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Outline – Lecture 3

• Graphene and hBN as a 2-level system

• Topology of 2-level systems 

• Quantization of the Chern number and the 

hidden monopole

• Haldane Model: Chern Insulators

• Experimental measurement of the Berry 

curvature
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Fig: J.Cayssol and JN Fuchs 

JPhysMater 4 034007 (2021) 

Graphene: Basis vectors, 

Reciprocal lattice, 

Brillouin zone



(Ideal) Graphene Bands



Symmetries

- Inversion (I)

- Time-reversal (T)

Under inversion r,k → -r,-k and (A,B) → (B,A)

Hence:

Invariance under Inversion implies:

Time-reversal invariance implies:



Dirac Fermions at K,K’

Low-energy effective Hamiltonian: two sublattices (A,B) 

and two valleys (K,K’=-K) → 4*4 effective Hamiltonian:



Graphene - Eigenstates

Graphene:

Phase phi(k) in reciprocal space

Note the triple periodicity 

Singularities at K,K’ (BZ corners) due to the vanishing of ||d|| (band touching)



Bands of hBN (crystal field - or 

`staggered mass’)

Massive relativistic particle

- Breaks 

Inversion symmetry

- T-reversal preserved

- Opens a gap



Provided inspiration to Haldane’s seminal paper



Berry curvature of hBN

K and K = -K have opposite signs of F (`vorticity’)

The integrated Berry curvature over the BZ vanishes

In contrast to H(k), F(k) has the periodicity of the R.L.

M: 

Staggered

(`Semenoff’)

mass

Fig: J.Cayssol and JN Fuchs 

JPhysMater 4 034007 (2021) 



Twisted graphene
→ Seminar today and Lecture 5

Credit: B. Chittari/University of Seoul

 
  

 
 
  

 

Credit:Wikipedia

Credit:

E.Andrei

A.MacDonald

Nature Mat



Topology of 2-level/2-band

systems



Map from the BZ torus to the 

Bloch sphere

Adapted from J.Cayssol and JN Fuchs 

JPhysMater 4 034007 (2021) 

Chern number:



Duncan 

Haldane
Nobel 

Prize 2016

Fig: J.Cayssol and JN Fuchs 

JPhysMater 4 034007 (2021) 



A Haldane-like model on the 

square lattice

Staggered flux



Spectrum:

m=t2=0: 

Dirac semimetal

m=0.25 , t2=0: 
m=0 , t2=1/16

Very similar

spectra…

…but different 

topology



dz and θ(k) contour plots

t2/m=0.1 t2/m=0.25 t2/m=0.5



BZ T2→S2 map
t2/m=0.1

t2/m=0.25
t2/m=0.5

Top: sphere coverage

Bottom: d-vector map



From an atomic-like insulator to a 

topological insulator: 
topological phase transition and gap closing

m=1,t2=0

m=1,t2=0.2 m=1,t2=0.25

m=1,t2=0.5

Bands as a function of kx, ky=pi/2



Phase Diagram

Gap close at one set of k-points on blue line, at the other on red lines



Back to Haldane’s honeycomb model

Topologically non trivial if:





Recommended reading:



Experimental visualization of Berry 

curvature with cold atoms

Science 352, 1091 (2016) Science 352, 1095 (2016)

Fläschner

et al.



Tomography

by time of flight

Fläschner

et al.



Fläschner

et al.



Haldane model and measurement of Berry 

curvature with cold atoms



Berry phase imaging with ARPES



Edge States

Consider an interface at y=0 between a trivial insulator and a 

topological CI with C=+1: the `mass’ changes sign at y=0 and 

the gap closes and reopens.

Non-trivial

insulator

Trivial 

insulator



Diagonalisation on a strip of 

finite width
(Square lattice Haldane model, width 200, m=0)

t2=0

t2>0
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