polarity network. There must be
both active repression of en in cells anterior to the wg-expressing
stripe and something that spatially biases the response of wg to Hh.
There is good evidence in Drosophila for wg autoactivation16, and
suggestive evidence that the Ci amino-terminal repressor fragment
may inhibit en17. We incorporated these two possible remedies first
(dashed lines, Box 1a). With these links installed there are many
parameter sets that enable the model to reproduce the target
behaviour, so many that they can be found easily by random
sampling.
Each parameter set for which the model mimics Fig. 1a we call a

‘solution’ to the problem posed. Among 240,000 randomly-chosen
parameter sets we found 1,192 solutions (!1 in 200). This is very
frequent; as this search involved 48 parameters, on average a
random choice of parameter value has roughly a 90% chance of
being compatible with the desired behaviour (0.948 is !1/200). This
holds even though most parameters range over several orders of
magnitude. For comparison, if the model tolerated variation in the
average parameter over 10% of its 100- or 1,000-fold range (a wildly
optimistic expectation for a human-engineered electronic circuit),
random search would find only one solution in 1048 samples.
Figure 1e shows the stable pattern evolved for one such set of
parameters from the pre-pattern in Fig. 1b. Clearly, under these
conditions, the network model produces a pattern comparable to
the target behaviour.
Figure 2a shows all 1,192 solutions found. Although some

parameters cluster more tightly than others, none are confined to
narrow sub-ranges. For each parameter, there is a solution for
essentially any value. Thus, the network’s ability to pass our test is
intrinsic to its topology rather than to a specific quantitative tuning.
There are so many diverse solutions that the notion of a globally
optimal parameter set makes no biological sense. For instance,
solutions for Wg diffusion rates (kMxferWG, Fig. 2a) range over three
orders of magnitude, from values allowing very little Wg traffic to
values for which Wg diffuses rapidly across the segment.
To assess sensitivity to variation in individual parameters, we

took parameter sets known to produce the desired behaviour and
varied one parameter while holding all others fixed. In most cases,
the model tolerates tenfold or more variation in the values of
individual parameters (Fig. 3). In parameter space, abrupt transi-
tions delineate zones within which the model behaves as desired
from zones of qualitatively different behaviour. The canyons of
working territory are sometimes narrow, but more often broad; the
model often performs equivalently despite 100- or 1,000-fold
variation in the value of some of the parameters. Thus, not only
does the network topology embody many different solutions, but
most solutions are highly robust to variation in individual
parameter values.
Aside from patterns like Fig. 1e, the model has a complex

repertoire, selected by initial conditions and parameter values. Many
randomly sampled parameter sets lead to ubiquitous expression of
some subset of model components and global repression of others.
About 1 in 700 random sets evolves the degenerate pattern in Fig. 1d
for the pre-pattern in Fig. 1b. Among the most common degenerate
patterns are a one-cell-wide wg stripe overlayed by a three-cell-wide
en strip, and a stripe of en-expressing cells surrounded by wg-
expressing cells (!1 in 70 randomly chosen parameter sets each);
the former pattern results for inadequate en repression and the latter
from excessively avid wg autoactivation. Non-degenerate patterns
include en andwg expressed in the same one-cell-wide stripe (!1 in

Box 1
A simple continuous dynamical model of the segment polarity
gene network

a, Interactions among products of the five genes in our model: WG,
wingless; EN, engrailed; HH, hedgehog; CID, cubitus interruptus (whole
protein); CN, repressor fragment of cubitus interruptus; PTC, patched;
PH, patched–hedgehog complex. Dashed lines were added according
to the insufficiencies of the bold lines alone. Ellipses, mRNAs; rectangles,
proteins; arrows, positive interactions; circles, negative interactions. ci is
basally expressed (+ in rhombus). b, Examples of differential equations
constituting our model. These simplified dimensional-form equations
govern dynamics of hedgehog mRNA, protein and the Ptc-Hh complex;
several terms (hh repression by CN, transport fluxes) have been left out
for clarity. See Supplementary information for further details. c, Simple
dose–response curve governing transcriptional activation (brackets in b),
illustrating parameterization of the model. Transcription rate saturates
because of inherent limits on how fast RNA polymerase can move (Tmax)
multiplied by a gene-specific efficiency parameter (rhh). for every
monotonic regulator there is some concentration at which it has a half-
maximal effect on its target (kENhh). Each such interactionmay exhibit non-
linearity (nENhh). In the case of cooperative binding, n is equivalent to a Hill
coefficient.
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Table 1 Frequency of solutions as a function of initial conditions

Initial conditions Minutes Number of hits Number of tries Hit rate
...................................................................................................................................................................................................................................................................................................................................................................
Crisp: wg[2(h)]; Wg[2(h)]; en[3(h)]; En[3(h)] 200 1,192 240,000 1 in 201
Degraded: see Fig. 1c 600 149 750,000 1 in 5,000
Crisp, plus ubiquitous low-level ci and ptc: ci[1–4(l)]; ptc[1–4(l)] 200 110 41,258 1 in 375
Three-cell band of ci, stripe of wg on posterior margin: wg[2(h)]; ci[1(m),2(m),4(m)] 600 69 40,338 1 in 585
Three-cell band of ptc, stripe of en on anterior margin: en[3(h)]; ptc[1m),3(m),4(m)] 600 127 36,196 1 in 285
Three-cell band of ptc, out-of-phase three-cell band of ci: ci[1(h),2(h),4(h)]; ptc-1(h),3(h),4(h)] 600 18 226,084 !1 in 104

Close to target pattern: wg[2(h)]; Wg[2(h)]; en[3(h)]; En[3(h); hh[3(h)]; Hh[3(h)];
ptc[1(l),2(m)),4(m)]; Ptc[1(l)]; ci[1(m),2(m),4(m)]; Ci[1(l),2(m),4(m)], CiN75[1(m),2(l),4(l)]

200 464 21,526 1 in 46

...................................................................................................................................................................................................................................................................................................................................................................
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240,000 randomly-chosen 
parameter sets  
1,192 solutions (1 in 200)

Good news:
Most parameters are under constrained (sloppy)Many first order, non linear ODE 

48 parameters

Bad news:

G. von Dassow et al and G. Odell, Nature 406: 188 (2000)

 Do we need ~50-parameter kinetic models?



Beyond gene-heavy ODE models for Development

Thomas LECUIT   2025-2026

• Need for a more intuitive approach that really captures the dynamics of signalling 
• A phenomenological model that circumvents the construction of gene-heavy ODE models, 

with a large number of « sloppy » (under-constrained) parameters for the dynamics (eg. 
transcription, translation, trafficking, signalling etc).  

• A parsimonious representation of how signals define fates 
• Distinguishes competence, commitment (decision making) and final determination of state. 

Metaphore
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Figure 10.82: A dynamical systems, gene-free approach to developmental fate.
(A) The Waddington landscape concept. (B) Flows on the Waddington land-
scape. (C) Schematic of the signaling and corresponding fates of di↵erent cells.
(D) Time dependent evolution of the landscape. (E) RP;

Mathematical framework



Geometric approach to Bistability
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Figure 10.31: Transcription factor competition forms a genetic switch in em-
bryonic stem cells. (A) In pluripotent cells, the Nanog gene activates its own
expression by forming a complex with Oct4 and Sox2. This complex, however,
cannot activate genes such as Neurod1 that commit cells to a di↵erentiated neu-
ral state. The concentration of Nanog can be monitored by fusing it to GFP.
(B) The presence of Brn2, which can be measured by fusing it to RFP, leads
to sequestration of Sox2 from its complex with Nanog, with the subsequent
formation of a Brn2–Sox2 complex. As a result, Nanog cannot activate itself,
while the Brn2–Sox2 complex can activate the Neurod1 gene. Adapted from C.
Sokolik et al., Cell Systems, 1, 117-129 (2015).

Transcription factor competition forms a genetic switch in embryonic stem 
cells

• Nanog forms a complex with Oct4 
and Sox2 to auto activate  Nanog 
and maintain the pluripotent  state. 

• Brn2 competes with Nanog to bind 
Sox2 and induces Neurod1 
transcription, and neural fate. 

Positive autoregulation and Competition

C. Sokolik et al. and M. Thomson, Cell Systems 1, 117–129 (2015) 
Hernan G. Garcia and Rob Phillips, Physical genomics
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Figure 10.32: Optogenetic control of Brn2 production. (A) Gal4 activator is
fused to a LoV domain. In the absence of light, the Gal4–LoV fusion cannot
activate a Brn2-RFP transgene. (B) Without Brn2-RFP present due to the
absence of light, cells remain in their pluripotent state as indicated by their
shape. (C) Upon exposure to light, the LoV domains dimerize, triggering Gal4
binding to a UAS sequence and resulting in the production of a Brn2–RFP fu-
sion protein. (D) After 24 hours of light exposure, Brn2–RFP can be clearly
observed throughout cells and concomitantly, cells have changed their morphol-
ogy. Adapted from C. Sokolik et al., Cell Systems, 1, 117-129 (2015).
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Figure 10.34: Distribution of cell responses as a function of Brn2. (A) More
than 250,000 cells were measured for their level of Nanog-GFP and Brn2-RFP
using flow cytomtetry as the light intensity, and therefore Brn2 levels, were
varied. The joint distribution reveals a switch-like response. (B) Steady-state
Nanog distribution for three di↵erent levels of Brn2 shown as vertical dashed
white lines in (A). Adapted from C. Sokolik et al., Cell Systems, 1, 117-129
(2015).

one population with high Nanog but low Brn2, and another population with low
Nanog but high Brn2. The former population is associated with cells in the un-
di↵erentiated state, while the latter population corresponds to cells that have
di↵erentiated into the neural state. Figure 10.34(B) confirms this switch-like
behavior of neural commitment by plotting the marginal distribution of Nanog
levels conditional on di↵erent levels of Brn2 and revealing a threshold level of
approximately 100 a.u. (arbitrary units) of Brn2 that flips the switch.

The flow cytometry data shown in Figure 10.34 confirms that exposure to
high light levels over 24 hours leads to cell di↵erentiation. Interestingly, the
highest Brn2 levels shown in Figure 10.33(A) originated from cells being exposed
to 300 µW of light intensity, the same intensity used for the microscopy based
experiments featured in Figure 10.33 (note that the Brn2 signal is normalized
di↵erently for the flow cytometry and microscopy based experiments). Yet,
while constant illumination at high light intensity led to cell di↵erentiation as
shown in Figure 10.33(C), transient illumination over one hour with the same
light intensity was not capable of triggering the cell state switch.

We will deploy the mathematical machinery introduced earlier in this section

Geometric approach to Bistability
Positive autoregulation and Competition

Light induced (photoactivation) expression of Brn2 represses Nanog and induces neural fate

C. Sokolik et al. and M. Thomson, Cell Systems 1, 117–129 (2015) 
Hernan G. Garcia and Rob Phillips, Physical genomics
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Figure 10.35: States, weights and rates for cooperative binding of the Nanog-
Oct4-Sox2 complex to the Nanog promoter. Here, [N � O � S] is the concen-
tration of the Nanog-Oct4-Sox2 complex and N is the concentration of Nanog,
with [N �O�S] = cN , where c is a constant of proportionality in this context
and not a concentration.. We also define K(B) as the dissociation constant for
the binding of this complex to DNA and K̄(B) = K(B)/c. We assume that
only in the presence of bound Nanog-Oct4-Sox2 complex, transcription ensues
at a rate r.

Further, by using the fact that equation 10.44 can be written as

[Nanog � Sox2] =
[Nanog][Sox2]

KN,NS
, (10.47)

we arrive at

[N �O � S] =
[Oct4]

KNS,NOS

[Nanog][Sox2]

KN,NS
= [Nanog]

[Oct4][Sox2]

KNS,NOSKN,NS
. (10.48)

Finally, we assume that both Sox2 and Oct4 are in excess of Nanog such that
their free concentrations given by [Sox2] and [Oct4] do not change significantly
as they engage in the binding to Nanog. Using these assumptions, we can rewrite
the concentration of the Nanog-Oct4-Sox2 complex as

[N �O � S] ⇡ Nc, (10.49)

where we have defined the constant

c =
[Oct4][Sox2]

KNS,NOSKN,NS
, (10.50)

and simplified our notation such that N = [Nanog]. Thus, we see that, if
complex assembly is in equilibrium, we can posit a linear relation between the
number of Nanog-Oct4-Sox2 complexex and the number of Nanog molecules.
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to attempt to explain not only the switch-like behavior of this cell fate decision,
but also its ability to distinguish between transient di↵erentiation signals, which
could be construed as noise, and stable signals that trigger the cell di↵erentiation
program. We begin by introducing a reduced description of the dynamics of
this system given in terms of the concentration of Nanog, represented with
the shorthand notation N(t). To make this possible, we leverage the physics
of occupancy described throughout the book in which it is imagined that the
Nanog promoter can either be empty or bound by two copies of the Nanog-
Oct4-Sox2 complex as shown in Figure 10.35. In this model, we will follow
the authors of this study by invoking a Hill function description of binding
similar to that introduced in section 5 of the Companion. Namely, we will
assume that cooperativity between the two Nanog-Oct4-Sox2 complexes bound
to the DNA is so strong that the regulatory region is either empty, or occupied
simultaneously by both complexes. In other words, we will not concern ourselves
with intermediate states featuring only one occupied binding site. Further, we
assume that two Nanog-Oct4-Sox2 complexes have to be bound simultaneously
for transcription to ensue, leading to the states, weights and rates shown in
Figure 10.35. In light of these definitions, the dynamical equation describing
the time evolution of Nanog takes the form

dN

dt
= r

⇣
[N�O�S]

K(B)

⌘2

1 +
⇣

[N�O�S]

K(B)

⌘2
� �N, (10.42)

where � is the Nanog degradation rate. Here, we introduce another shorthand
notation where [N�O�S] is the concentration of Nanog-Oct4-Sox2 complexes.
Further, we have acknowledged the dependence of the dissociation constant K
on the concentration of Brn2, also truncated to the shorthand B(t). Finally,
the dynamics of Brn2, are described by

dB

dt
= f(I), (10.43)

where I is the intensity of the illumination that induces the Brn2 production.
We can further simplify this description by positing that the formation of

the Nanog-Oct4-Sox2 complex is at equilibrium. Specifically, we think of the as-
sembly of the complex using the biochemical reactions pictured in Figure 10.36.
Because we assume that these reactions operate at equilibrium, we can define the
various dissociation constants defined in the figure. For example, we consider

[Nanog][Sox2]

[Nanog � Sox2]
= KN,NS (10.44)

as well as
[Oct4][Nanog � Sox2]

[N �O � S]
= KNS,NOS . (10.45)

We now rewrite equation 10.45 as

[N �O � S] =
[Oct4][Nanog � Sox2]

KNS,NOS
. (10.46)

• Non-linear (cooperative) activation of Nanog by the Nanog-Oct4-Sox2 (NOS) complex

The dissociation constant depends on Brn2 (which competes with Nanog)
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Figure 10.36: Assembly of the Nanog-Oct4-Sox2 complex. Equilibrium model
of complex assembly, where the dissociation constants for each reaction are
defined.

• Equilibrium model of NOS complex assembly:  
if Sox2 and Oct4 are in excess of Nanog, then 
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Finally, we assume that both Sox2 and Oct4 are in excess of Nanog such that
their free concentrations given by [Sox2] and [Oct4] do not change significantly
as they engage in the binding to Nanog. Using these assumptions, we can rewrite
the concentration of the Nanog-Oct4-Sox2 complex as

[N �O � S] ⇡ Nc, (10.49)

where we have defined the constant

c =
[Oct4][Sox2]

KNS,NOSKN,NS
, (10.50)

and simplified our notation such that N = [Nanog]. Thus, we see that, if
complex assembly is in equilibrium, we can posit a linear relation between the
number of Nanog-Oct4-Sox2 complexex and the number of Nanog molecules.

with the constant   
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Finally, we assume that both Sox2 and Oct4 are in excess of Nanog such that
their free concentrations given by [Sox2] and [Oct4] do not change significantly
as they engage in the binding to Nanog. Using these assumptions, we can rewrite
the concentration of the Nanog-Oct4-Sox2 complex as

[N �O � S] ⇡ Nc, (10.49)

where we have defined the constant

c =
[Oct4][Sox2]

KNS,NOSKN,NS
, (10.50)

and simplified our notation such that N = [Nanog]. Thus, we see that, if
complex assembly is in equilibrium, we can posit a linear relation between the
number of Nanog-Oct4-Sox2 complexex and the number of Nanog molecules.
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As a result of the simplified description of the Nanog-Oct4-Sox2 complex
in terms of the Nanog concentration presented above, we arrive at the coarse-
grained description of the dynamics of Nanog concentration given by

dN

dt
= r

⇣
N

K̄(B)

⌘2

1 +
⇣

N
K̄(B)

⌘2
� �N, (10.51)

where we have absorbed the constant c relating the Nanog concentration to
the concentration of the Nanog-Oct4-Sox2 complex into the dissociation con-
stant such that K̄(B) = K(B)/c. The first term on the right represents auto-
activation described by a Hill function. As the amount of N increases, this
increases the rate of production of N until some saturation level is reached.
However, note that mid-point of this curve as it approaches saturation in turn
depends upon the amount of Brn2 (B(t)) present through the dissociation con-
stant K̄(B).

To understand how that saturation level depends upon Brn2, we need to ex-
plore the way in which this protein competes with the formation of the Nanog-
Oct4-Sox2 complex by binding to Oct4. If we imagine that the molecular part-
nership between Brn2 and Sox2 takes place on rapid time scales relative to the
overall process of transcription, then we can invoke an equilibrium picture of
that binding described by the equilibrium dissociation constant Kd and given
by

Kd =
[Brn2][Sox2]

[Brn2� Sox2]
. (10.52)

The total amount of Sox2 can be written as

[Sox2]tot = [Sox2] + [Brn2� Sox2] (10.53)

which can be rewritten using the dissociation constant as

[Sox2]tot = [Sox2] +
[Brn2][Sox2]

Kd
. (10.54)

Hence, we can write the amount of Sox2 free to participate in the formation of
the Nanog-Oct4-Sox2 complex as

[Sox2] =
[Sox2]tot

1 + [Brn2]
Kd

. (10.55)

This change in the concentration of Sox2 free to engage in the formation of
the Nanog-Oct4-Sox2 complex as a result of the sequestration of Sox2 by Brn2
can be accounted for by invoking the definition of c from Equation 10.50 and
remembering the e↵ective dissociation constant K̄ such that

K̄ =
K

c
= K

KNS,NOSKN,NS

[Oct4][Sox2]
. (10.56)

This yields: where 

708CHAPTER 10. MATHEMATICIZING GENE REGULATORYNETWORKS

As a result of the simplified description of the Nanog-Oct4-Sox2 complex
in terms of the Nanog concentration presented above, we arrive at the coarse-
grained description of the dynamics of Nanog concentration given by

dN

dt
= r

⇣
N

K̄(B)

⌘2

1 +
⇣

N
K̄(B)

⌘2
� �N, (10.51)

where we have absorbed the constant c relating the Nanog concentration to
the concentration of the Nanog-Oct4-Sox2 complex into the dissociation con-
stant such that K̄(B) = K(B)/c. The first term on the right represents auto-
activation described by a Hill function. As the amount of N increases, this
increases the rate of production of N until some saturation level is reached.
However, note that mid-point of this curve as it approaches saturation in turn
depends upon the amount of Brn2 (B(t)) present through the dissociation con-
stant K̄(B).

To understand how that saturation level depends upon Brn2, we need to ex-
plore the way in which this protein competes with the formation of the Nanog-
Oct4-Sox2 complex by binding to Oct4. If we imagine that the molecular part-
nership between Brn2 and Sox2 takes place on rapid time scales relative to the
overall process of transcription, then we can invoke an equilibrium picture of
that binding described by the equilibrium dissociation constant Kd and given
by

Kd =
[Brn2][Sox2]

[Brn2� Sox2]
. (10.52)

The total amount of Sox2 can be written as

[Sox2]tot = [Sox2] + [Brn2� Sox2] (10.53)

which can be rewritten using the dissociation constant as

[Sox2]tot = [Sox2] +
[Brn2][Sox2]

Kd
. (10.54)

Hence, we can write the amount of Sox2 free to participate in the formation of
the Nanog-Oct4-Sox2 complex as

[Sox2] =
[Sox2]tot

1 + [Brn2]
Kd

. (10.55)

This change in the concentration of Sox2 free to engage in the formation of
the Nanog-Oct4-Sox2 complex as a result of the sequestration of Sox2 by Brn2
can be accounted for by invoking the definition of c from Equation 10.50 and
remembering the e↵ective dissociation constant K̄ such that

K̄ =
K

c
= K

KNS,NOSKN,NS

[Oct4][Sox2]
. (10.56)

Rate equation: Hill function for production and degradation

Geometric approach to Bistability
Positive autoregulation and Competition

C. Sokolik et al. and M. Thomson, Cell Systems 1, 117–129 (2015) 
Hernan G. Garcia and Rob Phillips, Physical genomics
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Instead of using rate analysis and a phase portrait, we can use a geometric approach.  

Principle: dynamics are derived from a « potential landscape » as follows:

10.4. DYNAMICS OF AUTO-ACTIVATION 713

to lead to a change in cell fate, the pulse needs to last at least for a time 1/�.
Indeed, experimental work revealed a Nanog half life of approximately 2 hours,
and a slightly longer switching time of about 4 hours. Thus, our dynamical
systems treatment makes it possible not only to understand how a changing
phase portrait can guide the dynamics of the autoactivation switch, but also
how it can inform our understanding of the cell fate transitions that are key to
the cellular decision making that shapes organismal development.

10.4.5 Cell-Fate Switching in Stem Cells Revisited: A
Waddington Landscape View of Cellular Decision
Making
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the system dynamics as the playing out of the dynamics of a “particle” on
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general idea with applications across a huge range of di↵erent phenomena, famed
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ways to study Brownian motion and its generalizations (for more details, see
the book by Kardar highlighted in the Further Reading). In biology, though
often it is not couched in mathematical terms, this class of approaches are
known as the Waddington landscape. We often like to think of it as what
one might call Aristotelian dynamics since this kind of dynamical law posits
a linear relationship between “force” and “velocity.” The central idea of this
overdamped dynamics is to write the time evolution of some system of interest
in the form

d(thing)

dt
= ��

dU

dthing
, (10.66)

where U is the e↵ective “energy landscape,” though we caution about an overzeal-
ous interpretation of U as a true energy. Given this dynamical formulation, we
can go back to our main task of exploring how a potential landscape view of
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dN

dt
= �@U(B,N)

@N
. (10.67)

Given the dynamics embodied in eqn. 10.51, we can compute this energy land-
scape for each value of N by integrating the resulting di↵erential equation given
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We integrate both sides of the equation, namely
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As can be tested by di↵erentiation, the result of carrying out this integral is
given by

U(B,N) =
r

K̄(B)
arctan

N

K̄(B)
� rN +

1

2
�N2. (10.70)

The resulting energy landscape given by U(B,N) is plotted in Figure 10.39(A)
for a set of parameters that make the features we are interested in more promi-
nent.

This analysis provides a natural language for asking the central question
about the phenomenology of this example, namely, how does the circuit filter
out short-lived increases in Brn2, while, when faced with long duration pulses
of this same protein the systems commits to an irreversible developmental de-
cision. Specifically, Figure 10.39(A) reveals how, for low values of Brn2, the
energy landscape features two minima: one at low Nanog concentration and
one at high Nanog concentration. We also see a local maximum between these
two Nanog concentrations corresponding to the unstable fixed point. As the
Brn2 concentration increases, the minimum corresponding to the high Nanog
concentration disappears. This transition in the minima of the Nanog energy
landscape is made even clearer by plotting U(B,N) for specific values of B in
Figure 10.39(B). Here, we see how, as Brn2 levels increase, the system has no
choice but to evolve towards the low Nanog fixed point. If Brn2 levels are kept
high for long enough such that the Nanog concentration decreases past the local
maximum in the lansdscape, the system reaches a point of no return and con-
tinues evolving towards the Nanog low state regardless of whether Brn2 levels
are kept high or low.

We close on a final note of confusion (our own, perhaps not that of others).
We note that although this landscape view is used often, in cases like the mutual
repression switch to be taken up in the next section, to the best of our knowl-
edge, there is no landscape description of the dynamical equations. That is,
the dynamical equations we will write have no corresponding landscape whose
derivatives will yield those equations. For now, our tentative way of thinking
about this is that sometimes the landscape picture o↵ers an alternative coarse-
grained view of these

Based on previous analysis of N rate of change: 
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By integration : 

Geometric approach to Bistability
Positive autoregulation and Competition

We derive the Energy landscape functional form: 
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energy landscape features two minima: one at low Nanog concentration and
one at high Nanog concentration. We also see a local maximum between these
two Nanog concentrations corresponding to the unstable fixed point. As the
Brn2 concentration increases, the minimum corresponding to the high Nanog
concentration disappears. This transition in the minima of the Nanog energy
landscape is made even clearer by plotting U(B,N) for specific values of B in
Figure 10.39(B). Here, we see how, as Brn2 levels increase, the system has no
choice but to evolve towards the low Nanog fixed point. If Brn2 levels are kept
high for long enough such that the Nanog concentration decreases past the local
maximum in the lansdscape, the system reaches a point of no return and con-
tinues evolving towards the Nanog low state regardless of whether Brn2 levels
are kept high or low.

We close on a final note of confusion (our own, perhaps not that of others).
We note that although this landscape view is used often, in cases like the mutual
repression switch to be taken up in the next section, to the best of our knowl-
edge, there is no landscape description of the dynamical equations. That is,
the dynamical equations we will write have no corresponding landscape whose
derivatives will yield those equations. For now, our tentative way of thinking
about this is that sometimes the landscape picture o↵ers an alternative coarse-
grained view of these
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Figure 10.39: E↵ective energy landscape for switching dynamics. (A) The en-
ergy landscape that results from integrating the right side of eqn. 10.51. (B)
Particular cuts through the energy landscape for cases with low, intermediate
and high Brn2. When Brn2 is high, the system moves to a new fixed point.
Parameters used are r = 14 a.u./h, � = 1/3 h�1, K/c0 = 20 and Kd = 1 a.u.

10.5 Switching by the Mutual Repression Ar-
chitecture

As we already saw in Figure 10.8 (p. 667), auto-activation motifs such as those
introduced in the previous section are not the only switches that constitute
part of the genetic repertoire of the great diversity of organisms on our planet.
Indeed, in several developmental contexts, the process of a cell adopting a par-
ticular fate is often accompanied by the repression of all alternative fates as
introduced schematically in Figure 10.7 (p. 666). This switch-like expression of
alternate genes can be achieved through another motif that mediates the mutual
repression of the relevant genes. Here, as shown schematically in Figure 10.40,
each gene represses the expression of its counterpart.

Mutual repression is found all throughout gene regulatory networks from
viruses to animals. Figure 10.7 (p. 666) shows the prevalence of this network
motif in the cellular decisions in hematopoietic development, in the early devel-
opment of the fruit fly embryo, and in the lysis/lytic switch of the bacteriophage
lambda. In each of these examples, mutual repression has been speculated to
lead to the adoption of stable alternative fates. However, as we will see below,
the sole presence of two genes connected in a mutual-repression fashion does not
guarantee a bistable choice between two alternate fates characterized by high
levels of expression of one repressor, and low levels of its counterpart.

As noted in the Preface, because this book is part of a series, at times we
decided to explicitly repeat some text nearly verbatim to make the di↵erent

Potential landscape as a function of Nanog and Brn2:  
• At low Brn2 concentration, there are two minima and two fixed points (Nanog ON, Nanog OFF) and 

there is an unstable fixed point in between 
• At higher Brn2, the high minimum disappears leaving only one state: Nanog OFF. 

Energy landscape functional form: this is not a fixed landscape. Its changes as a function of signals 

Geometric approach to Bistability
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Gene-free methodology for cell fate
dynamics during development
Francis Corson1*, Eric D Siggia2*

1Laboratoire de Physique Statistique, CNRS / Ecole Normale Supérieure, Paris,
France; 2Center for Studies in Physics and Biology, Rockefeller University, New
York, United States

Abstract Models of cell function that assign a variable to each gene frequently lead to systems
of equations with many parameters whose behavior is obscure. Geometric models reduce dynamics
to intuitive pictorial elements that provide compact representations for sparse in vivo data and
transparent descriptions of developmental transitions. To illustrate, a geometric model fit to vulval
development in Caenorhabditis elegans, implies a phase diagram where cell-fate choices are
displayed in a plane defined by EGF and Notch signaling levels. This diagram defines allowable and
forbidden cell-fate transitions as EGF or Notch levels change, and explains surprising observations
previously attributed to context-dependent action of these signals. The diagram also reveals the
existence of special points at which minor changes in signal levels lead to strong epistatic
interactions between EGF and Notch. Our model correctly predicts experiments near these points
and suggests specific timed perturbations in signals that can lead to additional unexpected
outcomes.
DOI: https://doi.org/10.7554/eLife.30743.001

Introduction
Development is a dynamical process, so models that purport to be comprehensive must explicitly

describe dynamics. Typically models report changes in protein levels and use them to predict pheno-

typic outcomes. However, the number of parameters involved makes implementation cumbersome

and predictions non-intuitive. Classical embryology emerged in the absence of genetics and

describes development in terms of overall cell and tissue phenotype. Such studies allow the infer-

ence of cell states that must exist even before any overt differentiation or morphogenesis is visible.

For example, a cell is competent to respond to signals during a temporal window; it is committed or

specified when those signals are no longer required, and determined when other signals cannot

deviate it from its normal/assigned fate. Our aim here is to retain the conceptual clarity of classical

embryology in models that made novel and quantitative predictions.
Developmental states admit an intuitive topographical representation, as proposed by Wadding-

ton and later formalized mathematically (Waddington, 1957; Slack, 1991). The development of a

cell is conceived as a downhill path in a shifting landscape controlled by cell signaling. Between two

outcomes, or valleys, is always a ridge, and cells poised on the ridge can descend into either valley

with equal probability. Once pushed off a ridge, cell fates are determined irrespective of subsequent

twists and turns of the valleys. The Waddington picture suggests that cell fate decisions can be sepa-

rated from the complexity inherent in specification and morphogenesis, which inherently simplifies

any model.
Vulval development in Caenorhabditis elegans (Sternberg, 2005) is an appealing setting in which

to quantify Waddington’s landscape metaphor. Here, six vulval precursor cells (VPCs), P3.p-P8.p,

which are developmentally equivalent (P3.p is less competent and ignored in the model), receive an

EGF signal from the anchor cell (AC), and interact through Notch signaling, to eventually assume

Corson and Siggia. eLife 2017;6:e30743. DOI: https://doi.org/10.7554/eLife.30743 1 of 25
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Developmental signaling networks are composed of dozens of
components whose interactions are very difficult to quantify in
an embryo. Geometric reasoning enumerates a discrete hierarchy
of phenotypic models with a few composite variables whose para-
meters may be defined by in vivo data. Vulval development in
the nematode Caenorhabditis elegans is a classic model for the in-
tegration of two signaling pathways; induction by EGF and lateral
signaling through Notch. Existing data for the relative probabilities
of the three possible terminal cell types in diverse genetic back-
grounds as well as timed ablation of the inductive signal favor
one geometric model and suffice to fit most of its parameters. The
model is fully dynamic and encompasses both signaling and com-
mitment. It then predicts the correlated cell fate probabilities for a
cross between any two backgrounds/conditions. The two signaling
pathways are combined additively, without interactions, and epis-
tasis only arises from the nonlinear dynamical flow in the land-
scape defined by the geometric model. In this way, the model
quantitatively fits genetic experiments purporting to showmutual
pathway repression. The model quantifies the contributions of
extrinsic vs. intrinsic sources of noise in the penetrance of mutant
phenotypes in signaling hypomorphs and explains available
experiments with no additional parameters. Data for anchor cell
ablation fix the parameters needed to define Notch autocrine
signaling.

embryonic development ∣ modeling ∣ signaling dynamics

During development, a single cell gives rise to organized struc-
tures comprised of specialized cell types. The molecular

description of these transformations has focused on the transcrip-
tional networks controlling gene expression (1). However we still
cannot predict the time course of gene expression in a developing
embryo. The quantitative description of signaling is more proble-
matic because it is more enmeshed in cell biology and there are
many genes that modulate the behavior of the common pathway
components by position/aggregation/phosphorylation, depending
on the cellular context and organism (2). Evolutionary bricolage
(3) can alter many genetic linkages leaving the phenotype invar-
iant. For instance, somitogenesis in all vertebrates is well de-
scribed by the “clock and wavefront” model, yet there is little
overlap among the genes that actually oscillate in theWnt, Notch,
and FGF pathways when comparing fish, chick, and mouse (4).
Thus gene regulatory networks have to be worked out species by
species, and it will be problematic to transfer numerical para-
meters between systems.

Classical embryology developed a suite of concepts that broke
down the steps from signaling to cell differentiation and moti-
vated many experiments, even though they are difficult to assay
precisely. During development, cells or tissues become compe-
tent when they can sense signals that direct them toward a parti-
cular fate; they are specified or committed to a fate when the
signal can be removed with no change in outcome. Cells are de-
termined when they cannot be directed to alternative fates by
other signals. Differentiation ensues when specialized gene bat-
teries are induced along with characteristic morphology. None of
these concepts can be tested in a completely controlled way in
vivo, and the recent creation of induced pluripotent stem cells

(5) shows that even differentiation can be reversed. Yet they have
provided a useful guide to experiments.

These concepts admit a natural geometric representation,
which can be formalized in the language of dynamical systems,
also called the geometric theory of differential equations (Fig. 1).
When the molecular details are not accessible, a system’s effec-
tive behavior may be represented in terms of a small number of
aggregate variables, and qualitatively different behaviors enum-
erated according to the geometrical structure of trajectories or
topology. The fates that are accessible to a cell are associated with
attractors—the valleys in Waddington’s “epigenetic landscape”
(6)—to which neighboring trajectories converge. The set of
points that tend to a given attractor forms its basin of attraction,
and the state of commitment of a cell can be defined by its posi-
tion relative to the basins of different fates. Along the boundaries
between basins of attraction are saddle points, where the flow
splits between two attractors, marking a “decision point” between
different outcomes. Certain fates become accessible only at a par-
ticular time during development, so one should think of a land-
scape that changes over time. The external signals to which cells
respond during competence transiently shift the boundaries be-
tween attractors, biasing trajectories toward one fate or other.

The appeal of this type of mathematics for developmental biol-
ogy was recognized long ago (7) because the description is phe-
notypic and the mathematical concepts are formulated without
reference to parameters. However, the applications never went
beyond metaphor. The tools of dynamical systems theory have
been used to analyze the qualitative behavior of detailed gene
network models, but this assumes a correct model is available
to begin with. Our aim here is to show that we may get a better
grasp of developmental phenomena by stepping back from the
molecular scale and reasoning directly on the phenotype ex-
pressed in geometrical terms.

Even if the ultimate goal is a gene centric description, geo-
metric or phenotypic models are a useful intermediate step. They
organize rather clearly the minimal parameters necessary to rea-
lize the observed phenotypes and provide a context for the defi-
nition of epistasis. The conventional test for epistasis is whether
the effects of two alleles are additive. But if the data pertain to
protein binding, and epistasis is interpreted as cooperativity, then
the relevant comparison is between binding energies. Thus the
logarithm of the protein abundance or affinity should be taken
before checking for additivity. It is the context that dictates that
log of expression is the relevant data transformation. In the case
of development, where the data are a function of space and time,
the analogous transformation is not so obvious. The geometric
description builds in the correct qualitative structure of the initial
and final states and naturally provides for internal variables in
terms of which signaling pathways combine linearly. Epistasis
appears when the dynamics projects these variables onto discrete
fates. Thus as our example of protein affinity shows, epistasis can
be a matter of variable choice.
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A simple 2-D “fate plane” driven by 
two signal inputs (EGF, Notch) 
recapitulates the determination of 
3 cell fates in C. elegans 
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Figure 10.81: Development of the vulva in C. elegans. (A) Anatomy of the
worm. (B) Cell lineages as a result of signaling.
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Geometry of cell fate dynamics in C. elegans

Vulval precursor cells (6 VPCs): 
1° fate:P6.p 
2° fate: P5.p and P7.p 
3° fate: P4.p and P8.p, P3.p



Key features of a geometric model
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• Key features: 
• A phenomenological model that circumvents the construction of gene-heavy ODE models, with a large 

number of « sloppy » (under-constrained) parameters for the dynamics (eg. transcription, translation, 
trafficking, signalling etc).  

• A parsimonious representation of how signals define fates 
• Distinguishes competence, commitment (decision making) and final determination of state. 

P. François and E. Siggia. Current Opinion in Genetics & Development, 22:627–633 (2012)

Meinhardt was the first to suggest a third state was
necessary to account for the differences between ros-
tro-caudal and caudo-rostral boundaries [27], and more
elaborate models [28] indeed include multiple fates
within a somite. Geometrically one can ask whether
the AP information within a somite derives from the
oscillator phase or is a progressive refinement of two

rostral–caudal domains [27,29]. Interestingly there is a
zebrafish mutant with somites only two cells wide,
suggesting that two intra-somite states suffice [30].

After the discrete states within a somite are enumerated,
the clock has to be connected to the model. This is done
by treating the posterior morphogen as a parameter. As it

Phenotypic models of evolution and development François and Siggia 629
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Bifurcation theory and differentiation. (a–c) The landscape view of a bistable system where the left state disappears by a saddle node bifurcation as a
morphogen (red arrow) favoring the right state increases. This sequence of states can all be described by the polynomial x4/4 ! x2/2 + c"x where c is
the morphogen and the variable x has been scaled to place the minima at #1. (d–f) The same events as a–c but represented as flows in two
dimensions. The colored domains show all points that limit to the terminal states represented by dots and X is the saddle point where the flow divides
between the two domains. (g–i) With three states there are several arrangements of their domains of attraction and the saddles. The open circle is a
source, analogous to a peak in a landscape view. (j–l) One representation for a three way decision controlled by two signaling pathways. With no
signals, j, the initial state falls in the blue domain and limits to one state. Applying either the red or green signals (arrows) tilts the landscape and favors
the domain of the same color. For applications to the vulva in C. elegans [15] the blue, green, red domains represent fates 38, 28, 18 and only the latter
two make the vulva. The red and green signals are EGF and Notch.

www.sciencedirect.com Current Opinion in Genetics & Development 2012, 22:627–633

Representation as flow (arrows) on a tunable 2D landscape.
Coloured domains are basin of attractions: the 
points that flow to the terminal states (black dots). 
The saddle point (+) separates the two domains. 

The landscape changes as a function of signals 
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f(x) = x4/4 - x2/2 + c x
c is value of a signal gradient that tilts the landscape 
The signalling process C is viewed as a blackbox 
reduced to a single parameter c.  

Bistable system:
1D landscape:

c = 0 c + c ++
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Figure 10.82: A dynamical systems, gene-free approach to developmental fate.
(A) The Waddington landscape concept. (B) Flows on the Waddington land-
scape. (C) Schematic of the signaling and corresponding fates of di↵erent cells.
(D) Time dependent evolution of the landscape. (E) RP;
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Building a geometric model from data
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• A simple 2-D “fate plane” driven by two signal inputs (EGF, Notch) 
• Three states are defined by the action of EGF and Notch signalling
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Figure 10.82: A dynamical systems, gene-free approach to developmental fate.
(A) The Waddington landscape concept. (B) Flows on the Waddington land-
scape. (C) Schematic of the signaling and corresponding fates of di↵erent cells.
(D) Time dependent evolution of the landscape. (E) RP;

• Three possible arrangements of domains of attraction and of saddles 

Meinhardt was the first to suggest a third state was
necessary to account for the differences between ros-
tro-caudal and caudo-rostral boundaries [27], and more
elaborate models [28] indeed include multiple fates
within a somite. Geometrically one can ask whether
the AP information within a somite derives from the
oscillator phase or is a progressive refinement of two

rostral–caudal domains [27,29]. Interestingly there is a
zebrafish mutant with somites only two cells wide,
suggesting that two intra-somite states suffice [30].

After the discrete states within a somite are enumerated,
the clock has to be connected to the model. This is done
by treating the posterior morphogen as a parameter. As it

Phenotypic models of evolution and development François and Siggia 629

Figure 2

(a)

(d)

(g)

(j) (k) (l)

(h) (i)

(e) (f)

(b) (c)

Current Opinion in Genetics & Development

Bifurcation theory and differentiation. (a–c) The landscape view of a bistable system where the left state disappears by a saddle node bifurcation as a
morphogen (red arrow) favoring the right state increases. This sequence of states can all be described by the polynomial x4/4 ! x2/2 + c"x where c is
the morphogen and the variable x has been scaled to place the minima at #1. (d–f) The same events as a–c but represented as flows in two
dimensions. The colored domains show all points that limit to the terminal states represented by dots and X is the saddle point where the flow divides
between the two domains. (g–i) With three states there are several arrangements of their domains of attraction and the saddles. The open circle is a
source, analogous to a peak in a landscape view. (j–l) One representation for a three way decision controlled by two signaling pathways. With no
signals, j, the initial state falls in the blue domain and limits to one state. Applying either the red or green signals (arrows) tilts the landscape and favors
the domain of the same color. For applications to the vulva in C. elegans [15] the blue, green, red domains represent fates 38, 28, 18 and only the latter
two make the vulva. The red and green signals are EGF and Notch.

www.sciencedirect.com Current Opinion in Genetics & Development 2012, 22:627–633

Gradient model: the basins 
are ordered from left to right

2 consecutive decisions All transitions are possible
Central source and 3 saddles2 saddle points

F. Corson and E. Siggia.  PNAS  109:5568–5575 (2012)
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Mathematical construction
Principle: Dynamics = Flow + Signal tilts + Noise  
State of a cell represented as a point r in a 2-D fate plane 
Stochastic differential equation: 

Signal tilt vector: adds a constant bias to a symmetric flow  
    m represents the linear contribution of vector m0 to default 3° fate and 2 signal vectors m1 and m2

m
!!m

!
0 þ l1m

!
1þ l2m

!
2 (4)

integrates a default bias towards the default fate 3˚, m
!

0, and the effect of EGF and Notch signaling,

parameterized by two vectors, m
!

1 and m
!

2 (red and green arrows in Figure 1C), which are combined

linearly according to the levels of EGF and Notch ligands, l1 and l2; on the cell.

Variability in the dynamics is described by the stochastic term h
!

tð Þ, parameterized by a coefficient
of diffusion D in phase space:

hi tð Þhj t
0ð Þ ! 2Ddijd t% t0ð Þ (5)

A fixed exponential gradient of EGF is assumed

l1 ! g2
;g;1;g;g2

! "

(6)

while the level of Notch ligands a cell exposes to its neighbors is a function of its current state

L2 r
!

# $

! s2 n0þ n
!
1 & r

!
# $

(7)

with

s2 uð Þ !
1þ tanhð2uÞ

2
(8)

and varies continuously from 0 to 1 across a line parameterized by n0 and n
!

1 (dashed line in
Figure 1E). The level of Notch ligands received by a cell integrates contributions from its neighbors

and from autocrine signaling, e.g. for P6.p

l2ðP6:pÞ ! L2ðP5:pÞþaL2ðP6:pÞþL2 P7:pð Þ (9)

where a is the relative strength of autocrine signaling. Modulations in signaling activity are repre-
sented as additive or multiplicative changes in the ligand levels. For example, EGF overexpression is

described by

l1 ! l g2
;g;1;g;g2

! "

(10)

where l>1 denotes the dosage of EGF relative to WT, and ectopic EGF expression in a lin-15 mutant
(assumed uniform) by

l1 ! g2
;g;1;g;g2

! "

þ dl (11)

where dl denotes the level of ectopic EGF.
Simulations proceed as follows. The VPCs are initially equivalent and their state is drawn from the

(Gaussian) steady state distribution obtained in the model when the term f
!
that makes the dynamics

multistable is removed and there is no signaling (an ansatz for dynamics prior to VPC fate specifica-

tion). The full dynamics are then computed for one unit of time, representing the period during

which VPCs respond to EGF and Notch signaling, after which the fate of each cell is scored accord-

ing to its final position. For this purpose, the dynamics is run for one more unit of time in the

absence of signaling to allow convergence toward an attractor, then fractional fate assignments are

computed according to the distance to the three attractors. With this fractional fate assignment, fate

proportions output by the model under fixed realizations of the noise are continuous functions of

model parameters, which is numerically convenient for parameter fitting.
It may be noted that the form of our equation for VPC dynamics bears a resemblance to standard

models for gene expression, comprised of a sigmoidal production term and a linear degradation

term. However, the equation is vectorial, and the two coordinates in phase space do not stand for

the levels of particular molecular species, providing instead an effective representation of the pro-

gression of a cell toward its eventual fate.

Corson and Siggia. eLife 2017;6:e30743. DOI: https://doi.org/10.7554/eLife.30743 21 of 25
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EGF Notch
EGF dosage l1: fixed exponential gradient across cells
Notch dosage l2: thresholded by a line in the fate plane (cells below it express ligand) 
Note: N and EGF have independent activities

to all these features and allow experiments to be targeted to interesting points. Independent of a

specific model, consideration of geometry unifies seemingly disparate outcomes.
Models that define the fate plane geometrically and then fit to genes can unify what appear to

be different signaling modalities. The relative importance of induction of 2˚ vs. ‘lateral inhibition’ of
1˚ (Sternberg, 1988) by Notch has been debated. While biochemically the distinction may be very

clear (e.g. when Notch signaling deactivates the MAPK pathway [Berset et al., 2001; Yoo et al.,

2004]), once we insist fates 1˚ and 2˚ are distinct (bistability) there is no distinction between favoring

one or inhibiting the other. While the extensive data in (Barkoulas et al., 2013) requires the authors

to admit context-dependent signals (e.g. lateral inhibition vs. induction depends on EGF), our model

accounts for all contexts with one set of parameters.
Similarly, vulval patterning is often conceptualized as an interplay of ‘graded’ (EGF level defines

1˚ vs. 2˚ fates [Katz et al., 1995; Sternberg and Horvitz, 1986]) and ’sequential’ (Notch induces 2˚
fates [Koga and Ohshima, 1995; Simske et al., 1995]) signaling, which are proposed to be partially

redundant (Kenyon, 1995). Our quantitative model suggests a specific instance of this: EGF reach-

ing P5/7.p is not required for 2˚ fate induction but reduces loss of 2˚ fates under reduced Notch

activity (Corson and Siggia, 2012).
Genes and their interactions are the ultimate building blocks of development, so how can a phe-

nomenological model that eschews any one to one correspondence with genes contribute to our

knowledge of development? For any signaling pathway, there are upwards of five components

required from receptor to transcription and already 10’s of parameters. There are solid grounds for

believing most of these parameters do not matter for the behavior of the system (http://www.lassp.

cornell.edu/sethna/Sloppy/). Signal transmission between cells is less understood, particularly for

hydrophobic ligands such as Hedgehog. Though pathway components and their biochemical prop-

erties have been elucidated in cell culture systems, it is far from evident that actual parameters fit to

those systems have any relevance to the embryo. If the goal is to be more quantitative about how

an egg turns into an embryo, then it is not clear to us, how denser lists of genes and their interac-

tions will help. Rather pieces of the problem will be parameterized and the components joined in a

structure defined by phenomenology.
Evolution has built many levels of redundancy into development that insure a robust outcome but

complicate efforts to reconstruct the process from its genetic components. Geometric models take a

step back from genetic reductionism and impose basic embryological phenomenology (competence,

commitment, determination etc.). They begin from a parsimonious representation of how signals

define fates that largely eliminates redundancy among parameters, and leads to sharper fits and

more believable predictions. Geometric models should be the method of choice when confronted

with sparse in-vivo data in developmental biology (Corson et al., 2017).

Materials and methods

Model
The model (Corson and Siggia, 2012) describes the state of each VPC by a vector r

!
in two-dimen-

sional space and its dynamics by the stochastic differential equation

d r
!

dt
!
1

t
s
!

1 f
!
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!
! "

# r
!

# $

þ h
!

tð Þ (1)

where

f
!

r
!

% &

! 2 r
!# 2xy e

!
xþ y2# x2

' (

e
!

y (2)

is a polynomial vector field with threefold symmetry and the nonlinear function

s
!

1 f
!

! "

! tanhk f
!
k

f
!

k f
!
k

(3)

ensures that the dynamics is bounded. The term
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Noise: 
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1þ l2m

!
2 (4)

integrates a default bias towards the default fate 3˚, m
!

0, and the effect of EGF and Notch signaling,

parameterized by two vectors, m
!

1 and m
!

2 (red and green arrows in Figure 1C), which are combined

linearly according to the levels of EGF and Notch ligands, l1 and l2; on the cell.

Variability in the dynamics is described by the stochastic term h
!

tð Þ, parameterized by a coefficient
of diffusion D in phase space:

hi tð Þhj t
0ð Þ ! 2Ddijd t% t0ð Þ (5)

A fixed exponential gradient of EGF is assumed

l1 ! g2
;g;1;g;g2
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(6)

while the level of Notch ligands a cell exposes to its neighbors is a function of its current state
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(7)

with

s2 uð Þ !
1þ tanhð2uÞ

2
(8)

and varies continuously from 0 to 1 across a line parameterized by n0 and n
!

1 (dashed line in
Figure 1E). The level of Notch ligands received by a cell integrates contributions from its neighbors

and from autocrine signaling, e.g. for P6.p

l2ðP6:pÞ ! L2ðP5:pÞþaL2ðP6:pÞþL2 P7:pð Þ (9)

where a is the relative strength of autocrine signaling. Modulations in signaling activity are repre-
sented as additive or multiplicative changes in the ligand levels. For example, EGF overexpression is

described by

l1 ! l g2
;g;1;g;g2

! "

(10)

where l>1 denotes the dosage of EGF relative to WT, and ectopic EGF expression in a lin-15 mutant
(assumed uniform) by

l1 ! g2
;g;1;g;g2

! "

þ dl (11)

where dl denotes the level of ectopic EGF.
Simulations proceed as follows. The VPCs are initially equivalent and their state is drawn from the

(Gaussian) steady state distribution obtained in the model when the term f
!
that makes the dynamics

multistable is removed and there is no signaling (an ansatz for dynamics prior to VPC fate specifica-

tion). The full dynamics are then computed for one unit of time, representing the period during

which VPCs respond to EGF and Notch signaling, after which the fate of each cell is scored accord-

ing to its final position. For this purpose, the dynamics is run for one more unit of time in the

absence of signaling to allow convergence toward an attractor, then fractional fate assignments are

computed according to the distance to the three attractors. With this fractional fate assignment, fate

proportions output by the model under fixed realizations of the noise are continuous functions of

model parameters, which is numerically convenient for parameter fitting.
It may be noted that the form of our equation for VPC dynamics bears a resemblance to standard

models for gene expression, comprised of a sigmoidal production term and a linear degradation

term. However, the equation is vectorial, and the two coordinates in phase space do not stand for

the levels of particular molecular species, providing instead an effective representation of the pro-

gression of a cell toward its eventual fate.
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Stochastic term characterised by diffusion in phase space 

Building a geometric model from data

Flow f(r): characterised by the simplest polynomial vector field with 3-fold symmetry, ie. 
consistent with the existence of 3 states/basins of attraction (derived from cubic potential):follows:

~f ð ~rÞ ¼ 2 ~r þ c2½−2xy ~ex þ ðy2 − x2Þ ~ey& [1]

d ~r
dt
¼ 1

τ
½ ~σ1ð ~f þ ~mÞ − ~r& þ ~ηðtÞ [2]

~σ1ð ~f Þ ¼ tanhð‖ ~f‖Þ
~f

‖ ~f‖
[3]

~m ¼ ~m0 þ l1 ~m1 þ l2 ~m2 [4]

hηiðtÞηjðt 0Þi ¼ 2Dδijδðt − t 0Þ: [5]

The polynomial vector field ~f ð ~rÞ, which derives from a threefold-
symmetric cubic potential, is the simplest flow that diverges
away from the origin into three “valleys.” In the definition of the
dynamics (Eq. 2), it is mapped through a saturating sigmoidal
function and combined with a convergent radial flow, so that tra-
jectories are bounded (‖ ~r‖ < 1) and each valley terminates in a
stable fixed point (Fig. 4A). The constant term ~m then biases this
symmetric flow according to the external signals received by the
cell, with the time constant τ setting the maximum response rate.
In the absence of external signals, ~m0 biases the flow toward the
default 3° fate (Fig. 4B). In keeping with our minimalist approach,
the responses to EGF and Notch signaling are represented by
the vectors ~m1 and ~m2 (Fig. 4 C–F). Signaling strength is para-
meterized by l1 and l2, which vary between zero and one in WT.
For instance, the reduction in EGF signal from the anchor cell
in a hypomorphic allele will multiply l1 in all cells by a number
specific to that allele. In these variables, there is no explicit path-
way coupling, contributions from the two pathways simply add.
Finally, the simplest yet natural way to introduce variability in

outcomes is a random noise term (Langevin noise), ~ηðtÞ, which
is parameterized by a coefficient of diffusion in phase space, D.

One may object that the interpretation of a signal surely de-
pends on the state of the cell (i.e., the ~mi are functions of ~r),
and the mutual repression between the EGF and Notch pathways
(12, 13) is one instance of this. However, as already anticipated,
we do not need such parameters to fit the available data, includ-
ing data purporting to show mutual repression between the two
pathways. The latter effect is implicitly subsumed by the bistabil-
ity between fates 1 and 2.

Interacting Cells. We simulate five cells centered on P6.p (Fig. 2),
thus our full model has 10 variables, two for each cell. The EGF
signal is fixed in time and decays exponentially with distance from
the AC (SI Appendix, Inductive signal gradient),

l1 ¼ fγ2; γ; 1; γ; γ2g: [6]

On the other hand, the lateral signal emitted by each VPC de-
pends on its current state. The lateral signal is defined by a func-
tion L2ð ~rÞ, which varies as a sigmoid from zero to one when ~r
crosses a threshold line that runs diagonally through the 3°, 1°
domains:

L2ð ~rÞ ¼ σ2ðn0 þ ~n1 · ~rÞ [7]

σ2ðuÞ ¼
1þ tanh 2u

2
: [8]

To relate the signal, L2, produced by a cell and its neighbors to
Notch signaling, l2, in that cell, we introduce a ratio α to para-
meterize the relative importance of autocrine and paracrine sig-
naling (14) (Notch ligands or Deltas include both transmembrane
and diffusible ligands; ref. 15). Thus for P6.p,

l2ðP6.pÞ ¼ L2ðP5.pÞ þ αL2ðP6.pÞ þ L2ðP7.pÞ: [9]

Time Course. Model simulations proceed as follows (see SI
Appendix, Simulation procedure for details). The VPCs are initi-
ally all equivalent and the equations are initialized from a Gaus-
sian distribution consistent with the noise level in the model. The
dynamics are then computed as described above for a period of
time representing competence (defined in arbitrary units to be
the interval from t ¼ 0 to t ¼ 1). Following competence, the fates
of the cells are scored according to their locations relative to the
basins of attraction in the absence of signaling (Fig. 4B).

We have found by fitting data that default parameters are ade-
quate, specifically c2 ¼ 1, ~m0;1;2 point toward the fixed points, 3°,
1°, 2°, and ‖ ~n1‖ ¼ 3. A natural simplification would have ~n1 in
Eq. 7 aligned with ~m1, expressing that EGF induces lateral sig-
naling, but the data impose a slightly different orientation. We are
thus left with nine parameters (m0 ¼ ‖ ~m0‖, m1 ¼ ‖ ~m1‖, m2 ¼
‖ ~m2‖, τ, D, γ, α, n0, ∠ ~n1 ¼ orientation of ~n1), plus an additional
value of l1 or l2 for each pathway allele. This choice defines a
minimal model where all parameters are directly tied to some
property of the flow and thus a phenotype. Signaling, commit-
ment, and determination appear in the model as in experiment,
as a continuous progression though with substantial variability be-
tween animals. Further discussion of the model’s relevance and
limitations is reserved for Discussion.

Results: Fit to Data
Our fits minimize the mean-square difference between model
and data, normalized by the expected variance based on the num-
ber of data points (SI Appendix, Methods: Fit to data). We also
impose weak biases on parameters which are not normalized
to [0, 1], that favor values of order one in dimensionless units.

Fig. 4. Flow fields from the model. (A) In the absence of any bias ( ~m ¼ ~0 in
Eq. 2), the flow is symmetric, diverging away from a central source (open cir-
cle). The colored arrows mark the default directions of the ~mi (Eq. 4). (B–F)
Dynamics of a VPC under fixed levels of the two signals (autocrine signaling is
not included here). (B) In the absence of ligands (l1 ¼ l2 ¼ 0), the flow is
biased by ~m0 toward the default 3° fate and the initial condition (white disk)
is in the basin of 3°. This flow is seen by VPCs after competence and defines
their fates. (C) A small level of EGF (l1 ≈ 0.2; red arrow) biases the flow toward
the 1° fate. (D) At stronger levels of EGF (here, l1 ¼ 0.5), the other fixed points
disappear. So given sufficient time, this level of EGF will force any cell to go to
the 1° fate regardless of its previous state of specification. (E) Weak levels of
Notch signaling (l2 ≈ 0.2; green arrow) bias the flow toward 2°. (F) At stron-
ger levels of Notch (here, l2 ≈ 0.5) the other fixed points disappear and any
cell will eventually reach 2°.

5570 ∣ www.pnas.org/cgi/doi/10.1073/pnas.1201505109 Corson and Siggia
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Choosing variables that allow pathway contributions to be
simply added makes the model predictive because a new interac-
tion parameter is not needed every time a genetic cross is made.
The single alleles have to be fit, because they are otherwise
numerically undefined, but then all combinations of alleles are
predicted.

As a classic example of cell fate patterning, the nematode vulva
(8) is an instructive model for the application of geometric meth-
ods. The vulva of Caenorhabditis elegans forms from a row of
vulval precursor cells (VPCs), which are competent to adopt
three possible fates. In normal development, the VPCs adopt an
invariant pattern of fates (as seen in the lineage or division pat-
tern), which is specified by two signaling pathways: inductive EGF
signaling from the neighboring anchor cell (AC) and lateral
Notch signaling among VPCs (Fig. 2). When development is
perturbed, other patterns of the three fates are obtained, often
with variable results for genetically identical animals. Thus
experimental outcomes are described as probabilities. The me-
chanism by which EGF and Notch specify VPC fates has been

subject to debate. In the “morphogen” or “graded” model (9),
different levels of EGF specify the different fates, 1°, 2°, 3°,
at increasing distance from the anchor cell. In the “sequential”
model (10, 11), the anchor cell induces the 1° fate in the closest
VPC, which in turn induces the 2° fate in its neighbors through
Notch. There is experimental evidence supporting both mechan-
isms and both are present in the quantitative model we develop
here; they are not dichotomous.

In the following sections, we first formulate a geometric repre-
sentation of vulval fate specification. Possible topologies are
enumerated and discriminated on the basis of experimental ob-
servations. The favored topology is then translated into a minimal
quantitative model, defining equations for the dynamics of indi-
vidual VPCs along with the coupling between cells. Variability
among animals is an intrinsic part of the model, and in contrast
to genetic inference in most contexts, partially penetrant pheno-
types are most informative, because they highlight the boundaries
between fates. We show graphically how each parameter in the
model is fit to a specific experiment, and can then “postdict”
several experiments not used in the fit, particularly those invol-
ving correlated variability in fates (“extrinsic noise”). Genetic
experiments ostensibly showing pathway interactions can be
quantitatively fit with our model which lacks explicit interaction
parameters. We predict nonintuitive outcomes for crosses be-
tween various hypo- and hypermorphs of the two pathways plus
ablations in diverse backgrounds. Our modeling approach ex-
tends to any context where a multiway cell decision is controlled
by two signaling pathways.

Results: Model Formulation
Experiments define the competence period for vulval induction
and the conditions under which the precursor cells can be
switched among their three possible terminal fates by signals
(SI Appendix, Methods: Model and numerical simulation). We
can therefore generalize our binary decision model from Fig. 1
to a situation with three possible outcomes. Because the fate
adopted by each VPC depends on the activities of two signaling
pathways, it is natural to describe its effective dynamics in a two-
dimensional space (Fig. 3). Different topologies can be enumer-
ated by how the basins of attraction of the three fates fit together
in the plane and only one of these is plausible for the vulva
(Fig. 3C). With the model’s topology fixed from qualitative as-
pects of the experiments, we formulate a minimal quantitative
model, which parameterizes the flow governing each precursor
cell according to the levels of the two signaling pathways.

Individual VPCs.The state of each cell is described by a two-dimen-
sional vector ~r ¼ x ~ex þ y ~ey, and its dynamics is parameterized as

A B C

D E F

Fig. 1. A geometric view of cell fate specification. (A) Prior to competence,
the cell occupies a precursor state symbolized by the blue ball in the bottom
of the well. (B) During the competence period, there are several states acces-
sible to the cell indicated by separate wells. (C) The transition between wells
is governed by signals, represented by the red arrow, that deform the land-
scape and favor a particular state. The geometric viewpoint treats the signal
transduction machinery as a black box, and reduces the signal to a single
parameter. (D–F) The same configurations as in A–C shown as a flow field
in the plane. Fixed points are shown as solid circles throughout, the saddles
defining the division point between the two states are shown as crosses, and
the basins of attraction for each fate are shown as colored regions.

Fig. 2. Vulval development in C. elegans (8, 27). The vulva forms from a row
of six VPCs, P3.p–P8.p (P3.p fuses with the epidermis in 50% of animals,
ref. 32, and is omitted here). The VPCs are competent to adopt three possible
fates, inner vulval or primary (1°), outer vulval or secondary (2°), and nonvul-
val or tertiary (3°), which are identified by characteristic cell lineages (the
orientation of terminal divisions is indicated by letters: L, longitudinal;
T, transverse; U, undivided; S, fused with the epidermal syncytium; underlined
cells are adhered to the cuticle). In WT, inductive EGF signaling from the AC
(red arrows) and lateral Notch signaling among VPCs (green arrows) specify
an invariant pattern of fates, 32123. VPC response to external signals begins
in the L2 larval stage (cell cycle G1) and extends shortly after the first round
of division. In the model, this competence period is defined to be the time
interval ½0; 1$ (dashed line).

Fig. 3. Possible topologies for a decision between three fates. (A) The three
basins of attraction are ordered from left to right as suggested by the
response to a graded morphogen. This topology is essentially the graded
model (9) and is ruled out by the equal proportions of 1° and 2° fated cells
in P6.p for ablation times prior to 0.6 in SI Appendix, Fig. S5. (B) Two conse-
cutive decisions (i.e., between 3° and vulva at saddle A and 1° vs. 2° at saddle
B); this requires parameter tuning and is thereby excluded. (C) All transitions
between two fates are permissible, there is a central source (open circle) and
saddles between each pair of fates. This topology is our candidate for vulval
patterning.
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to all these features and allow experiments to be targeted to interesting points. Independent of a

specific model, consideration of geometry unifies seemingly disparate outcomes.
Models that define the fate plane geometrically and then fit to genes can unify what appear to

be different signaling modalities. The relative importance of induction of 2˚ vs. ‘lateral inhibition’ of
1˚ (Sternberg, 1988) by Notch has been debated. While biochemically the distinction may be very

clear (e.g. when Notch signaling deactivates the MAPK pathway [Berset et al., 2001; Yoo et al.,

2004]), once we insist fates 1˚ and 2˚ are distinct (bistability) there is no distinction between favoring

one or inhibiting the other. While the extensive data in (Barkoulas et al., 2013) requires the authors

to admit context-dependent signals (e.g. lateral inhibition vs. induction depends on EGF), our model

accounts for all contexts with one set of parameters.
Similarly, vulval patterning is often conceptualized as an interplay of ‘graded’ (EGF level defines

1˚ vs. 2˚ fates [Katz et al., 1995; Sternberg and Horvitz, 1986]) and ’sequential’ (Notch induces 2˚
fates [Koga and Ohshima, 1995; Simske et al., 1995]) signaling, which are proposed to be partially

redundant (Kenyon, 1995). Our quantitative model suggests a specific instance of this: EGF reach-

ing P5/7.p is not required for 2˚ fate induction but reduces loss of 2˚ fates under reduced Notch

activity (Corson and Siggia, 2012).
Genes and their interactions are the ultimate building blocks of development, so how can a phe-

nomenological model that eschews any one to one correspondence with genes contribute to our

knowledge of development? For any signaling pathway, there are upwards of five components

required from receptor to transcription and already 10’s of parameters. There are solid grounds for

believing most of these parameters do not matter for the behavior of the system (http://www.lassp.

cornell.edu/sethna/Sloppy/). Signal transmission between cells is less understood, particularly for

hydrophobic ligands such as Hedgehog. Though pathway components and their biochemical prop-

erties have been elucidated in cell culture systems, it is far from evident that actual parameters fit to

those systems have any relevance to the embryo. If the goal is to be more quantitative about how

an egg turns into an embryo, then it is not clear to us, how denser lists of genes and their interac-

tions will help. Rather pieces of the problem will be parameterized and the components joined in a

structure defined by phenomenology.
Evolution has built many levels of redundancy into development that insure a robust outcome but

complicate efforts to reconstruct the process from its genetic components. Geometric models take a

step back from genetic reductionism and impose basic embryological phenomenology (competence,

commitment, determination etc.). They begin from a parsimonious representation of how signals

define fates that largely eliminates redundancy among parameters, and leads to sharper fits and

more believable predictions. Geometric models should be the method of choice when confronted

with sparse in-vivo data in developmental biology (Corson et al., 2017).
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• Flows in the landscape towards 3 cell fates:

Building a geometric model from data

F. Corson and E. Siggia.  PNAS  109:5568–5575 (2012)

Vectorial equation: the axis do not represent 
gene/molecular activities. 
EGF induces 1° fate P6.p (red) 
Notch induces 2° fate, P5.p and P7.p (green) 
3° fate is unindexed/default (blue)
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Figure 10.82: A dynamical systems, gene-free approach to developmental fate.
(A) The Waddington landscape concept. (B) Flows on the Waddington land-
scape. (C) Schematic of the signaling and corresponding fates of di↵erent cells.
(D) Time dependent evolution of the landscape. (E) RP;
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A sensitized genetic background is an allele that flows near a saddle point: noise can 
give rise to both adjacent fates (partial penetrance of a mutant phenotype)

VPC indicated by grey dot. 
Coloured arrows represent the strength of EGF (red) 
and N (green) signals. 
Cells below the dashed line express Notch ligands
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• Onset of competence (t=0+) 
strong EGF signal (red arrow) tilts the landscape for 
P6.p which can only make 1°fate.  The cell is above 
the dashed line so does not express N ligand and 
P7.p does not receive a signal. 

• Mid competence (t=0.5) 
VPC reaches dashed line, expresses N ligand (green arrow)  
Autocrine signalling for P6.p and paracrine for P7.p. 
This tilts landscape for P7.p which can only adopt 2° fate.

• End of competence (t=1+) 
No signalling so landscape returns to initial conditions with 
3 attractor basins. 
Cells are in their respective basins and reach their 
respective fates. 

Building a geometric model from data
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Compact representation of cell trajectories and distribution of outcomes due 
to noise in a landscape without signals



Phase portrait of cell fate patterns

Thomas LECUIT   2025-2026 F. Corson and E. Siggia. eLife 6:e30743 (2017)

• Continuous domains with unique fates 
(the size of the domain is linked to 
robustness) 

• Domains separated by fuzzy lines that 
reflect partial penetrance (phenotypic 
variability) 

• Boundaries cross at « triple points » (e.g. 
T1, T2) where small changes in signals 
produce different fate patterns

10.10. MAKING WADDINGTON REAL 775
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Figure 10.83: Cell fate in the phase portrait.
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Point B: P4/P8.p partially adopt 2° fate due 
to ectopic N (+)

• Partial penetrance: reflected by distribution of cell 
fates for a given VPC across fate boundary 

• This is used to identify saddle points

Figure 2. Phase diagram of the model. (A) Phase diagram of the model showing the vulval pattern as a function of EGF and N(otch) levels normalized

to the WT value of one. The horizontal axis represents fold-change in EGF pathway activity, while the vertical is defined to follow (Barkoulas et al.,

2013). Notch levels below one are fold changes induced by RNAi, while larger values represent a uniform level of NICD added to the WT level in all

cells (in units of the maximum signal produced by a cell). The shaded regions represent zones of partial penetrance marking the transition between two

or more discrete fates. Three boundaries meet in triple points, e.g., T1/2. The labeled points are elaborated in B. (B) The fate plane depiction for

transition points marked in A. The boundary point B corresponds to mild ectopic Notch activity (symbolized by a green ’+’), resulting in partial

conversion of P4/8.p to the 2˚ fate. The triple points T1 and T2 are two dosage combinations such that one pair of cells (P5/7.p and P4/8.p, respectively)

can yield all three fates. JU1100 is an EGF over expression line (fit to ~4 ! WT; longer red arrow), in which both P4/8.p and P5/7.p are partially

transformed. Other symbols follow Figure 1E. (C) The data used to fit the model that admits representation in the phase diagram is shown as solid

dots when both the phenotype and signal levels are used, and open circles when only the phenotype was assumed. The +/- denote a half dose of

respective signal. (D) The data from (Barkoulas et al., 2013) (dots) overlaid on the phase diagram. The paths P1-3 are discussed in subsequent figures.
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Points T1/T2: P5/P7.p and P4/P8p partially adopt all fates
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Benefits of geometric model

• A parsimonious representation of dynamics 
• No need to model with ODE and many parameters the details of dynamics 
• Makes clear predictions of mutant phenotypes and gene interactions. 

Example: epistasis

Non-additive interaction between alleles of genes. The phenotype produced by mutation in gene 
X changes depending on mutation in gene Y.  
e.g. Sometimes two alleles in two different genes  have no effect independently, but show a 
defective phenotype when combined (synthetic lethality). 

A small change in the flow field induced by low EGF (pointing
toward the 1° fate) then suffices to direct most of the initial con-
ditions to the other side of the saddle and thus to the 2° fate.

Contrary to intuition, we find that a signal that pushes cells
in one direction can displace outcomes in a different direction.
We can understand this form of epistasis as a generic effect of the
flow in the vicinity of saddle points (Fig. 10B), and it also occurs,
with the roles of Notch and EGF interchanged, when an EGF
hypomorph is crossed with a weak Notch hypomorph (SI
Appendix, Epistasis from saddle flows). This phenomenon will con-
found the interpretation of experiments in sensitized back-
grounds, which by definition are tuned to marginal outcomes,
and correspond geometrically to flows into saddle points.

Putative Epistasis Between Notch and EGF Pathways. Sensitized back-
grounds have also been used to study the mutual inhibition be-
tween the EGF and Notch pathways. For instance, the Notch
pathway up-regulates the transcription of the LIP-1 MAPK phos-

phatase that inhibits the EGF pathway in presumptive 2° cells
(13, 22). However lip-1(lf) has no phenotype, so the genetic strat-
egy in ref. 22 was to cross this allele into a background with
ectopic EGF [e.g., lin-15(rf)] and observe epistasis. We can quan-
titatively replicate their results by an additive contribution to l1
[for lin-15(rf)] followed by a multiplicative change corresponding
to lip-1(lf), reflecting the order of the two genes in the pathway
(SI Appendix, Table S6).

Mapping Genetic Effects onto Model Parameters. Another form of
coupling between EGF and Notch is the down-regulation of
Notch receptors in presumptive 1° cells, which was shown to be
required for lateral signaling: P5/7.p otherwise adopt the default
3° fate (12). Unlike the Notch-induced down-regulation of EGF
signaling, our model transparently incorporates this effect, with
no changes, if the emitted signal L2 is interpreted as the “effec-
tive signal” that reaches neighboring cells, rather than the ligand
level expressed by P6.p and then adsorbed by that cell. Manipula-
tions that decrease Notch internalization would then be parame-
terized by moving the threshold for lateral signaling (dashed line
in Fig. 5A) further into the 1° basin. Thus multiple genetic effects
can map onto the same model parameter.

Likewise, it has been suggested that the EGF receptor seques-
ters ligand, preventing ectopic induction, so the shape of the
gradient may change in EGF receptor (EGFR) mutants (23).
This effect can be expressed through our parameter γ (Eq. 6)
which can be related to a kinetic model for the diffusion and
sequestration of ligand (SI Appendix, Shape of the EGF gradient).
To explain the observed induction of 2° fate in isolated cells also
requires assumptions about how Notch ligand diffuses and sticks
(SI Appendix, Isolated cells).

Model Suggests Informative Experiments. Although we have con-
centrated here on a few significant predictions, the model does
supply the phenotype under any combination of mutations affect-
ing EGF/Notch signaling, AC ablation, temperature-induced
changes in expression, etc. We summarize here a few interesting
experiments suggested by the model with further details in the
SI Appendix. AC ablations are predicted to have qualitatively
different consequences in EGF and Notch mutants. EGF muta-
tions affect mostly the timing of induction, whereas Notch muta-
tions displace the intermediate phenotypes toward different
proportions of 1°/2° fates (SI Appendix, Anchor cell ablation in
mutants). In some mutant backgrounds, cells are predicted to
transition through the basin of attraction of an intermediate fate
on their way to their eventual fate. We find that these intermedi-
ate fates could be uncovered by suitably timed temperature-
induced changes in expression (SI Appendix, Temperature steps).

In some experiments, a fraction of cells adopt hybrid fates, with
the two daughters giving rise to lineages characteristic of different
fates. Geometrically, hybrid lineages can naturally be interpreted
as precursor cells ending near a boundary, such that their daugh-
ters can take divergent paths because of noise. Thus we expect
that more hybrid fates will occur in experiments where cells
are clustered near a boundary, rather than spread out across
it. This expectation is realized in an extension of our model that
treats separately the daughters of VPCs, and we find reasonable
agreement with experimental data for cases with clustered out-
comes, particularly for isolated cells induced to mixed 1°/2° fates
(SI Appendix, Hybrid fates). We predict too few hybrid fates when
outcomes are spread out, however, suggesting other factors con-
tribute to their occurrence.

When cells land near the boundary between two fates, our
model also makes quantitative predictions for the increased time
necessary for cells to express a given level of fate marker in com-
parison to WT. The effect can be easily parameterized in terms of
the curvature around the ridge separating two basins in the
fate plane.

Fig. 9. Epistasis between lin-12(d) and lin-15(ts). (A) A lin-12(d) mutant
has no AC and its lateral signal level is described by an additive term in l2
(approximately 0.2), fit to yield an average induction index of 0.4 as in ex-
periments (21) (the rare outcomes in the green region). Without an AC,
all VPCs behave similarly. (B) We fit the lin-15(ts) state in ref. 21 by a uniform
l1 (approximately 0.1). When added to the EGF signal from the AC there is no
ectopic induction. (C) In the absence of an AC (as in the double mutant), the
weak EGF signal from lin-15(ts) shows no induction. (D) In the double mutant,
most cells are induced to a 2° fate. (E and F) Close-ups of the flow seen by the
cells in A and D, showing its changing orientation.

A B

Fig. 10. Two forms of epistasis. (A) Epistasis from the projection of contin-
uous dynamics onto discrete fates. The plane is divided into three sectors cor-
responding to three fates (see Fig. 5A), and two signals push the cells to the
right (red arrow) or up (blue arrow). Levels of signal that are, separately,
insufficient to drive the cells to a different domain (as shown here) can
together induce a different fate (magenta arrow). (B) Epistasis from the flow.
In the vicinity of a saddle, a small push in one direction (horizontal arrows)
can deflect trajectories in another direction (vertical).
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1) Epistasis results from continuous vector field on discrete fate map 
Additivity of vectors on landscape. 
Geometric representation explains epistasis without need for explicit 
gene interaction (more parameters) 

2) Epistasis results from flow in vicinity of saddle.
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The Genotype to Phenotype mapping

are not encoded in the genome (Oster & Alberch, 
1982; Oster et al., 1988). 

Most mathematical models of pattern formation 
are derived from the notion, originally proposed by 
Turing (1952), that spatial heterogeneity can emerge 
from an originally homogeneous state by means of 
diffusion-driven instabilities (Fig. 2). Basically, these 
models involve a set of two or more chemicals that 
diffuse at different rates and react with each other in a 
specific enzyme-substrate (activator-inhibitor) man- 
ner (see Meinhardt 1982, for a review of this kind of 
diffusion-reaction model). Oster et al. (1988) have 
recently reviewed the basic types of pattern-generation 
mechanisms and discussed some of their evolutionary 
implications. Other excellent examples of mathemat- 
ical models of pattern formation can be found in 
Meinhardt (1984, 1986) and Gallin et  al. (1986). 

Morphological diversity is generated by perturba- 
tions (regulation) in parameter values - -  such as rates 
of diffusion, cell adhesion, etc. - -  or initial conditions. 
The structure of the interactions among the com- 
ponents, however, remains constant. Given this as- 
sumption even if the parameters of the system are 
randomly perturbed, by either genetic mutation, or 
experimental manipulation during development, the 
system will generate a limited and discrete subset of 
phenotypes. Thus, the realm of possible forms is a 
property of the internal structure of the developmental 
system. 

Developmental basis ofphenotypie stability and ordered 
evolutionary transformation 

Parameter  Space 

Theory of pattern formation centers around the 
concept of a particular phenotype, P, emerging as the 
result of a series of temporal and spatial interactions 
during development. These interactions are regulated 
by a series of genetically controlled morphogenetic 
parameters (x~, i = 1, 2, ... m), which can either be 
molecular properties such as diffusion and kinetic 
rates, or phenomenological variables, such as elastic 
properties of the extracellular matrix, cell motility 
rates, degree of cell adhesion, etc. In general, the 
relationship between the morphogenetic parameters 

7 

C F 

\ 
x I 

Fig. 3. Parameter Space. 

and the phenotype can be mathematically stated as: 

dP/dt = tiP, xl) 

where f is an unspecified function describing the 
nature of the interactions, while x~ is a finite number of 
interacting morphogenetic parameters. 

If we know the form of the pattern-generating 
function, we can construct a diagram in which, for 
every combination of parameter values, we have a 
corresponding phenotype, such a diagram is known as 
parameter  space (see Alberch, 1982 and Agur & 
Kerszberg, 1987 for specific examples and further 
discussion of the concept of 'parameter space' in an 
evolutionary context). 

Figure 3 shows a hypothetical parameter space 
composed of six phenotypes: A, B, C, D, E and F, 
determined by the developmental interactions of two 
parameters x~ and x2. There are several general 
conclusions about the properties of pattern-formation 
models that can be illustrated using this figure: 

1. Many combinations of parameter values will 
result in the same phenotype, that is, there is no one- 
to-one correlation between genetically or environ- 
mentally mediated changes in parameter values and 
l~henotypic transformation. 

2. The stability of a particular phenotype is directly 
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1. 1. Many combinations of parameter values result in the same 
phenotype, that is, there is no one-to-one correlation between 
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relationship between the morphogenetic parameters 

7 

C F 

\ 
x I 

Fig. 3. Parameter Space. 

and the phenotype can be mathematically stated as: 

dP/dt = tiP, xl) 

where f is an unspecified function describing the 
nature of the interactions, while x~ is a finite number of 
interacting morphogenetic parameters. 

If we know the form of the pattern-generating 
function, we can construct a diagram in which, for 
every combination of parameter values, we have a 
corresponding phenotype, such a diagram is known as 
parameter  space (see Alberch, 1982 and Agur & 
Kerszberg, 1987 for specific examples and further 
discussion of the concept of 'parameter space' in an 
evolutionary context). 

Figure 3 shows a hypothetical parameter space 
composed of six phenotypes: A, B, C, D, E and F, 
determined by the developmental interactions of two 
parameters x~ and x2. There are several general 
conclusions about the properties of pattern-formation 
models that can be illustrated using this figure: 

1. Many combinations of parameter values will 
result in the same phenotype, that is, there is no one- 
to-one correlation between genetically or environ- 
mentally mediated changes in parameter values and 
l~henotypic transformation. 

2. The stability of a particular phenotype is directly 
related to the area (volume, if more than two dimen- 
sions are involved) of its domain in parameter space. A 

larger domain implies that a broader range of para- 
meter values will result in an identical phenotype. For 
example, phenotype B, which has a relatively small 
domain, should, ontogenetically and phylogenetically, 
be less stable than, say,phenotype D. Thus, the area of 
a domain in parameter space is equivalent to Wad- 
dington's concept of canalization (e.g. Waddington, 
1957). 

3. The lines drawn in Figure 3 correspond to sets of 
critical (xz, x2) values. They constitute transform- 
ational boundaries among phenotypes. That is, a 
small perturbation across the threshold value will 
result in a qualitative change in phenotype. These 
boundaries are known, in the jargon of dynamical 
system theory, as bifurcation boundaries (see Oster & 
Alberch, 1982 for additonal discussion on this issue). 
Examination of bifurcation boundaries suggests that 
many different perturbations in both parameter values 
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The structure of the bifurcation boundaries in 
parameter space is the evolutionary-relevant property, 
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4. The stability of a particular population of 
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wich exhibits phenotype D (which per se is a very 
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should be generated at relatively high frequencies. 
Conversely, species 2 has a more stable phenotype, A, 
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Transformational diagrams 

From the structure of a specific parameter space (e.g. 
Fig. 3), we can derive information about the relative 
probabilities of occurrence of specific phenotypes, as 
well as about the most probable pathways of trans- 
formation. This analysis is completely independent of 
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Fig. 4 Transformational diagram corresponding to the 'Parameter 
Space' shown in Figure 3. Letters correspond to phenotypes, while 
arrows depict possible transformations. 

any considerations about the relative adaptation of 
the possible phenotypes. 

In general, one would expect the most stable 
phenotypes (i.e., the ones with broader domains in 
parameter space) to be the most probable. For 
example, in Figure 3, phenotype D is more likely to 
occur than B. This fact does not mean that D will 
become evolutionarily 'fixed' as a species. It could be 
that B is a highly adaptative phenotype and D 
corresponds to a lethal teratology. Then, in spite of the 
repeated appearance of phenotype D in the popula- 
tion, selection will push the system toward B and make 
it the norm. This hypothetical scenario illustrates the 
interaction between contravening internal and ex- 
ternal forces in evolution. 

If we assume that genetic mutations result in 
relatively small quantitative changes in morpho- 
genetic parameter values, we can further our analysis 
and transform the parameter space, in Figure 3, into a 
kinematic graph depicting all possible pathways of 
transformation among phenotypes (Fig. 4). I refer to 
this graph as a transformational diagram. For exam- 
ple, smooth perturbation of x~ and x2 in the domain of 
phenotype A can only result in a transformation to B 
or D, with the probability of a particular transform- 
ation proportional to the length of the bifurcation 
boundary between the two phenotypic domains. 

1. 3. The lines correspond to critical (x1, x2) values. They constitute 
transformational boundaries among phenotypes.

1. Implications:  
2. — Robustness: many genotypes give rise to same phenotype 
3. — many genotypic changes can give rise to phenotypic transformation. 
4. — Evolvability: Transformational diagram define allowed phenotypic 

changes, with probability set by the length of boundaries in phase space.
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Fig. 5. Species-specific transformational diagram showing the 
kinds of phenotypic variation that are likely to appear in species 1, 
characterized by phenotype D, and species 2, characterized by 
phenotype A (from Fig. 3). Thicker arrows represent transform- 
ational pathways more probable than the ones depicted by thin 
arrows. 

Each species, or population, will have a unique 
transformation diagram dependent on its position in 
parameter space. In Figure 5, I have shown the 
transformational diagrams for species 1 and 2 in this 
hypothetical example. 

The qualitative differences between frogs and sala- 
manders in the potentiality to lose specific digits (Fig. 
6, see Alberch & Gale, 1985) is probably an empirical 
example of the theoretical diagram in Figure 5. 

Evolvability: the evolution of developmental systems 

Dawkins (1988; see also Arnold et al., 1989) coined the 
term 'evolvability' to describe the ability of a particu- 
lar group to spawn evolutionary raditions. I concur 
with Dawkins that this is a property of embryological 
systems, i.e., certain types of developmental systems 
are better at evolving. For example, the invention of 
multicellularity, segmentation or the sequestration of 
the germ line appear, with hindsight, to have been key 
developmental events that have speeded up the evolu- 
tionary proliferation of lineages. 

Using the approach outlined, it is postulated that 
any particular pattern-generating system (-- develop- 
mental process) has a parameter space (Fig. 3) 
associated with it. The 'evolvability potential' is 
defined by the global properties of the dynamical 
system as described by its parameter space. The key, 
and evolutionarily meaningful, global properties are: 
the stability (canalization) associated with a given phe- 

notype, the topology of bifurcation boundaries that 
define the ability of the system to generate new 
variationand the ordered generation ofphenotypes as 
described in Figures 4-6. 

It is obvious that biological systems, in general, and 
genetic-developmental systems, in particular, are a 
subset of all possible dynamical systems. For example, 
a dynamical system that is highly unstable against 
small perturbation, or one that exhibits chaotic be- 
havior, are not a very adaptative biological system. 
Conversely, a system that is so stable to be immune to 
perturbations, such as genetic mutation, will have 
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B. Experimentally generated morphologies 

Fig. 6. An empirical approach to the study of ordered phylogenetic 
transformations. (A) Two anuran lineages have lost toes in- 
dependently during phylogeny. In both cases the first toe ('the 
thumb')  is the one that has been lost. In salamanders digital loss has 
occurred in at least seven independent cases during evolution. In all 
of the instances the forms have converged in the loss of the fifth toe; 
- -  (B) Identical treatment of an embryonic limb bud with a mitotic 
inhibitor with reversible effects results in the loss of pre-axial digits 
in frogs while salamanders lose post-axial elements. These differ- 
ences in experimentally generated forms parallel observed evoluti- 
onary trends (from Alberch & Gale, 1985). 

1. 4. The stability of a particular set of phenotypes will depend on 
its position in parameter space (sp1 and sp2). 

2.   
3.

Pere Alberch, From genes to phenotypes: dynamical systems and evolvability. 
Genetica 84: 5-11 (1991)Thomas LECUIT   2025-2026
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SUMMARY

Fate decisions in developing tissues involve cells transitioning between discrete cell states, each defined by
distinct gene expression profiles. TheWaddington landscape, in which the development of a cell is viewed as
a ball rolling through a valley filled terrain, is an appealing way to describe differentiation. To construct and
validate accurate landscapes, quantitative methods based on experimental data are necessary. We com-
bined principled statistical methods with a framework based on catastrophe theory and approximate
Bayesian computation to formulate a quantitative dynamical landscape that accurately predicts cell fate out-
comes of pluripotent stem cells exposed to different combinations of signaling factors. Analysis of the land-
scape revealed two distinct ways in which cells make a binary choice between one of two fates. We suggest
that these represent archetypal designs for developmental decisions. The approach is broadly applicable for
the quantitative analysis of differentiation and for determining the logic of developmental decisions.

INTRODUCTION

Cell fate decisions in developing tissues involve gene regulatory
networks comprising multiple genes, many molecular compo-
nents, and elaborate signaling dynamics. Despite the complexity,
the outcome of cellular decisions is relatively simple: cells transi-
tion between a limited set of discrete cell fates, each defined by a
distinct gene expression profile (Enver et al., 2009; MacArthur
et al., 2009; Schiebinger et al., 2019). These transitions occur in
a characteristic sequence regulated by extrinsic signaling. While
quantitative models that describe signaling pathways and gene
regulatory networks in great detail have been used to investigate
cell differentiation and decision making, these suffer from a
plethora of parameters and their behavior is difficult to predict
without case-by-case simulation. Hence, quantitative methods
based on experimental data that represent and permit analysis
of developmental processes at the scale of cell fate decisions
would provide insight into the underlying principles and allow
quantitative and testable predictions.

A popular and intuitive metaphor for the process of develop-
mental decision making is the Waddington landscape, in which
the differentiation trajectory of a cell is conceived as a ball rolling
down a landscape of branching valleys, representing specific

cell fates (Waddington, 1957). This can be mathematically
formalized, with only minor changes, using dynamical systems
theory (Camacho-Aguilar et al., 2021; Corson and Siggia,
2012, 2017, Corson et al., 2017; Huang, 2012; Mojtahedi et al.,
2016). In this formulation, the relevant dynamical systems are
gradient-like and the system’s trajectories, which represent the
developmental path of a cell, move downhill in this landscape.
Thus, Waddington’s valleys correspond to the attractors of the
system and sit at the minima of the landscape. Moreover, varia-
tion in the parameters of the dynamical system, caused by
changes in the signals the cell receives, alter the landscape
and give rise to bifurcations that destroy or create attractors.
The transition to a new fate is signified by a cell entering a new
basin of attraction, caused either by a signal-induced bifurcation
or by a stochastic fluctuation resulting in a cell jumping from one
attractor’s pull to another. In both cases, the route from the old to
the new cell state is defined by a saddle point in the landscape.
This approach enables a rigorous link between the dynamical
systems underlying gene regulatory networks andWaddington’s
landscapes.
There are several advantages to a geometrical viewpoint. First,

since motion is always downhill, it gives a hierarchical structure
to the dynamics and an intuitive understanding of eventual fates.

12 Cell Systems 12, 12–28, January 19, 2022 ª 2021 The Author(s). Published by Elsevier Inc.
This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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Second, a body of dynamical systems theory indicates that the
qualitative structure of the landscape can be described by a rela-
tively small corpus of universal normal forms (Zeeman, 1976). In
particular, Rene Thom’s catastrophe theory provides a powerful
classification scheme of the relevant bifurcations of such sys-
tems that is facilitated by the existence of the gradient-like
structure (Smale, 1961; Thom, 1969). This theory suggests that
although a system’s dimension might be large, the bifurcations
can be described by low-dimensional systems. For example, in
developmental systems, it is common that differentiating cells
transition from a progenitor state to one of two progeny fates.
Such a decision can be an all-or-nothing one in which all cells
make the same choice, or it can be one in which some cells
make one choice and some the other one, enabling the allocation
of a cell population to both fates. We introduce two 3-attractor
landscapes, the binary choice (all-or-nothing) and the binary
flip (allocation), that are the simplest archetypes underlying these
two decision types.

To transform a developmental process from a metaphorical
landscape description into a geometric model that allows quan-
titative and qualitative experimental predictions, quantitative
data are needed together with methods to connect experimental
measurements to a parameterized dynamical landscape. A
framework based on catastrophe theory and approximate
Bayesian computation (ABC) has been developed and applied
to experiments measuring the final outcome of a developmental
process (Camacho-Aguilar et al., 2021). However, to test the full
power of this approach and assess its general usefulness, quan-
titative measurements and perturbations during the differentia-
tion process are necessary. To this end, we took advantage of
the differentiation of neural and mesodermal cells from pluripo-
tent progenitors using mouse embryonic stem cells (ESCs)
exposed to different combinations and durations of signaling
factors (Figure 1A; Gouti et al., 2014; Tsakiridis et al., 2014; Wy-
meersch et al., 2021). ABC methods for parameter estimation
based on matching summary statistics of temporally ordered

Figure 1. Single-cell resolution analysis of the directed differentiation of ES cells to neural and mesodermal identities
(A) Schematic of mESC differentiation. Embryonic stem cells differentiated in defined FGF andWNT signaling regimes adopt either anterior neural (AN), posterior

neural (PN), or paraxial mesoderm (M) progenitor identities. Colored bars show the times at which cells were exposed to CHIR and/or FGF. The expected

dominant cell type at day 5 and associated marker protein expression is given on the right. CHIR, CHIRON99021; D, day.

(B) Representative immunofluorescence images of markers used to identify the different cell types. Progenitors differentiated for 2 days in FGF co-express the

early epiblast markers SOX2 andOTX2 (Ba) and adopt SOX1+OTX2+ AN identity by day 4 (D4) followingwithdrawal of FGF (Bb). Activation ofWNT signaling at D2

with CHIR results in the upregulation of the posterior marker CDX2 (Bc) and the downregulation of OTX2 (Bd) by (D3). Subsequent removal of CHIR at D3 leads to

differentiation of SOX1+/CDX2+ PN progenitors (Be), while sustainedWNT signaling results in differentiation to TBX6+ early and FOXC2+ late paraxial mesoderm

progenitors.

(C) Flow-cytometry data. Flow-cytometry analysis of individual progenitors shows the progression from TBX6+ early paraxial mesoderm identity at D4 to FOXC2+

late paraxial mesoderm identity at D5 (Ca) under the sustained WNT signaling regime. At D4, OTX2 and SOX2 remain expressed at high levels in AN progenitors

differentiated in the absence of CHIR and are both reduced in PN progenitors induced by transient CHIR, whereas SOX1 expression is highest in PN pro-

genitors (Cb).
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An in vitro system recapitulates developmental pathways  
Identification of cell fates based on protein signatures 

Cell fate decisions in vitro

• Flow cytometry data to measure multiple protein 
expression in single cells accross population.  

• Previous data led to the identification of a minimal set of 
markers to identify and distinguish between cell types. 
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Figure 2. Clustering using Gaussian mixture models defines cell identities
(A) Overview of the clustering method. Flow-cytometry data from the three reference conditions (no CHIR, CHIR 2–3, and CHIR 2–5) for a specific timepoint were

pooled and used to define a Gaussian mixture model such that each component corresponds to a cell identity. The model was used to cluster cells in samples

from the same timepoint and experimental series. The number of cells assigned to each cluster was used to quantify the population proportions. Axes correspond

to flow-cytometry measurements (units are in the order of ten thousand).

(B) Two-dimensional joint distributions of flow-cytometry data from the initial reference datasets illustrating the clusters identified in the pooled data. Colors

correspond to the label assigned to the cluster as in (D). If the same label is assigned to several clusters, different shades are used. Contours indicate cell density

in each cluster. Axes correspond to flow-cytometry measurements (units are in the order of ten thousand). At day 5, from the total volume of the 5-dimensional

cube that encompasses protein expression space, only 0.02% is occupied by the GMM that represents 90% of the cells.

(C) Number of cell types identified on each day of differentiation. Colors correspond to the assigned labels (D). If the same label is assigned to several clusters then

different shades are used.

(legend continued on next page)
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Clustering using Gaussian mixture models defines cell identities

Defining cell fates as cell clusters

• 6-dimensional flow-cytometry data. 
• Algorithm to fit multivariate gaussian 

distributions to the flow-cytometry data. 
This defines clusters.  

• Hypothesis: these clusters correspond to 
an attractor on a dynamical landscape 
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(legend continued on next page)

ll
OPEN ACCESSArticle

Cell Systems 12, 12–28, January 19, 2022 15

• A cell is assigned to a cluster if its probability 
for the given distributions exceeds a defined 
threshold.  

• If it cannot be assigned to a cluster it is in 
transit between clusters. 

• Once clusters are defined, cells are allocated 
to clusters as a function of time and exposure 
to signals, and proportions are extracted.  



Thomas LECUIT   2025-2026

Cell clusters as attractors in a Landscape

Figure 3. Initial experimental series and landscape geometry
(A) Schematic of the 11 experimental conditions used to acquire the initial dataset. Experimental conditions marked in bold comprise the training sets; the

datasets for the conditions in italics formed the validation dataset andwere not used for model fitting. The conditionsmarkedwith a symbol form the reference set

used for clustering. Colored bars show the times at which cells were exposed to each of three signals. CHIR, CHIRON99021 (purple); FGF (red); PD,

PD0325901 (green).

(legend continued on next page)
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used for clustering. Colored bars show the times at which cells were exposed to each of three signals. CHIR, CHIRON99021 (purple); FGF (red); PD,

PD0325901 (green).

(legend continued on next page)
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5 Cell types (attractors in landscape) and 1 transition state

Acquiring data sets across 11 signalling conditions 
Data sets for training the model (fitting): bold 
Data sets for testing the model: italic

M. Sáez et al. E. Siggia, D. Rand and J. Briscoe, Cell Systems 12, 12–28 (2022)
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• Two distinct binary decision landscapes 
1. Epiblast cells become Anterior Neural (AN) upon FGF removal 

If however Wnt signalling is induced (D2), cells become Caudal Epiblast (CE) 
This is an All or None response/decision 

2. CE cells give rise to a mixed proportion of Mesoderm or Posterior Neural cells 
This is a ratiometric response/decision 

Thomas LECUIT   2025-2026

Defining the appropriate geometrical landscapes

Figure 3. Initial experimental series and landscape geometry
(A) Schematic of the 11 experimental conditions used to acquire the initial dataset. Experimental conditions marked in bold comprise the training sets; the

datasets for the conditions in italics formed the validation dataset andwere not used for model fitting. The conditionsmarkedwith a symbol form the reference set

used for clustering. Colored bars show the times at which cells were exposed to each of three signals. CHIR, CHIRON99021 (purple); FGF (red); PD,

PD0325901 (green).

(legend continued on next page)
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• Mathematical classification of generic 3-attractor landscapes

• This is based on René Thom’s classification of catastrophes.  
• 2D representation of dynamical system

M. Sáez et al. E. Siggia, D. Rand and J. Briscoe, Cell Systems 12, 12–28 (2022)



Catastrophe theory: a mathematical framework for discontinuities

Thomas LECUIT   2025-2026

« L'essence de la théorie des catastrophes c'est de 
ramener les discontinuités apparentes à la 
manifestation d'une évolution lente sous-jacente » 

René Thom 
(1923-2002)

Topology, Vol. 8, pp. 313-335. Pergamon Press. 1969. Printed in Great Britain 

TOPOLOGICAL MODELS IN BIOLOGY? 

R. THOM 
(Received 28 June 1968) 

INTRODUCTION 

THE PROBLEM of Morphogenesis-broadly understood as the origin and evolution of biolo- 
gical structures-is one of the outstanding questions in present day Biology. Many experi- 
mental attempts have been made to elucidate the cause of morphogeneticprocesses in Embry- 
ology, Development, Regeneration, etc. Some of them have been partially successful. For 
instance, as a typical example, let us consider the well-known fact of orientation of a plant 
toward light (positive phototropism); here, the physiologists have been able to characterise 
a chemical substance, an auxin, which inhibits the growth of the stem when under light. In 
such a case, the immediate causative agent and a satisfactory local explanation have been 
found. But, in most cases, when one tries to get beyond the first causative factor, the experi- 
mentalist gets lost in the seemingly infinite multiplicity of possible causes, and the bewilder- 
ing variety of intermingled reactions which have to be considered. Most people-in this 
situation-satisfy themselves by vague appeals to differential action of genes, decoding of 
genie DNA . . . and so on. 

There is little doubt, in fact, that the problem is essentially of a theoretical, conceptual 
nature. Granted that all local morphological or physical phenomena inside a living being 
occur according to a local biochemical determinism, the problem is to explain the stability 
and the reproduction of the global spatio-temporal structure in terms of the organization 
of the structure itself: There appears to be a striking analogy between this fundamental 
problem of theoretical Biology and the main problem considered by the mathematical theory 
of Topology, which is to reconstruct a global form, a topological space, out of all its local 
properties. More precisely, a new mathematical theory, the theory of Structural stability- 
inspired from Qualitative Dynamics and Differential Topology-seems to offer far reaching 
possibilities to attack the problem of the stability of self-reproducing structures, like the 
living beings. But-at least in the author’s opinion-the validity of this type of dynamic 
description exceeds by far the biological realm, and may be applied to all morphological 
processes-whether animate or inanimate-where discontinuities prohibit the use of classi- 
cal quantitative models. It should be noted, in that respect, that any morphological process 
involves by definition some discontinuity of the phenomenological properties of the medium 

t This article is to be published (with minor modifications) in a book of theoretical biology: Towards a 
Theoretical Biology III, editor C. H. WADDINGTON, Edinburgh University Press. Permission to publish the 
article in Topology is gratefully acknowledged. 
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studied : this explains why Morphogenesis-whether in Biology, like in Development-or in 
inanimate nature, like for crystal growth-has up to now resisted all attempts of classical 
mathematical treatment:a ny quantitative model, using explicit equations, involves neces- 
sarily analytic, hence continuous functions. The only partial exception to this statement is 
the theory of shock waves in Fluid dynamics, where some local equations of propagation 
may be established, but here again, complicated problems like the behaviour of interacting 
shock waves may be solved only empirically [l]. In all these situations, a new mathematical 
theory, nearer to the qualitative thinking of the topologist than the quantitative estimates of 
classical analysis, seems particularly relevant. 

51. THE MATHEMATICAL THEORY OF STRUCTURAL STABILITY 

A. Notion of Dynamic System 

Suppose we put in a box B k chemical substances si, s2, . . . , s,, at concentrations 

X1,$, -**, xk. Because of the reactions taking place between these substances, their con- 
centrations Xi vary according to a law which we may write: 

dxi/dt = Xi(Xj, Z, t) (1) 
where t denotes time, z some external parameter like temperature.. . In such a case, a state 
of the system is described by a system of (k -I- 2) parameters (xi, t, T), i.e. by a point in 
(k + 2)-dimensional euclidean space Rk+‘, which is the “ phase space ” M of our system. The 
right hand side Xi of (1) define in M a vector field X. Provided this vector field satisfies some 
regularity conditions (for instance to be differentiable), then we may-at least locally-inte- 
grate the differential system (1) and get equations : 

Xi = hi(Xi’p 7, t) (2) 

describing the evolution of the system as a function of the initial data xi’. This general pic- 
ture applies to practically all known systems of any nature whatsoever, provided they are 
directed by a local determinism. The most outstanding example of this model has been given 
by Celestial Mechanics, with Newton’s Gravitation Law defining the right-hand side of (1) 
in the phase space (qi, pi) of positions and momenta. The differential model (M, X) offers 
the ultimate motivation for the introduction of quantitative models in Science. Nevertheless, 
its use is fraught with grave difficulties: 

1”) Despite the widespread belief to the contrary, there are very few natural phenomena 
which allow a precise mathematical description, for which the right hand side of (1) is 
“ exactly” known and given by explicit formulae. Gravitation and classical electromagnetism 
are practically the only cases to fulfil this requirement. In most other cases, the right hand 
side of (1) is known only approximately through empirical formulae. 

2”) Even if the right hand side of (1) is explicitly given it is nevertheless impossible to 
integrate formally the system (1). To get the solution (2), one has to use approximating 
procedures. 

For these two reasons, one has to know to what extent a slight perturbation of the right 
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studied : this explains why Morphogenesis-whether in Biology, like in Development-or in 
inanimate nature, like for crystal growth-has up to now resisted all attempts of classical 
mathematical treatment:a ny quantitative model, using explicit equations, involves neces- 
sarily analytic, hence continuous functions. The only partial exception to this statement is 
the theory of shock waves in Fluid dynamics, where some local equations of propagation 
may be established, but here again, complicated problems like the behaviour of interacting 
shock waves may be solved only empirically [l]. In all these situations, a new mathematical 
theory, nearer to the qualitative thinking of the topologist than the quantitative estimates of 
classical analysis, seems particularly relevant. 

51. THE MATHEMATICAL THEORY OF STRUCTURAL STABILITY 

A. Notion of Dynamic System 

Suppose we put in a box B k chemical substances si, s2, . . . , s,, at concentrations 

X1,$, -**, xk. Because of the reactions taking place between these substances, their con- 
centrations Xi vary according to a law which we may write: 

dxi/dt = Xi(Xj, Z, t) (1) 
where t denotes time, z some external parameter like temperature.. . In such a case, a state 
of the system is described by a system of (k -I- 2) parameters (xi, t, T), i.e. by a point in 
(k + 2)-dimensional euclidean space Rk+‘, which is the “ phase space ” M of our system. The 
right hand side Xi of (1) define in M a vector field X. Provided this vector field satisfies some 
regularity conditions (for instance to be differentiable), then we may-at least locally-inte- 
grate the differential system (1) and get equations : 

Xi = hi(Xi’p 7, t) (2) 

describing the evolution of the system as a function of the initial data xi’. This general pic- 
ture applies to practically all known systems of any nature whatsoever, provided they are 
directed by a local determinism. The most outstanding example of this model has been given 
by Celestial Mechanics, with Newton’s Gravitation Law defining the right-hand side of (1) 
in the phase space (qi, pi) of positions and momenta. The differential model (M, X) offers 
the ultimate motivation for the introduction of quantitative models in Science. Nevertheless, 
its use is fraught with grave difficulties: 

1”) Despite the widespread belief to the contrary, there are very few natural phenomena 
which allow a precise mathematical description, for which the right hand side of (1) is 
“ exactly” known and given by explicit formulae. Gravitation and classical electromagnetism 
are practically the only cases to fulfil this requirement. In most other cases, the right hand 
side of (1) is known only approximately through empirical formulae. 

2”) Even if the right hand side of (1) is explicitly given it is nevertheless impossible to 
integrate formally the system (1). To get the solution (2), one has to use approximating 
procedures. 

For these two reasons, one has to know to what extent a slight perturbation of the right 

where Xi is vector field
Equation of dynamics: 
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come intermingled in a very complicated, structurally unstable way. If so, the final evolution 
starting from a point adherent to these basins may be practically indeterminate, and this in 
a “ structurally stable” way, see Fig. 4. This shows the philosophically important fact that a 

FIG. 4. Example of intermingled basins: the separatrix arriving at a saddle point s tends to limit cycle 
C. Any point of C is adherent to the two basins of the attractors a,, u2 connected to s. 

deterministic system may exhibit, in a “ structurally stable way “, a complete indeterminancy 
in the qualitative prediction of the final outcome of its evolution [5]. In such a case, we may 
speak about a ” choice ” of the system between the two outcomes, or of a conflict, of a 
“flight” between the two attractors. We will return to this point later. 

C. Structurally Stable Mappings 

In many cases, the description of a physical process by a dynamical system (M, X) is 
unnecessarily complicated, and we may-at least locally-parametrize the states of the 

system by a set of mappings U: W (U, W Euclidean spaces), which we may suppose to be 
differentiable. For instance, if the vector field X is a gradient field, we may consider instead 
of X the associated potential function Y: X = -grad V, where V is a real valued function 
on M, V: A4 + R. Suppose we perturb the given mapping g. We may ask whether the per- 
turbed mapping has the same form, the same “ topological type” as the initial mapping. This 
gives rise to the problem of stability of differentiable mappings, object of current work 
among mathematicians [6]. We shall discuss here a special case of the problem, which seems 
to offer many applications: this is the case of an isolated singularity of a potential func- 
tion V. 

First, let us recall that a singular point of differentiable real valued function V of n 
variables xi, x2, . . . , x,, is a point where all partial derivatives of first order iYV/L?x, vanish. 
(For the dynamical system defined by X = -grad V, these points are equilibrium positions 
of the system.) The first question is: when is such a singular point structurally stable? 

Gradient field: 

Potential functions V(x, y) are parametrised: V(x,y, a, b, c, d) 
Study how fixed/equilibrium points of V evolve as a function of 
these control parameters. 
Bifurcation: appearance or disappearance of a critical point as 
control parameters vary (eg. disappearance of attractor by 
merging with saddle).

TABLE OF ORDINARY CATAWROPHES ON FOUR DIMENSIONAL SPACE--TIME 

E 
Organizing Spatial Temporal 

Codimension Name centre IJniversal unfolding interpretation interpretation 

‘0 Simple v=x2 v=x2 A being To be 
minimum An object To last 

1 The fold v= x3/3 v= x3/3 + ux The boundary To end 
See Fig. 8 The end To start 

2 The cusp v = x4/4 v= x4/4 + l&/2 + vx A pIeat To separate 
s (Riemann-Hugoniot A fault To unite 
0 

8 
catastrophy) To capture 

To generate 
‘d 

See Plate I, Figs. 9a, 9b, 

8 
lOa, lob To change 

._ 
: 3 The swallow’s tail v= x5/5 v= x5/5 + ux3/3 + vx=/2 + wx A split To split 

See Plate II, Fig. 11 A furrow To tear 
To saw 

P 

4 The Butterfly v = x6/6 V = x6/6 +x4/4 + ux3/3 $ vx2/2 + wx A flake To fill 2 
Fig. 12 A pocket 

A scale 
E emEty} (a pocket) 2 

c (of a fish) To receive 

3 The hyperbolic umbilic v=xs+ya v=x~+y~+wxy-ux--vy The crest To break 
See Plate III, Fig. 14 (of a wave) (for a wave) 

The arch To collapse 
To engulf 

3 The elliptic umbilic v= x3 - 3xy” v= x3 - 3xyz fW(X2 + y2) The needle 
See Fig. 15 -ux-vy The spike 

The hair 

4 The parabolic umbilic v= x’y + y4 V=X~y+y4+WX2+ly2-ux-uy The jet 
See Plate IV; Fig. 16 a-e (of water) 

The mushroom 
The mouth 

To drill 
To fill > 

(a hole) 

To prick 

To break 
(for a jet) 

To pierce/ 
To cut, to pinch 
To take, to eject 
To throw 

There are 7 types of catastrophes defined by the potential V given 
up to 4 such parameters, and 2 variables.

Catastrophe theory: a mathematical framework for discontinuities

Thom, R. Topological models in biology. Topology 8, 313–335. (1969)



Most common catastrophes

Thomas LECUIT   2025-2026

V(x, a)= x3 + ax

dV/dx = 3x2 +a = 0

Fold catastrophe: fold or saddle node bifurcation

• When a<0,  there is a stable and an unstable point. 
• When a=0, the two points meet and annihilate.  
• When a>0, there is no stable point.  
The parameter a controls the system: key information 
about the system: disappearance of stable point and 
new behaviour emerges. 

Tipping point

V(x, a, b)= x4 + ax2 + bx

dV/dx = 0Cusp catastrophe: cusp bifurcation

• 2 parameters a and b for V. 
• Blue bifurcation curve: points in (a, b) 

space where 1 stable point is lost. 
• Hysteresis loop as b increases and 

decreases while a<0. 

stable point

stable points



Landscape representation 
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Attractors

Saddle points

Stable manifolds

Unstable manifolds

Potential lines

Vector field

Finite number of fixed 
points (stable and unstable) 

Manifolds represent paths 
between attractors and 
saddles 
(e.g. stable and unstable 
manifolds)

Transitions between different attractors (stable points)

D. A. Rand, A. Raju, M. Sáez, F. Corson, and E. D. Siggia,
Geometry of gene regulatory dynamics, PNAS. 118, e2109729118 (2021).
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Landscape for Binary choice

Figure 3. Initial experimental series and landscape geometry
(A) Schematic of the 11 experimental conditions used to acquire the initial dataset. Experimental conditions marked in bold comprise the training sets; the

datasets for the conditions in italics formed the validation dataset andwere not used for model fitting. The conditionsmarkedwith a symbol form the reference set

used for clustering. Colored bars show the times at which cells were exposed to each of three signals. CHIR, CHIRON99021 (purple); FGF (red); PD,

PD0325901 (green).

(legend continued on next page)
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FGF 0-3
Wnt 2- 2.5   Wnt 2- 3   • 1st Bifurcation: (a) 

In the absence of Wnt signalling, FGF withdrawal causes a loss 
of the EPI attractor in such a way that cells escape toward the 
AN attractor 

FGF 0-3 FGF 0-3

• 2nd Bifurcation: (c) 
But in the presence of Wnt at Day 2, cells transit at Day 3 to CE fate.

Figure 3. Initial experimental series and landscape geometry
(A) Schematic of the 11 experimental conditions used to acquire the initial dataset. Experimental conditions marked in bold comprise the training sets; the

datasets for the conditions in italics formed the validation dataset andwere not used for model fitting. The conditionsmarkedwith a symbol form the reference set

used for clustering. Colored bars show the times at which cells were exposed to each of three signals. CHIR, CHIRON99021 (purple); FGF (red); PD,

PD0325901 (green).

(legend continued on next page)

ll
OPEN ACCESSArticle

Cell Systems 12, 12–28, January 19, 2022 17

• Landscape for Binary choice 
Only one catastrophe fits with the data: 
3 attractors with 2 saddle points, 1 attractor in 
the middle. 
• Saddle node or fold  bifurcation: Bifurcation 

between EPI and either of 2 saddle points.  
• Peripheral attractors never connect directly 

Bifurcation of EPI attractor with escape routes to 2 directions

All cells transit to the same attractor: all or none decision

M. Sáez et al. E. Siggia, D. Rand and J. Briscoe, Cell Systems 12, 12–28 (2022)

Figure 3. Initial experimental series and landscape geometry
(A) Schematic of the 11 experimental conditions used to acquire the initial dataset. Experimental conditions marked in bold comprise the training sets; the

datasets for the conditions in italics formed the validation dataset andwere not used for model fitting. The conditionsmarkedwith a symbol form the reference set

used for clustering. Colored bars show the times at which cells were exposed to each of three signals. CHIR, CHIRON99021 (purple); FGF (red); PD,

PD0325901 (green).
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earlier ideas of Morse [15]. The systems satisfying these con-
ditions have become known as Morse–Smale (MS) systems.
For systems, such as the ones we consider, in which the
phase space is in n-dimensional Euclidean space the
MS conditions also require a condition on the dynamics
near infinity (see [2] electronic supplementary material,
§I.1) that is satisfied for biological systems because trajec-
tories must stay bounded and cannot escape to infinity
because molecular numbers are limited.

The MS conditions are important because many useful
results follow from them. Moreover, for any generic landscape
family that only involves rest points and a finite number
of periodic orbits, for all parameters that are not on the
bifurcation set, the corresponding dynamical system is MS.

In order to introduce the key ideas, we discuss them in the
context of systems that live in a 2D space. However, all these
ideas carry over to an arbitrary number of dimensions as
summarized in §3.7. More mathematical details can be
found in [2]. In a 2D MS system the saddles will always be
positioned at the intersection between a one-dimensional
(1D) stable manifold (a ridge that separates basins) and a
1D unstable manifold (figure 2b). These 1D unstable mani-
folds play a particularly important role in decision-making
because, as we explain below, they define the escape routes
along which cell state transitions take place.

3.1. Decisions
Developmental decisions involve cells transitioning between
fates by leaving the vicinity of attractor A, escaping from its
basin, moving into the basin of another attractor B and transi-
tioning to its vicinity. This generally happens when a change
in signalling modifies the dynamical system resulting in
either A disappearing in a bifurcation or the attractor A
being so close to the basin of B that the cells can escape by a
stochastic fluctuation, in which case the system is close to a
bifurcation. Mathematically, we model the change in signals
by regarding the parameters of any model as being functions
of the signals, so that changing signals changes the parameters
and this will alter the model and can cause bifurcations.

Thus, bifurcations play a key role in cell state transitions
and cell fate decisions happen when parameters cross the
so-called bifurcation set. As explained below, the bifurcation
set divides parameter space into regions of qualitatively
equivalent structurally stable landscapes (in figure 3b there
are two regions, in figure 3d there are three regions).

The notion that bifurcations are involved in cellular
decisions is relatively well accepted [16–23]. They have been
postulated in a range of decision-making systems including
the triggering of human promyelocytic HL60 cells to

neutrophil differentiation [17], differentiation of progenitor
FDCP-mix cells into either the erythroid/megakaryocyte or
the myelomonocyte lineage [18], early mouse embryonic
development [12,20,24], differentiation of a primitive streak-
like cell population into mesodermal and endodermal lineages
[21], somitogenesis [22] and the transition of haematopoietic
stem cells to neutrophils [23]. However, current discussions
are largely restricted to local bifurcations where saddles and
attractors collide. Less consideration has been given to global
bifurcations that alter the decision topology. However, these
more complex bifurcations can result in landscape families
that allow for more complex decisions (figures 7–12). Below
we introduce different types of bifurcations that play a role
in cellular decision-making.

3.2. The saddle-node or fold bifurcation
The typical bifurcation that destabilizes an attractor, as in the
above examples, and allows escape from the attractor is
known as a saddle-node or fold bifurcation. A change in par-
ameters results in either an attractor colliding with a saddle
and both disappearing or the inverse process occurring. It
is particularly relevant because in a generic two-parameter
family all other local bifurcations only happen at isolated
points in the parameter space, whereas fold bifurcations
occur on curves (called fold curves) that correspond to critical
parameter values. An analogous result holds when there are
more parameters. Thus, a fold bifurcation is the only type of
local bifurcation that is expected to be observed. The bifur-
cations that occur at isolated points act as organizing
centres for the fold bifurcations, as we explain below (§4).

3.3. Escape routes are determined by the unstable
manifolds of index 1 saddles

At a fold bifurcation (figure 4), cells are forced to transition out
of the now vanished attractor and into the adjacent attractor.
As the parameters approach the fold curve (the bifurcation),
the branch of the unstable manifold connecting the saddle to
the adjacent attractor approaches what we term the escape
route. As the parameters cross the fold curve the flow of the
cells leaving the disappeared attractor are directed along the
escape route into the newly available adjacent attractor. Of
course, in saying this we are ignoring stochastic effects
which could cause some cells to escape elsewhere.

Cell state transitions can also be caused by random fluctu-
ations in the position of the cell state in the landscape. These
can result in a cell spontaneously jumping over a stable mani-
fold and moving from one basin to another (figure 3c). This is
most likely if the starting attractor has a shallow basin of

escape
route

fold bifurcation

Figure 4. Fold bifurcation. Representation of a landscape before (left) a fold bifurcation, at the bifurcation point (middle) and beyond it (right). The attractor and
saddle collide and disappear (middle) so cells in that basin of attraction follow the escape route (red) to another attractor.
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Figure 3. Initial experimental series and landscape geometry
(A) Schematic of the 11 experimental conditions used to acquire the initial dataset. Experimental conditions marked in bold comprise the training sets; the

datasets for the conditions in italics formed the validation dataset andwere not used for model fitting. The conditionsmarkedwith a symbol form the reference set

used for clustering. Colored bars show the times at which cells were exposed to each of three signals. CHIR, CHIRON99021 (purple); FGF (red); PD,

PD0325901 (green).
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• This suggests that these decisions are not driven 
by a bifurcation (disappearance of stable point), 
but by fluctuation driven escape from CE attractor 
basin.

• Landscape for Binary Flip: 

or B (figure 3c red curves). As with the binary choice, cell
transitions are a consequence of the destabilization of the P
attractor. However, there is only one pass with which to col-
lide and when the collision happens there is a well-defined
escape route (connection between attractors) which determines
the chosen differentiated state A or B.

A change in signals can alter this choice by causing the
escape route to flip so that instead of leading to A it leads
to B. This happens when the parameters cross the ‘flip line’
(dashed purple line figure 3d ) and results in a change in
the decision made by cells leaving P as a consequence of a
change in the connections. On the flip line the trajectory leav-
ing the upper saddle goes directly to the lower saddle
(shaded panel in figure 3c).

When the escape route is close to the flip line, some noise
in the system can result in wayward cells adopting the
alternative committed fate. The closer the system is to flip-
ping from one attractor to the other then the more equal
will be the allocation of cells between the A and B states.
Thus varying the relevant signals regulates the proportions
of P cells adopting A or B identities. For this reason, we call
this landscape structure the binary flip landscape (figure 3d ).

These two landscapes (figure 3) highlight key features of
the dynamics associated with decision-making. The basins
and the saddles that connect them play a crucial role in

geometric models. We will describe how these behave and
point out that their structure is highly constrained. This in
turn leads to a classification scheme of underlying landscape
structures that form archetypal decision mechanisms. We
will highlight the landscapes that we think are most likely to
occur. The above two examples are the simplest of these. We
suggest that these will be the most common wherever a
progenitor state differentiates into two more-committed states.

We proposed that the binary choice landscape explains
how mouse embryonic stem cells (ESCs) that have differen-
tiated to an epiblast-like state decide whether to adopt
either neural or caudal epiblast identity in response to
WNT and FGF signalling [11]. A decision structure similar
to the binary choice landscape has also been proposed to
explain the differentiation of mouse blastocyst inner cell
mass cells to either epiblast or primitive endoderm [12,13].
By contrast, we proposed that the flip landscape is respon-
sible for the fate decision involved in allocated cells to
either spinal cord or mesoderm identity during formation
of vertebrate trunk tissue [11].

Below we will outline a series of theoretical insights that
can be used to fit gene expression data to decision structures
(box 1). We will use the term landscape to refer to a dynamical
system produced by parameters fixed at particular values and
landscape family to refer to a parametrized set of dynamical sys-
tems in which changes to the parameters, which represent
changes in extrinsic signals, change the systems dynamics.

3. Decisions and bifurcations
To link experimental data to mechanism, it is imperative to
proceed via a model that describes the relevant underlying
process, even if this does not contain a detailed molecular
mechanism. In this section, we describe a mathematical pic-
ture of what happens in cellular decision-making. Later we
will use this to provide a link to the data (box 1, §5).

In applied dynamical systems, the state of the system is
usually given by an n-dimensional vector x = (x1,…, xn).
The set of all x where we study the dynamics is called the
phase space. Mathematical models of a GRN usually contain
equations that describe the synthesis and interaction of the
biological components (genes, RNAs, proteins, etc.) so that
each xi corresponds to the level of one of the relevant mol-
ecules. The resulting dynamical system describes how the

Waddington
landscape

potential
landscape

Waddington
dynamics

progenitor state

differentiated state

escape
route

Figure 1. From Waddington’s landscapes to Waddington dynamics. The classic picture of a Waddington landscape (left) can be formalized using a potential function
(middle). Nevertheless, to capture the full behaviour of the system complete Waddington dynamics are needed (right). The dynamics describe the trajectories cells
take between different states.

A

(a) (b)

P
B

Figure 2. Two-dimensional landscapes. (a) System with three attractors and
two saddles. The purple curves are the separatrices or stable manifolds of the
saddles, the red curves are the unstable manifolds (if time is run backwards
points on these converge to the saddle). Points on each unstable manifold
converge to two attractors and the stable manifolds divide the phase
space into three basins, one for each attractor. Level curves for the saddles
are indicated in black. (b) Saddle point. The dynamics near a saddle
point. The stable ( purple) and unstable (red) manifolds are shown.

royalsocietypublishing.org/journal/rsfs
Interface

Focus
12:20220002

4

 D
ow

nl
oa

de
d 

fro
m

 h
ttp

s:/
/ro

ya
lso

ci
et

yp
ub

lis
hi

ng
.o

rg
/ o

n 
05

 A
ug

us
t 2

02
3 

M. Sáez et al. E. Siggia, D. Rand and J. Briscoe, Cell Systems 12, 12–28 (2022)
Sáez M, Briscoe J, Rand DA. Interface Focus 12: 20220002. (2022)



Thomas LECUIT   2025-2026

Landscape for Binary Flip

Figure 3. Initial experimental series and landscape geometry
(A) Schematic of the 11 experimental conditions used to acquire the initial dataset. Experimental conditions marked in bold comprise the training sets; the

datasets for the conditions in italics formed the validation dataset andwere not used for model fitting. The conditionsmarkedwith a symbol form the reference set

used for clustering. Colored bars show the times at which cells were exposed to each of three signals. CHIR, CHIRON99021 (purple); FGF (red); PD,

PD0325901 (green).

(legend continued on next page)
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(ie. sudden change in the unstable manifold of the 
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The two peripheral attractors can connect directly 
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Parametrisation of the landscape

the fact that we are using the PL defined by the universal unfolding of this catastrophe
guarantees that the number of parameters used is minimal.

For the first decision we used the parametrised family of potential functions

F1(x, y; p) = x4 + y4 + y3 � 4x2y + y2 � p1 x+ p2 y. (2)

The bifurcation locus for the family F1 is as shown in Figure SM19A .
In this family the region with three attractors is the area inside the middle diamond

shape. Here, the central attractor is always the same and it can bifurcate with any of
the two saddles. For our model only the part of the family inside the central diamond
and below it was relevant, because we considered the bifurcation of the middle attractor
with either of the two saddles.

For the second decision we took the family of potential functions

F2(x, y; p) = x4 + y4 + x3 � 2xy2 � x2 + p3 x+ p4 y. (3)

The bifurcation locus for the family F2 is shown in Figure SM19B.
In this family, the region with three attractors corresponds to the big central tri-

angle, excluding the smaller one (blue curves with cusps) close to (0, 0). Inside the
small triangle a repeller in the middle of the three attractors appears as part of the
landscape. The purple dotted lines denote the regions where the unstable manifold for
one of the saddles flips, changing the middle attractor. For our model only the part
inside the big central triangle on the left hand side and possibly further to the left is
relevant because, we assume that neither PN nor M bifurcate.

Each of the two landscapes contains an attractor assigned to CE, by which the two
landscapes were ”glued” together in order to build the global landscape.

3.3 Defining the landscape model

The dynamical flow L(x, y; p) for the global landscape was defined by

L(x, y, p) = �(1� �(x)) p5 rF1(x, y; p)� �(x) p6 rF2(x+ 2, y + 1; p) (4)

with

F1(x, y; p) = x4 + y4 + y3 � 4x2y + y2 � p1 x+ p2 y binary choice landscape

F2(x, y; p) = x4 + y4 + x3 � 2xy2 � x2 + p3 x+ p4 y binary flip landscape

v = (�2,�1) translation vector to match

respective CE attractors

�(x) =
tanh(10(x� 0.5)) + 1

2
gluing function.

The global model depends on parameters p1, . . . , p6 that are a function of the signals
s1, s2.

The first step to join the two decisions was to translate one of the landscapes to
place the two instances of the CE attractor at a similar position in the (x, y) plane. We
applied the translation (�2,�1) to the second landscape F2. The exact position of the
attractors changes with di↵erent values of the parameters, although they remain in a

28

Landscape for Binary Choice
Saddle-node bifurcation diagram

Non linear part defines the 
number and position of attractors

Parametrised linear part 
akin to a global tilt 
Model the effect of 
signalling

-1 1

2 EPIAN CEA

Figure SM19: A. Bifurcation curves for the family F1 corresponding to the first de-
cision. B. Bifurcation curves for the family F2 corresponding to the second decision.
Continuous curves correspond to bifurcation curves and they are coloured according to
the attractor that bifurcates when crossing it. Purple dotted lines show the flip lines
where the middle attractor changes. The landscape corresponding to a point on the
purple line includes a saddle connection (the stable/ unstable manifold of one saddle
contains the other one). Examples of landscapes in the di↵erent regions are shown.
The black circle marks the exact parameter combination used to plot the landscape.
Note that near the cusp in A the unstable manifold of the saddles (red curves) glue
together smoothly at the middle attractor.

fixed region for relatively small regions of the parameter space. With this translation
the two instances of the common attractor land around (1, 1) (Fig. SM20).

Since the global landscape should have only one attractor around (1, 1), the second
step was to establish a transition area so that the CE attractor from the first potential
F1 was lost in favour of the CE attractor from the second potential F2 (in Fig. SM20
part of the level curve from F1 is dashed meaning that it is deleted from the global
model). That is, we glued the two landscapes using a sigmoid function to ensure a
smooth transition between the two flows and we chose a vertical stripe around x = 0.5
for the transition to happen (vertical purple line in Fig. SM20)). Other specific values
of the parameters for the transition and gluing would work, giving the same results
after fitting the rest of the parameters.

Finally, the dynamical flow L(x, y; p) for the global landscape was defined by the
linear combination of the two gradient systems corresponding to F1 and F2 (with F2

translated) smoothly glued together with a sigmoid function � as in equation (4). The
parameters p5 and p6 control the magnitude of the gradient system for each of the two
decisions and hence the velocity of the trajectories through that region.
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landscapes to a smaller subset boasting a specific decom-
position that allows us to algebraically separate the under-
lying landscape from a simple signal effect.
Both the binary choice and the binary flip are examples

of a particularly simple type of parametrized landscape, in
which the essential structure of the landscape is fixed and
the influence of the parameters in altering the landscape is
linear. For this reason, we will refer to the parameters as tilt
parameters, denoted τ, and to these parametrized land-
scapes as tiltable landscapes. Moving forward, we restrict
our consideration to this class of landscapes. Formally, we
can express a tiltable landscape as the sum of a static,

nonlinear portion ϕ̃ðxÞ that does not depend on the
parameters, and a linear term:

ϕðx; τÞ ¼ ϕ̃ðxÞ þ xTτ: ð2Þ

The binary choice landscape [Fig. 2(a)] is given by the
normal form

ϕbcðx; y; τÞ ¼ x4 þ y4 þ y3 − 4x2yþ y2 þ τ1xþ τ2y ð3Þ

and admits fold bifurcations (also known as saddle-node
bifurcations) as τ1 and τ2 vary. In a generic fold bifurcation,

(a)

(c)

(b)

FIG. 2. Parametrized landscape specified by an algebraic normal form exhibits bifurcations and models a binary decision.
(a) Archetypal parametrized landscape, the binary choice [43]. The potential function is given by ϕbcðx; y; τÞ ¼ x4 þ y4 þ y3 −
4x2yþ y2 þ xτ1 þ yτ2. The landscape tilts as the vector τ changes, with the potential increasing in the direction of τ. The plotted
landscape corresponds to the tilt vector τ ¼ ð0; 0.5Þ, for which three attractors (circles) are separated by two saddles (crosses).
(b) Potential ϕbc exhibiting fold bifurcations at particular values of τ. The color of each fold curve corresponds to the fixed point that
vanishes or appears as τ passes through it. In the central region, all three attractors are present. (c) Landscape given different values of the
tilt τ. Each plot corresponds to a position in parameter space, as marked in panel (b). Minima are denoted with a circle and saddle points
with a cross. Of particular importance are the bifurcations that have occurred in subpanels 3 and 4, in which the central attractor
bifurcates with one of the neighboring saddles.
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Figure 3. Initial experimental series and landscape geometry
(A) Schematic of the 11 experimental conditions used to acquire the initial dataset. Experimental conditions marked in bold comprise the training sets; the

datasets for the conditions in italics formed the validation dataset andwere not used for model fitting. The conditionsmarkedwith a symbol form the reference set

used for clustering. Colored bars show the times at which cells were exposed to each of three signals. CHIR, CHIRON99021 (purple); FGF (red); PD,

PD0325901 (green).
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Parametrisation of the landscape

the fact that we are using the PL defined by the universal unfolding of this catastrophe
guarantees that the number of parameters used is minimal.

For the first decision we used the parametrised family of potential functions

F1(x, y; p) = x4 + y4 + y3 � 4x2y + y2 � p1 x+ p2 y. (2)

The bifurcation locus for the family F1 is as shown in Figure SM19A .
In this family the region with three attractors is the area inside the middle diamond

shape. Here, the central attractor is always the same and it can bifurcate with any of
the two saddles. For our model only the part of the family inside the central diamond
and below it was relevant, because we considered the bifurcation of the middle attractor
with either of the two saddles.

For the second decision we took the family of potential functions

F2(x, y; p) = x4 + y4 + x3 � 2xy2 � x2 + p3 x+ p4 y. (3)

The bifurcation locus for the family F2 is shown in Figure SM19B.
In this family, the region with three attractors corresponds to the big central tri-

angle, excluding the smaller one (blue curves with cusps) close to (0, 0). Inside the
small triangle a repeller in the middle of the three attractors appears as part of the
landscape. The purple dotted lines denote the regions where the unstable manifold for
one of the saddles flips, changing the middle attractor. For our model only the part
inside the big central triangle on the left hand side and possibly further to the left is
relevant because, we assume that neither PN nor M bifurcate.

Each of the two landscapes contains an attractor assigned to CE, by which the two
landscapes were ”glued” together in order to build the global landscape.

3.3 Defining the landscape model

The dynamical flow L(x, y; p) for the global landscape was defined by

L(x, y, p) = �(1� �(x)) p5 rF1(x, y; p)� �(x) p6 rF2(x+ 2, y + 1; p) (4)

with

F1(x, y; p) = x4 + y4 + y3 � 4x2y + y2 � p1 x+ p2 y binary choice landscape

F2(x, y; p) = x4 + y4 + x3 � 2xy2 � x2 + p3 x+ p4 y binary flip landscape

v = (�2,�1) translation vector to match

respective CE attractors

�(x) =
tanh(10(x� 0.5)) + 1

2
gluing function.

The global model depends on parameters p1, . . . , p6 that are a function of the signals
s1, s2.

The first step to join the two decisions was to translate one of the landscapes to
place the two instances of the CE attractor at a similar position in the (x, y) plane. We
applied the translation (�2,�1) to the second landscape F2. The exact position of the
attractors changes with di↵erent values of the parameters, although they remain in a
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Figure SM19: A. Bifurcation curves for the family F1 corresponding to the first de-
cision. B. Bifurcation curves for the family F2 corresponding to the second decision.
Continuous curves correspond to bifurcation curves and they are coloured according to
the attractor that bifurcates when crossing it. Purple dotted lines show the flip lines
where the middle attractor changes. The landscape corresponding to a point on the
purple line includes a saddle connection (the stable/ unstable manifold of one saddle
contains the other one). Examples of landscapes in the di↵erent regions are shown.
The black circle marks the exact parameter combination used to plot the landscape.
Note that near the cusp in A the unstable manifold of the saddles (red curves) glue
together smoothly at the middle attractor.

fixed region for relatively small regions of the parameter space. With this translation
the two instances of the common attractor land around (1, 1) (Fig. SM20).

Since the global landscape should have only one attractor around (1, 1), the second
step was to establish a transition area so that the CE attractor from the first potential
F1 was lost in favour of the CE attractor from the second potential F2 (in Fig. SM20
part of the level curve from F1 is dashed meaning that it is deleted from the global
model). That is, we glued the two landscapes using a sigmoid function to ensure a
smooth transition between the two flows and we chose a vertical stripe around x = 0.5
for the transition to happen (vertical purple line in Fig. SM20)). Other specific values
of the parameters for the transition and gluing would work, giving the same results
after fitting the rest of the parameters.

Finally, the dynamical flow L(x, y; p) for the global landscape was defined by the
linear combination of the two gradient systems corresponding to F1 and F2 (with F2

translated) smoothly glued together with a sigmoid function � as in equation (4). The
parameters p5 and p6 control the magnitude of the gradient system for each of the two
decisions and hence the velocity of the trajectories through that region.
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Figure S2: The binary flip landscape.

S1D Morse–Smale systems and non-gradient behaviors
Our modeling framework assumes gradient dynamics, induced by the inferred potential. Such conservative
vector fields constitute a highly-restricted class of dynamical systems, and do not capture non-gradient
behaviors such as rotational flows. In the context of development, the assumption of gradient dynamics may
not be unreasonable, as many examples of cellular differentiation lack any notion of recurrence or cyclical
behavior. That being said, such cases are not outside of the realm of possibility, and if nothing else pose
interesting academic questions. The theory presented by Rand et al. [19] makes room for dynamical behavior
beyond the strictly gradient form. Rand et al. consider Morse–Smale systems, which encompass a class of
dynamical systems that are suitable to represent the biological systems of interest [21].

Rand et al. restrict their consideration to compact systems with a finite number of fixed points and no
periodic orbits. These restrictions are biologically justified. The developmental phenomena we aim to capture
are those systems in which a cell transitions in an ordered manner between a number of discrete states until
ultimately settling into a final, or terminal, state. This suggests a system with a hierarchical structure in which
cells ultimately flow into one of a number of attractors, rather than continuously cycle between states. While
periodic behavior, for example as exhibited in the cell cycle, may very well be observed in developmental
processes, we view these dynamics as taking place in directions orthogonal to the space in which the cellular
decision dynamics occur. In addition to limiting the allowable long-time dynamics, Rand et al. make use of
the notion of structural stability. A dynamical system is structurally stable if it is robust to sufficiently small,
smooth perturbations—that is, if such perturbations do not change its qualitative form. Biologically, structural
stability is a natural assumption, asserting that the developmental system, defined by some underlying gene
network, is itself robust to small perturbations.

Given these restrictions, a suitable class of dynamical systems to consider is the class of gradient-like

Morse–Smale systems. A Morse–Smale (MS) system is one for which, (i) there are a finite number of
fixed points and periodic orbits, all of which are hyperbolic; (ii) all stable and unstable manifolds intersect
transversely, if at all; and (iii) the non-wandering set consists of fixed points and periodic orbits alone [22].
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network, is itself robust to small perturbations.

Given these restrictions, a suitable class of dynamical systems to consider is the class of gradient-like

Morse–Smale systems. A Morse–Smale (MS) system is one for which, (i) there are a finite number of
fixed points and periodic orbits, all of which are hyperbolic; (ii) all stable and unstable manifolds intersect
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(p3, p4)Figure 3. Initial experimental series and landscape geometry
(A) Schematic of the 11 experimental conditions used to acquire the initial dataset. Experimental conditions marked in bold comprise the training sets; the

datasets for the conditions in italics formed the validation dataset andwere not used for model fitting. The conditionsmarkedwith a symbol form the reference set

used for clustering. Colored bars show the times at which cells were exposed to each of three signals. CHIR, CHIRON99021 (purple); FGF (red); PD,

PD0325901 (green).

(legend continued on next page)
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Global landscape
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Figure SM20: Landscape flow as a result of gluing the gradient systems corresponding
to the two decisions at the CE attractor.

3.4 Parametrising the landscape model

The parameters p = (p1, . . . p6) are linear functions of the e↵ective levels S1 and S2 of
the two signals CHIR and FGF, respectively:

p(S1, S2) = (p1(S1, S2), . . . , p6(S1, S2)) = w0 + S1 w1 + S2 w2 = w0 + (S1 S2)

✓
w1

w2

◆

with wi 2 R6 for i = 0, 1, 2 parameter vectors to be estimated.
In the computation of the e↵ective levels S1 and S2 at time t is where the non-

linearity comes into play. Let (s1(t), s2(t)) be the signal concentrations at time t.
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the fact that we are using the PL defined by the universal unfolding of this catastrophe
guarantees that the number of parameters used is minimal.

For the first decision we used the parametrised family of potential functions

F1(x, y; p) = x4 + y4 + y3 � 4x2y + y2 � p1 x+ p2 y. (2)

The bifurcation locus for the family F1 is as shown in Figure SM19A .
In this family the region with three attractors is the area inside the middle diamond

shape. Here, the central attractor is always the same and it can bifurcate with any of
the two saddles. For our model only the part of the family inside the central diamond
and below it was relevant, because we considered the bifurcation of the middle attractor
with either of the two saddles.

For the second decision we took the family of potential functions

F2(x, y; p) = x4 + y4 + x3 � 2xy2 � x2 + p3 x+ p4 y. (3)

The bifurcation locus for the family F2 is shown in Figure SM19B.
In this family, the region with three attractors corresponds to the big central tri-

angle, excluding the smaller one (blue curves with cusps) close to (0, 0). Inside the
small triangle a repeller in the middle of the three attractors appears as part of the
landscape. The purple dotted lines denote the regions where the unstable manifold for
one of the saddles flips, changing the middle attractor. For our model only the part
inside the big central triangle on the left hand side and possibly further to the left is
relevant because, we assume that neither PN nor M bifurcate.

Each of the two landscapes contains an attractor assigned to CE, by which the two
landscapes were ”glued” together in order to build the global landscape.

3.3 Defining the landscape model

The dynamical flow L(x, y; p) for the global landscape was defined by

L(x, y, p) = �(1� �(x)) p5 rF1(x, y; p)� �(x) p6 rF2(x+ 2, y + 1; p) (4)

with

F1(x, y; p) = x4 + y4 + y3 � 4x2y + y2 � p1 x+ p2 y binary choice landscape

F2(x, y; p) = x4 + y4 + x3 � 2xy2 � x2 + p3 x+ p4 y binary flip landscape

v = (�2,�1) translation vector to match

respective CE attractors

�(x) =
tanh(10(x� 0.5)) + 1

2
gluing function.

The global model depends on parameters p1, . . . , p6 that are a function of the signals
s1, s2.

The first step to join the two decisions was to translate one of the landscapes to
place the two instances of the CE attractor at a similar position in the (x, y) plane. We
applied the translation (�2,�1) to the second landscape F2. The exact position of the
attractors changes with di↵erent values of the parameters, although they remain in a
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Parameter Meaning
p1 topology of first decision
p2 topology of first decision
p3 topology of second decision (CE stability)
p4 topology of second decision (PN/M distribution)
p5 velocity of first decision
p6 velocity of second decision

Table SM2: Global model parameters List of parameters for the global model. The
first decision is the binary choice from EPI to either AN or CE. The second decision
is the binary flip from CE to either PN or M.

Parameter Meaning
w0 Landscape parameters with No CHIR and PD
w1 E↵ect of CHIR in the landscape
w2 E↵ect of FGF in the landscape

Table SM3: Mapping parameters List of parameters for the mapping from the
signals (CHIR and FGF/PD) to the global model parameters.

• s1(t) is the concentration of CHIR at time t where

s1(t) =

(
1 for saturated CHIR

0 for no CHIR

• s2(t) is the concentration of FGF at time t where

s2(t) =

8
><

>:

1 for saturated FGF

0.9 for no FGF and no PD

0 for saturated PD

We define s2(t) = 0.9 if there is no FGF and no PD because cells produce their
own FGF and the data shows almost no di↵erence between CHIR 2-5 and CHIR
2-5 FGF 2-5 conditions.

The idea is that the landscape changes instantaneously with a change of the signal
level, but we observed that while after 24h of CHIR cells rapidly abandoned the CE
state to become PN after CHIR removal, when the CHIR induction length was 48h
they evolved almost exactly as in the case of continuous CHIR induction (CHIR 2-5).
This prompted us to hypothesise that the e↵ect of CHIR remains in the system for
longer than the signal induction itself. Since for 36h of CHIR there seemed to be an
intermediate delay on cells completely abandoning the CE attractor, we hypothesised
that the longer the CHIR induction duration, the longer its e↵ect remains in the
system, and hence in the landscape. That is, S1 changes value a certain time later
than the change in s1. We define a function CT (t) that will quantify the amount of
time of CHIR induction (5). It increases for concentrations above 0.5 and decreases
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Linear combination of two gradient systems 
Smooth stitching/gluing of two separate systems into one 
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Parameterisation of the model

the fact that we are using the PL defined by the universal unfolding of this catastrophe
guarantees that the number of parameters used is minimal.

For the first decision we used the parametrised family of potential functions

F1(x, y; p) = x4 + y4 + y3 � 4x2y + y2 � p1 x+ p2 y. (2)

The bifurcation locus for the family F1 is as shown in Figure SM19A .
In this family the region with three attractors is the area inside the middle diamond

shape. Here, the central attractor is always the same and it can bifurcate with any of
the two saddles. For our model only the part of the family inside the central diamond
and below it was relevant, because we considered the bifurcation of the middle attractor
with either of the two saddles.

For the second decision we took the family of potential functions

F2(x, y; p) = x4 + y4 + x3 � 2xy2 � x2 + p3 x+ p4 y. (3)

The bifurcation locus for the family F2 is shown in Figure SM19B.
In this family, the region with three attractors corresponds to the big central tri-

angle, excluding the smaller one (blue curves with cusps) close to (0, 0). Inside the
small triangle a repeller in the middle of the three attractors appears as part of the
landscape. The purple dotted lines denote the regions where the unstable manifold for
one of the saddles flips, changing the middle attractor. For our model only the part
inside the big central triangle on the left hand side and possibly further to the left is
relevant because, we assume that neither PN nor M bifurcate.

Each of the two landscapes contains an attractor assigned to CE, by which the two
landscapes were ”glued” together in order to build the global landscape.

3.3 Defining the landscape model

The dynamical flow L(x, y; p) for the global landscape was defined by

L(x, y, p) = �(1� �(x)) p5 rF1(x, y; p)� �(x) p6 rF2(x+ 2, y + 1; p) (4)

with

F1(x, y; p) = x4 + y4 + y3 � 4x2y + y2 � p1 x+ p2 y binary choice landscape

F2(x, y; p) = x4 + y4 + x3 � 2xy2 � x2 + p3 x+ p4 y binary flip landscape

v = (�2,�1) translation vector to match

respective CE attractors

�(x) =
tanh(10(x� 0.5)) + 1

2
gluing function.

The global model depends on parameters p1, . . . , p6 that are a function of the signals
s1, s2.

The first step to join the two decisions was to translate one of the landscapes to
place the two instances of the CE attractor at a similar position in the (x, y) plane. We
applied the translation (�2,�1) to the second landscape F2. The exact position of the
attractors changes with di↵erent values of the parameters, although they remain in a
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s1(t) =

(
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• s2(t) is the concentration of FGF at time t where
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1 for saturated FGF

0.9 for no FGF and no PD

0 for saturated PD

We define s2(t) = 0.9 if there is no FGF and no PD because cells produce their
own FGF and the data shows almost no di↵erence between CHIR 2-5 and CHIR
2-5 FGF 2-5 conditions.

The idea is that the landscape changes instantaneously with a change of the signal
level, but we observed that while after 24h of CHIR cells rapidly abandoned the CE
state to become PN after CHIR removal, when the CHIR induction length was 48h
they evolved almost exactly as in the case of continuous CHIR induction (CHIR 2-5).
This prompted us to hypothesise that the e↵ect of CHIR remains in the system for
longer than the signal induction itself. Since for 36h of CHIR there seemed to be an
intermediate delay on cells completely abandoning the CE attractor, we hypothesised
that the longer the CHIR induction duration, the longer its e↵ect remains in the
system, and hence in the landscape. That is, S1 changes value a certain time later
than the change in s1. We define a function CT (t) that will quantify the amount of
time of CHIR induction (5). It increases for concentrations above 0.5 and decreases
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• s2(t) is the concentration of FGF at time t where

s2(t) =

8
><

>:

1 for saturated FGF

0.9 for no FGF and no PD

0 for saturated PD

We define s2(t) = 0.9 if there is no FGF and no PD because cells produce their
own FGF and the data shows almost no di↵erence between CHIR 2-5 and CHIR
2-5 FGF 2-5 conditions.

The idea is that the landscape changes instantaneously with a change of the signal
level, but we observed that while after 24h of CHIR cells rapidly abandoned the CE
state to become PN after CHIR removal, when the CHIR induction length was 48h
they evolved almost exactly as in the case of continuous CHIR induction (CHIR 2-5).
This prompted us to hypothesise that the e↵ect of CHIR remains in the system for
longer than the signal induction itself. Since for 36h of CHIR there seemed to be an
intermediate delay on cells completely abandoning the CE attractor, we hypothesised
that the longer the CHIR induction duration, the longer its e↵ect remains in the
system, and hence in the landscape. That is, S1 changes value a certain time later
than the change in s1. We define a function CT (t) that will quantify the amount of
time of CHIR induction (5). It increases for concentrations above 0.5 and decreases
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Parameter Meaning
w0,1 Topology of first decision with No CHIR and PD
w0,2 Topology of first decision with No CHIR and PD
w0,3 Topology of second decision with No CHIR and PD (CE stability)
w0,4 Topology of second decision with No CHIR and PD (PN/M distribution)
w0,5 Velocity of first decisions with No CHIR and PD
w0,6 Velocity of second decision with No CHIR and PD
w1,1 E↵ect of CHIR in the topology of the first decision
w1,2 E↵ect of CHIR in the topology of the first decision
w1,3 E↵ect of CHIR in the topology of the second decision (CE stability)
w1,4 E↵ect of CHIR in the topology of the second decision (PN/M distribution)
w1,5 E↵ect of CHIR in the velocity of the first decision
w1,6 E↵ect of CHIR in the velocity of the second decision
w2,1 E↵ect of FGF in the topology of the first decision
w2,2 E↵ect of FGF in the topology of the first decision
w2,3 E↵ect of FGF in the topology of the second decision (CE stability)
w2,4 E↵ect of FGF in the topology of the second decision (PN/M distribution)
w2,5 E↵ect of FGF in the velocity of the first decision
w2,6 E↵ect of FGF in the velocity of the second decision
⌧ Memory to CHIR threshold
� Noise amplitude

Table SM4: Parameters to be estimated Complete list of parameters to be esti-
mated by the ABC SMC method. Their meaning in the global landscape is detailed.

3.6 Simulation procedure

For each parameter vector as in (9) and for each experimental condition we simulated
500 trajectories on the landscape representing the transitioning of 500 cells. First, we
assumed that the initial states of all the cells were equivalent and corresponded to the
EPI state. It was also reasonable to incorporate some variability in the initial states,
so we pre-initialised all the cells with the coordinated of the EPI attractor and let the
stochastic simulation run for 50 time steps, using a time step of 0.01h. This allowed us
to obtain an initial distribution of cells around the EPI attractor. We imposed that all
the resulting points were in the EPI attractor by checking that all cells were closer to
the attractor than the two saddle points separating the EPI attractor from the other
attractors. If that was not the case, the parameter vector was rejected.

By using the resulting points as initial conditions, we solved the system in Eq. 8
by using Euler-Maruyama [13, 14], obtaining 500 random walks on the landscape from
t = 0h to t = 72h, corresponding to days 2 to 5, using a time step dt = 0.01h for each
experimental condition.

We saved the coordinates for all simulated experimental conditions at the time
points corresponding to the measured experimental points: from day 2 to day 5,
every 12 hours, i.e. t = 0, 12, . . . , 72. To determine the corresponding cell identity we
clustered the cells using a GMM in a similar fashion to the experimental data. We
took all saved points, pooled them into a single dataset, and fitted a Gaussian model
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M. Saez et al. E. Siggia, D. Rand and J. Briscoe, 2022, Cell Systems 12, 12–28

Figure SM20: Landscape flow as a result of gluing the gradient systems corresponding
to the two decisions at the CE attractor.

3.4 Parametrising the landscape model

The parameters p = (p1, . . . p6) are linear functions of the e↵ective levels S1 and S2 of
the two signals CHIR and FGF, respectively:

p(S1, S2) = (p1(S1, S2), . . . , p6(S1, S2)) = w0 + S1 w1 + S2 w2 = w0 + (S1 S2)

✓
w1

w2

◆

with wi 2 R6 for i = 0, 1, 2 parameter vectors to be estimated.
In the computation of the e↵ective levels S1 and S2 at time t is where the non-

linearity comes into play. Let (s1(t), s2(t)) be the signal concentrations at time t.
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Effective levels of signals: S1 for Chir (Wnt) and S2 for FGF

the fact that we are using the PL defined by the universal unfolding of this catastrophe
guarantees that the number of parameters used is minimal.

For the first decision we used the parametrised family of potential functions

F1(x, y; p) = x4 + y4 + y3 � 4x2y + y2 � p1 x+ p2 y. (2)

The bifurcation locus for the family F1 is as shown in Figure SM19A .
In this family the region with three attractors is the area inside the middle diamond

shape. Here, the central attractor is always the same and it can bifurcate with any of
the two saddles. For our model only the part of the family inside the central diamond
and below it was relevant, because we considered the bifurcation of the middle attractor
with either of the two saddles.

For the second decision we took the family of potential functions

F2(x, y; p) = x4 + y4 + x3 � 2xy2 � x2 + p3 x+ p4 y. (3)

The bifurcation locus for the family F2 is shown in Figure SM19B.
In this family, the region with three attractors corresponds to the big central tri-

angle, excluding the smaller one (blue curves with cusps) close to (0, 0). Inside the
small triangle a repeller in the middle of the three attractors appears as part of the
landscape. The purple dotted lines denote the regions where the unstable manifold for
one of the saddles flips, changing the middle attractor. For our model only the part
inside the big central triangle on the left hand side and possibly further to the left is
relevant because, we assume that neither PN nor M bifurcate.

Each of the two landscapes contains an attractor assigned to CE, by which the two
landscapes were ”glued” together in order to build the global landscape.

3.3 Defining the landscape model

The dynamical flow L(x, y; p) for the global landscape was defined by

L(x, y, p) = �(1� �(x)) p5 rF1(x, y; p)� �(x) p6 rF2(x+ 2, y + 1; p) (4)

with

F1(x, y; p) = x4 + y4 + y3 � 4x2y + y2 � p1 x+ p2 y binary choice landscape

F2(x, y; p) = x4 + y4 + x3 � 2xy2 � x2 + p3 x+ p4 y binary flip landscape

v = (�2,�1) translation vector to match

respective CE attractors

�(x) =
tanh(10(x� 0.5)) + 1

2
gluing function.

The global model depends on parameters p1, . . . , p6 that are a function of the signals
s1, s2.

The first step to join the two decisions was to translate one of the landscapes to
place the two instances of the CE attractor at a similar position in the (x, y) plane. We
applied the translation (�2,�1) to the second landscape F2. The exact position of the
attractors changes with di↵erent values of the parameters, although they remain in a
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Figure SM20: Landscape flow as a result of gluing the gradient systems corresponding
to the two decisions at the CE attractor.

3.4 Parametrising the landscape model
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20 parameters in total 
Parameter fitting using 7 training datasets over 7 time points 

for concentrations lower than 0.5. We assume that there is a threshold duration ⌧
such that for CHIR induction shorter than ⌧ no memory occurs and the landscape
changes as we remove the signal s1. For durations longer than ⌧ , the e↵ect endures
for a time proportional to the di↵erence between ⌧ and the CHIR induction duration.
We introduced this threshold e↵ect with a sharp sigmoid function that changes value
around ⌧ . Therefore, the e↵ective values S1 and S2 of the signals are computed as
follows

CT (t) =max

✓Z t

0

2s1(u)� 1du, 0

◆
(5)

S1(t) =min

✓
1, s1(t) +

(tanh(10(CT (t)� ⌧)) + 1)

2

◆
(6)

S2(t) =s2(t). (7)

Figure SM21 shows the e↵ect of the CHIR memory on the parameters for di↵erent
durations of the signal.

Figure SM21: A. Di↵erent profiles for s1(t) (di↵erent CHIR durations). Colours corre-
spond to the signalling profiles throughout the panels. B. CHIR time for the di↵erent
profiles in (A). C. E↵ective CHIR S1(t) for the di↵erent profiles in (A). D. E↵ect of
the e↵ective CHIR S1(t) in (C) on one parameter.

3.5 Parametrised stochastic di↵erential equation model

The form of the global landscape is determined by the e↵ective signals, so with a change
of variable we can rewrite the landscape flow as L(x, y, S). Changes in the signalling
regime change the particular form of L in the family producing diverse di↵erentiation
patterns. The evolution of cells with time, given a signalling regime, is then modelled
with a stochastic dynamical system [12]

(ẋ, ẏ) = L(x, y;S) + �dW (8)

where dW is a two dimensional Wiener random process and � is a parameter controlling
the amplitude of the noise perturbation. In total, the model depends on 20 parameters
to be estimated:

(w0,1, . . . , w0,6, w1,1, . . . , w1,6, w2,1, . . . , w2,6, ⌧, �). (9)

32

Stochasatic differential equation model:
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Comparison of model simulations and data

Model based on global landscape 
Simulations of cell occupancy of attractors 

Red points represent the location of cells in the 
landscape at specific time points.  
Cells are initialized in the EPI attractor.  
Their location evolves as a function of dynamical 
system defined by the landscape, and tilt induced 
by the two signaling pathways (FGF and Wnt)

Figure 4. Comparison of model simulations to experimental data
(A) For each condition at each time point, the proportions of cells assigned to each cell identity by the clustering method (experiment) were compared with the

proportion predicted by the model (simulations). A detailed analysis of the goodness of fit is provided in Methods S1 Section 5. For the simulated data the

proportions of each cell type were obtained by averaging the proportions of cell types obtained by simulating the model using all 10,000 parameter sets found by

the fitting algorithm. Colors correspond to cell identities (B). Cells with a low probability of belonging to any cell type were considered transitioning cells (UT) and

labeled in light yellow.

(B) Qualitative form of the global landscape model used in the fitting. Cell identities correspond to attractors in the landscape. Different signaling regimes change

the particular form of the landscape.

(C) Experimental conditions not used in the fitting were comparedwithmodel simulations. For each validation condition at each time point, the proportions of cells

assigned to each cell identity by the clustering method (experiment) were compared with the proportion predicted by the model (simulations). For the simulated

data, the proportions of each cell type were obtained by averaging the proportions of cell types obtained by simulating the model using all the parameter sets

found by the fitting algorithm. Colors correspond to cell identities as detailed. Overall, the model performed well at predicting the experimental results. We note

that when CHIR is removed after 12 h (CHIR 2–2.5) many cells that were in transition (Tr; orange) at D2.5 were recaptured by the EPI attractor both in the

experiments and the simulations at D3. However, the simulations underestimated the CE the proportion of cells that remained CE at D3.

(legend continued on next page)
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Evolution of landscape geometry as a function of signals

Wnt signalling

Figure 5. A refined model improves the accuracy of predictions
(A) Details for the 2 experimental conditions designed to refine the model. Colored bars show the times at which the CHIR (purple) or FGF (red) were added and

removed from the medium.

(B) Comparison between the mean proportions of cell types predicted by simulations of the initial model (Initial Sim) and the refined model (refined Sim) and the

proportions of cell types obtained experimentally (Test Exp) for the conditions in (A). Colors correspond to cell identities as detailed. For the pulsing experiments,

(legend continued on next page)
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Figure 3. Initial experimental series and landscape geometry
(A) Schematic of the 11 experimental conditions used to acquire the initial dataset. Experimental conditions marked in bold comprise the training sets; the

datasets for the conditions in italics formed the validation dataset andwere not used for model fitting. The conditionsmarkedwith a symbol form the reference set

used for clustering. Colored bars show the times at which cells were exposed to each of three signals. CHIR, CHIRON99021 (purple); FGF (red); PD,

PD0325901 (green).

(legend continued on next page)
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Successful development from a single cell to a complex, multicellular organism requires that cells
differentiate in a coordinated and organized manner in response to a variety of signaling modalities. While
the molecular underpinnings may be complex, the resulting phenomenon, in which a cell decides between
one fate or another, is relatively simple. A body of work—rooted in dynamical systems theory—has
formalized this notion of cellular decision making as flow in a Waddington-like landscape, in which cells
evolve according to gradientlike dynamics within a potential that changes shape in response to a number of
signals. We present a framework leveraging neural networks as universal function approximators to infer
such a parametrized landscape from gene expression data. Inspired by the success of physics-informed
machine learning in data-limited contexts, we enforce principled constraints motivated not by physical laws
but by this phenomenological understanding of differentiation. Our data-driven approach infers a
governing landscape atop a manifold situated within expression space, thereby describing the dynamics
of interest in a biologically meaningful context. The resulting system provides an intuitive, visualizable,
and interpretable model of cellular differentiation dynamics.

DOI: 10.1103/8vpj-bj7d Subject Areas: Biological Physics,
Nonlinear Dynamics

I. INTRODUCTION

Over the course of mammalian development, a single,
totipotent cell gives rise to the trillions of cells that make up
the mature organism. From this initial zygote, a vast array
of functionally distinct cell types emerges at particular
stages of development, in a self-organized, robust, and
reproducible manner [1]. Cellular differentiation—the
process by which a progenitor cell develops into one of
several more specialized cell types—is a phenomenon
essential to development, from embryogenesis to the
continuous production of blood cells. Modern technologies
allow us to study these processes at the level of individual
cells. Single-cell RNA sequencing (scRNAseq) provides a
snapshot of the transcriptome by measuring the abundance
of mRNA transcripts for every gene in a cell [2]. A typical
transcriptomic dataset may encompass thousands of cells
and genes. Even more targeted approaches that quantify a
limited number of gene products, like flow cytometry, yield
datasets complex enough to require advanced analytical
techniques [3,4]. Significant progress has been made in

discerning the different cell types present in such high-
dimensional data, providing insight into the process of
cellular differentiation across various contexts [5–9]. The
identification of new cell types and their hierarchy in a
developmental tree is often a celebrated achievement of
sequencing studies and is treated as near tantamount to a
functional understanding of the phenomenon. However,
cataloging cell types is only the beginning, and it is less
obvious how one begins to make sense of the dynamical
information captured in such experiments. In other words,
while we might be able to confidently identify the cell types
into which a progenitor cell may differentiate, an under-
standing of the route through gene space that a cell takes in
the process of making that decision, and the mechanisms by
which such a trajectory is biologically controlled, remains
elusive. Understanding the intricacies of this path, and the
role of various signaling mechanisms that shape it, is at
least as valuable as knowing the cell types appearing along
its course. Deciphering these dynamics, and the ways in
which they depend on signaling, may facilitate the design
and control of patterns of cellular differentiation and
development, with obvious applications to synthetic biol-
ogy and medicine.
A wide range of biological phenomena fundamentally

concern how cells sense and respond to various types of
signals. From developmental patterning to immune sur-
veillance and tissue homeostasis, cells must continually
monitor diverse molecular cues and make context-specific

*Contact author: addi.howe@u.northwestern.edu

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

PHYSICAL REVIEW X 15, 031070 (2025)

2160-3308=25=15(3)=031070(26) 031070-1 Published by the American Physical Society

• In situations where the knowledge of the biology is insufficient to define the 
number of cell states and relationships. 

• Inference of potential and effect of signals, bifurcation diagram

indicative of the robust and generic structure of the
archetypal landscape form. In some cases, the bifurcation
diagram contains additional fold curves, indicating the
presence of additional fixed points in the inferred model.
These additional minima occur in regions outside of the
support of the training data, suggesting, again, that while
anomalies may occur, they tend to do so in regions of phase
space that are never occupied by cells during the training

process and, therefore, for which there is no information to
inform the landscape shape.

C. Robustness of landscape inference to temporal
sampling resolution

A number of factors influence our ability to infer a
landscape system from data. Among these factors is the

(a)

(c)

(d)

(e) (f)

(b)

FIG. 5. Trained model capturing the dynamics and bifurcation structure of the binary choice landscape. (a) Algebraic form of the
binary choice system, the ground-truth model generating the data used for training. This system tilts as the signals s1 and s2 vary. In the
ground-truth system, the signals map identically to the tilt parameters, and we specify a noise level σ! ¼ 0.1. (b) Ground-truth and
inferred landscapes. The effects of the signals s1 and s2 are depicted as arrows in the lower left of each plot, pointing in the direction in
which flow is biased when a unit signal vector is prescribed. The landscapes agree qualitatively, with larger disparities occurring in
regions containing few cells from the training data, as evidenced by the differences in the contours shown. (c) Value of the validation
loss, or error, over the course of training. The dashed line indicates the epoch corresponding to the optimal model, exhibiting the
minimal validation loss. (d) Evolution of the inferred noise parameter σ during the training process. The true value, σ!, is denoted with a
horizontal line. The solid vertical line corresponds to the optimal model found during training, with an inferred σ ≈ 0.097. An initial
phase of model training witnesses a rapid increase and decrease in σ, followed by a slower approach towards the true value.
(e) Bifurcation diagram of the ground-truth parametrized landscape ϕ!1, with the color of each fold curve corresponding to the color of
the fixed point in panel (b) that vanishes when the signal passes through the curve. The hatched rectangles illustrate the range of
sigmoidal signal functions used to generate the synthetic training data. They indicate the regions of parameter space from which the
initial and final signal values are drawn, so sðtÞ passes from the central region into the lower region, crossing the fold curve
corresponding to the bifurcation of the central attractor. (f) Comparison of the bifurcation diagrams corresponding to the ground-truth
and inferred landscapes. Dashed lines correspond to the ground-truth system. Solid lines correspond to the inferred model. There is
general agreement between the true and inferred fold curves with a cusp (depicted in blue) since this is the bifurcation captured by the
training data. In addition, two inferred fold curves approximate those corresponding to the peripheral attractors.
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ground-truth system, the signals map identically to the tilt parameters, and we specify a noise level σ! ¼ 0.1. (b) Ground-truth and
inferred landscapes. The effects of the signals s1 and s2 are depicted as arrows in the lower left of each plot, pointing in the direction in
which flow is biased when a unit signal vector is prescribed. The landscapes agree qualitatively, with larger disparities occurring in
regions containing few cells from the training data, as evidenced by the differences in the contours shown. (c) Value of the validation
loss, or error, over the course of training. The dashed line indicates the epoch corresponding to the optimal model, exhibiting the
minimal validation loss. (d) Evolution of the inferred noise parameter σ during the training process. The true value, σ!, is denoted with a
horizontal line. The solid vertical line corresponds to the optimal model found during training, with an inferred σ ≈ 0.097. An initial
phase of model training witnesses a rapid increase and decrease in σ, followed by a slower approach towards the true value.
(e) Bifurcation diagram of the ground-truth parametrized landscape ϕ!1, with the color of each fold curve corresponding to the color of
the fixed point in panel (b) that vanishes when the signal passes through the curve. The hatched rectangles illustrate the range of
sigmoidal signal functions used to generate the synthetic training data. They indicate the regions of parameter space from which the
initial and final signal values are drawn, so sðtÞ passes from the central region into the lower region, crossing the fold curve
corresponding to the bifurcation of the central attractor. (f) Comparison of the bifurcation diagrams corresponding to the ground-truth
and inferred landscapes. Dashed lines correspond to the ground-truth system. Solid lines correspond to the inferred model. There is
general agreement between the true and inferred fold curves with a cusp (depicted in blue) since this is the bifurcation captured by the
training data. In addition, two inferred fold curves approximate those corresponding to the peripheral attractors.
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indicative of the robust and generic structure of the
archetypal landscape form. In some cases, the bifurcation
diagram contains additional fold curves, indicating the
presence of additional fixed points in the inferred model.
These additional minima occur in regions outside of the
support of the training data, suggesting, again, that while
anomalies may occur, they tend to do so in regions of phase
space that are never occupied by cells during the training
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regions containing few cells from the training data, as evidenced by the differences in the contours shown. (c) Value of the validation
loss, or error, over the course of training. The dashed line indicates the epoch corresponding to the optimal model, exhibiting the
minimal validation loss. (d) Evolution of the inferred noise parameter σ during the training process. The true value, σ!, is denoted with a
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and inferred landscapes. Dashed lines correspond to the ground-truth system. Solid lines correspond to the inferred model. There is
general agreement between the true and inferred fold curves with a cusp (depicted in blue) since this is the bifurcation captured by the
training data. In addition, two inferred fold curves approximate those corresponding to the peripheral attractors.
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f encodes attractors and saddles, while  
g−1 encodes state- and signal-dependent mobility — direction-dependent speed and steering. 

“the metric… rotates and stretches the potential gradient so it coincides with the vector 
field… the model with its metric abstractly represents how signals distort the landscape 
and direct cells to the available fates.”

Signals have two levers: (i) reshape the landscape (the potential) and (ii) change how 
“easy” it is to move in different directions (the metric/mobility).

minimal parameterized topographic model with the correct
geometry is essential to extract model parameters from the cells
as they are transitioning. Merely enumerating terminal fates
loses this information. When dealing with many cells, focus-
ing on the bifurcations and saddle points that represent cellular
decisions quantifies similarities among all models that use inhibi-
tion to define a pattern. Turing showed how chemical reactions
plus diffusion can generate patterns in an otherwise uniform sys-
tem. In geometric terms, the Turing instability is represented
as a saddle point, and we show how the trajectory from it to
the terminal pattern can be represented by gradient dynam-
ics, thus revealing similarities to models of lateral inhibition by
long-range contacts or diffusing factors. Geometric methods are
optimal for bridging the time from the initiation of a pattern to
its saturation and thus, extracting the essential dynamics of cell
specification.

2. The Mathematics of Gene Network Models
A gene network model defines a differential equation that
describes the changes on the system with time. The time inte-
gration of a differential equation or equivalently, a vector
field defines a flow x !�t(x ), which tells us the state �t(x )
at time t if the initial state at time t =0 was x . Off points
of bifurcation, the rest points p of these systems have well-
defined stable and unstable manifolds: that is, (stable mani-
fold) W s(p)= {x |�t(x )! p as t !1} and (unstable manifold)
W u(p)= {x |�t(x )! p as t !�1} (Fig. 1). Moreover, these
rest points p are of three types: attractors [W u(p) empty,
they attract all nearby points], saddles [W s(p) and W u(p) not
empty], and repellors [W s(p) empty]. We say a saddle has index
� if its unstable manifold has dimension �.

Two systems have the same qualitative form if there is a
homeomorphism sending the trajectories of one onto those
of the other. If a system is such that any small smooth per-
turbation of it does not change its qualitative form, then we
say it is structurally stable. In a parameterized family of sys-
tems, the parameter values where the qualitative form changes
define the bifurcation set. For development, it is natural to
focus on systems with a finite number of rest points or periodic
orbits. For such systems, a simple set of conditions (1) precisely
characterizes structural stability, and these systems are called
Morse–Smale (MS) (4).

Periodic behavior is absent in many developmental systems,
so we focus on systems without periodic orbits. Also natural for
development is our assumption that our phase space M has the
topology of the n-dimensional disk and a smooth topologically
spherical boundary on which the flow points inward. Conse-
quently, we also do not treat nongeneric bifurcations that take
place at the boundary of phase space such as the exchange of
stability bifurcation.

The Downhill Structure of Generic Landscapes. The Waddington
analogy of development to flow in a topography can be formal-
ized mathematically. All MS systems possess a Liapunov function
(a.k.a. potential function) defined on the phase space, which
decreases along trajectories and for which rest points (and peri-
odic orbits) are critical points. This formalizes the notion of
height in a topography. We call such dynamical systems gradi-
ent like. It is commonly thought that this is enough to specify
dynamics, but the Liapunov function is not enough to determine
where a cell will go when it escapes an attractor (e.g., the poten-
tial shown in Fig. 1A is compatible with the dynamical system
shown but also with systems where the unstable manifold of the
top saddle connects A to C). Therefore, extra information about
the dynamics is necessary.

There are two essentially equivalent ways to specify the miss-
ing information. One way is to supply the stable and unstable
manifolds of the saddle points. The unstable manifolds of the

A

B C D

E F G

Fig. 1. Representations of MS systems. (A) The symbol set used consistently
to describe elements of the phase space or parameter space. (B) An MS sys-
tem with three attractors and two saddles showing the stable (red) and
unstable (blue) manifolds of the saddles. Contours of a potential are shown
in gray. In this system, the unstable manifolds meet at the attractor B in a
cusp-like shape. (C) In this MS system, which also has three attractors, the
unstable manifolds of the saddles make up a smooth curve. (D, Upper) Two
examples of DAGs corresponding to the system in B, left side and the CEU
of Fig. 5D (B, right side). (D, Lower) The decision structures associated with
the DAGs above them. The filled circles represent the attractors, and a con-
nection between attractor A and B means that a cell whose state sits at
A (B) can transition to B (A) via a saddle-node bifurcation that destroys A
(B). Thus, the connections characterize the escape routes and possible deci-
sions. The connections also correspond to the index 1 saddles in the system
that connect A and B. Some escape routes wrap around an index 2 saddle
as shown and indicated by a triangle. To minimize the numbers of decision
diagrams, we do not distinguish cases where multiple saddles connect the
same two fixed points (SI Appendix, section I.7). (E and F) The two simplest
bifurcations: the local saddle node and the global heteroclinic flip. These
are the main events underlying decision making in our dynamical systems.
(E) A saddle-node or fold bifurcation. As ✓ increases through zero, a saddle
and an attractor are born, which then separate with a distance of order

p
✓.

(F) The configuration shown in A can flip to one where the saddle a is con-
nected to C instead of B via a heteroclinic flip. To do this, it passes through
the intermediate state shown where there is a heteroclinic connection in
which the unstable manifold of the saddle a connects to the saddle at b. (G)
An example of a compact landscape involving a repellor. We have taken a
case where the attractor is close to the saddle to illustrate that the attractor
can move around the circular unstable manifold and collide, undergoing a
saddle-node bifurcation and turning the unstable manifold into a limit cycle.
This is called an SNIC (Saddle Node on Invariant Cycle) bifurcation. Although
it is important to be aware of such bifurcations, we do not consider them
anymore since the existence of a limit cycle moves us out of the gradient-like
rest point–only systems.

index 1 saddles, for instance, describe the transition routes
between attractors.

The other way to augment the Liapunov function is to note
that MS systems are nearly gradient systems. In a gradient
system, a potential f together with a Riemannian metric gij
completely defines the dynamical system:

ẋi =�

X

j

g ij @f
@xj

, [1]

where (g ij )= (gij )
�1. The rest points of such a vector field are

the critical points of f (gij is positive definite), and the met-
ric rotates and stretches the potential gradient so it coincides
with the vector field. Gradient-like MS systems are also nearly
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Fig. 7. A potential constructed for a prototype
activator–inhibitor system with flows shown in
green. Contours of the potential, which is defined
as the integral of the vector field along the trajec-
tory to the stable fixed point, are shown going from
low (blue) to high (red) potential. The red arrows
on one of the contour lines show the flow from the
gradient of the potential. Since the equations have
a nonzero curl, a metric is required to align the red
and green arrows. The construction does not work
near the fixed points, but a separate potential and
metric can be defined there (18) and glued to the
global potential (details are in SI Appendix, section
II.2). (Insets) Plots of the contour lines in red and flow
magnified near the upper fixed point and the saddle
are also shown.

on the circle such as ⇠ (1, 0, 0, 1, 0, 0, 0, 0), but these were not
found as the endpoint of the dynamics when initializing with
small randomized ai .

To reproduce the flow around the principle saddle point on
the diagonal from a potential, we propose what is essentially an
antiferromagnet but with a diagonal inverse metric (n.b. d(a) in
Eq. 3 is identical to Eq. 2):

ȧi =�g(ai)raiF ,

F =
X

i

V (ai)+
1
2

X

i 6=j

d(ai)Ki,jd(aj ).
[3]

In SI Appendix, section II.3, we show that we can match both
the location of the principle saddle point on the diagonal, ai =
ā(N ), and the Jacobian for any number of cells N by fixing two
functions of a single variable, g and V. The solution for g near
the origin behaves as g(a)⇠ a in contrast to Eq. 2, where the
velocity is O(1) (compare Fig. 8B with Fig. 9). However, since
the saddle point is restricted to a > 0.51, we can easily correct
the inverse metric for smaller a .

The dynamics derived from these potential models are shown
in Fig. 9, where it is obvious comparing with Fig. 8B that
we have corrected the dynamics around the origin with the
two-part inverse metric, at the expense of now making the
decrease of single ai in response to the antiferromagnetic
repulsion too abrupt. However, that can plausibly be fixed
by adjusting the metric in a separate region of the phase
space.

Putting the original model in potential form shows the extent
to which the entire pattern formation process is controlled by

the saddle point on the diagonal. Analytic calculations for how
small differences amplify are facilitated by knowing the stable
and unstable manifolds of the saddle.

We started from a very idealized model, but if it were elabo-
rated to include a more realistic description of the Notch–Delta
signaling that is responsible for the inhibition or a more complete
account of the neural fate, we suspect that the principal saddle
point will retain its unstable directions but add many more stable
ones. The best estimate for how much those additional details
disappear from the dynamics is in fact the stable eigenvalues at
the saddle point.

One may object that any model with contact inhibition is
unrealistic since signals have to travel diffusively. That point
is somewhat debated in Drosophila after cellularization (20,
21), but nevertheless, we show in the next section, when diffu-
sion is responsible for communication between cells, that the
underlying potential models have the structure discussed here.
Finally, representing a biological decision as a saddle point
in a high-dimensional space applies during mesoscopic times,
from when the pattern first emerges to when it is close to
saturation.

D. The Turing Model in Potential Form. A Turing system is an
activator inhibitor pair a, h where the inhibitor diffuses much
more rapidly than the activator. We want to capture the
unstable manifold leading from linear instability of the uni-
form system to the localized patch of activator and ignore the
slow rearrangements of the pattern after the activator satu-
rates. Thus, it suffices to consider Turing systems on a cir-
cle with parameters that give a single localized state, modulo
symmetries.

A B
Fig. 8. Behavior of Eq. 2. (A) Values of inhibition
h for which the ȧ equation has saddle-node bifur-
cations. When h from neighboring cells is < 0.37,
only the a = 1 state is stable, bistability persists for
0.37 < h < 0.63, and only the a = 0 state exists for
larger h. The diagonal is shown in black. (B) Eight
cells on the circle with a kernel chosen to allow only
two cells with a = 1 at the end. The time to reach
steady state can vary by 2⇥ depending on whether
a third cell hangs close to the saddle point as seen
here vs. Fig. 9.
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• When the dynamics is not simply dictated by 
a gradient (eg. non-zero curl of vector field, 
non-equilibrium dynamics etc) 

• Consider the local curvature (ie. metric) Inverse of 
metric tensor: 
Local distortion 
of landscape

Gradient-like dynamics
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• Compare logic view and dynamic view of information processing

• Geometric landscape models do not account for existence of different states 
The model predicts transition steps between states and how signals exert a 
force that steers cells in the landscape

• The exact dynamics and path followed by cells is not yet captured but can be. 
So far, use of « flat » representations for cell states with gradient field. 
Signals globally tilt the landscape and cause bifurcations.  

• Questions: are all dynamics gradient-like? The answer is no (eg. oscillations).  
• Dynamics also emerge in a field with non zero curl (ie. non-equilibrium 

dynamics).  
• Consider local curvature to modify the dynamics.


