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Correlated Topological Quantum Matter:

From Abstract Invariants to Practical Topological Markers

Part 1: The many-body Chern number as a dichroic response
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Part 1 : The many-body Chern number as a dichroic response
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® From real space to flux space
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® Geometric structure : fibre bundle over flux space
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Curvature : F*¥ = 6% AY — By, A

— See Antoine’s Lecture #1



From geometry to gauge theory : Wu & Yang, PRD 1975
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® From geometry to gauge theory : Wu & Yang, PRD 1975

gauge potential connection
field strength curvature
Dirac’ s monopole quantization classification

according to first Chern class

with monopole nontrivial Uj (1) bundle

® The many-body Chern number : a topological invariant for 2D gapped systems
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* Why do we care ? The Chern number dictates the quantized Hall response
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Steven Girvin, Lecture notes (Les Houches, 1998)
Heonjoon Park et al. (Xiaodong Xu'’s group), Nature 622, 74 (2023)
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® Kubo’s formula (linear response) — See Antoine’s Lecture #1

® Here : Circular dichroism (dissipative response)

Tran, Dauphin, Grushin, Zoller & NG, Science Adv. 3, 1701207 (2017)
Repellin & NG, Phys. Rev. Lett. 122, 166801 (2019)
NG & Ozawa, Comptes Rendus Physique 25, 289 (2024)



* A thought experiment : circular perturbation in flux space
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® Considering the differential integrated rate :
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® Considering the differential integrated rate :
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° Thermodynamic limit : 27w F*¥ (8 = 0) — v>

= ‘ AFi"‘/A = (&/h)® x ugf ‘:quantized dichroic response in flux space!




® From a thought experiment to ... real experiments ?
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= E4(w) = —0:A(t) = 2€ [cos(wt)1, + sin(wt)1,] : circular-polarized E field



® From a thought experiment to ... real experiments ?

o i (w " V(f'a)> + Hine({ra}),

a=1
Flux perturbation : A, — A, — (26 /w)sin(wt), Ay — Ay + (2E/w) cos(wt)
= E4(w) = —0;A(t) = 2& [cos(wt)1, =+ sin(wt)1,] : circular-polarized E field

® Proposal for ultracold atoms : circular shaking of the optical lattice
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Tran, Dauphin, Grushin, Zoller & NG, Science Adv. 3 1701207 (2017)
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® From a thought experiment to ... real experiments ?
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Flux perturbation : A, — A, — (26 /w)sin(wt), Ay — Ay + (2E/w) cos(wt)
= E4(w) = —0;A(t) = 2& [cos(wt)1, =+ sin(wt)1,] : circular-polarized E field

® Proposal for ultracold atoms : circular shaking of the optical lattice
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# particles in LB

t w
Tran, Dauphin, Grushin, Zoller & NG, Science Adv. 3 1701207 (2017)
* First experimental observation in Sengstock/Weitenberg'’s lab
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Asteria et al., Nature Phys. 15 449 (2019)



® We have established (using Fermi’s golden rule)
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® Relation to the Hall response oy ?
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® We have established (using Fermi’s golden rule)
AT /A = 7/ 1"+(w) r- (w)) dw = (£/h)? x vMB ™

® Relation to the Hall response oy ?

i 2mE?
A /A = Wh OH (Kramers-Kronig relations)

® Using Eq. (1), one obtains

on/oo =

— proof of topological quantization based on FGR and Kramers-Kronig relations

NG & Ozawa, Comptes Rendus Physique 25, 289 (2024)



® Degenerate GS manifold (fractional QH states) : ¥ s = (|¥1), |¥2),...,|¥ D))

A#

ab

1
= i(0,|0p, V1) = ven = E/ Tr F*¥(0) df, A db, € Z
T2



® Degenerate GS manifold (fractional QH states) : ¥ g = (|V1), |V2),...,|¥ D))

A#

ab

1
= i(Valdg, ¥p) = ven = 27/ Tr F*Y(0) db, Adby € Z
T
T2

* Standard notation in cond-mat physics : v&° = von X (1/D) € Q

— : fractional quantum Hall effect

Niu, Thouless & Wu, PRB '85; Tao & Haldane PRB '86



® Degenerate GS manifold (fractional QH states) : ¥ g = (|V1), |V2),...,|¥ D))

A#

ab

1
= i(0,|0p, V1) = ven = E/ Tr F*¥(0) db, Adby, € Z
T2

* Standard notation in cond-mat physics : v&° = von X (1/D) € Q

— : fractional quantum Hall effect

Niu, Thouless & Wu, PRB '85; Tao & Haldane PRB '86
¢ Circular dichroism in the FQH regime :

‘ AT™/A = (£/R)? x vDIP

: fractionally quantized dichroic response

Repellin & NG, Phys. Rev. Lett. 122, 166801 (2019)
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* Standard notation in cond-mat physics : v&° = von X (1/D) € Q

— : fractional quantum Hall effect

¢ Circular dichroism in the FQH regime :

® Quantized edge dichroic response :

MB
VCh

‘ AT™/A = (£/R)? x vDIP

)

[AT(w)]

edge

bulk

Niu, Thouless & Wu, PRB '85; Tao & Haldane PRB '86

: fractionally quantized dichroic response

Repellin & NG, Phys. Rev. Lett. 122, 166801 (2019)

low-energy edge theory (universal)

= ATDL. | = —(E/R)° x vy

xLL

Unal, Nardin & NG, Phys. Rev. Lett. 135, 266603 (2025)



Closing Part 1 : Further applications of the dichroic approach
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® Quantum geometric tensor : quantum metric and Berry curvature

First measurement of the full QGT (NV centers)

Fubuni-study metric

Berry curvature
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Theory : Ozawa & NG, Phys. Rev. B 97, 201117(R) (2018)
Exp : Yu et al. (Jianming Cai’s group), National Science Review 7, 254 (2019)
Chen et al. (Cappellaro’s group), Science 375, 1017 (2022)

Observation of tensor monopoles



® Quantum geometric tensor : quantum metric and Berry curvature

First measurement of the full QGT (NV centers) Observation of tensor monopoles
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Theory : Ozawa & NG, Phys. Rev. B 97, 201117(R) (2018)
Exp : Yu et al. (Jianming Cai’s group), National Science Review 7, 254 (2019)
Chen et al. (Cappellaro’s group), Science 375, 1017 (2022)

® Bosonic systems : magnons in interacting spin systems
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Baptiste Bermond, Anais Defossez & NG, arXiv : 2504.17374



* Dichroism from chiral thermoelectric probes (i.e. couple to heat currents)

® sum rules for orbital and heat magnetizations (previously lacking)

® heat quantum metric (gravitomagnetic deformations)

EDITORS' SUGGESTION
Dichroism from chiral thermoelectric probes: Generalized sum rules for
orbital and heat magnetizations

Baptiste Bermond, Lucila Peralta Gavensky, Anais Defossez, and Nathan Goldman

Phys. Rev. B 113, 205127 (2026) - Published 11 May, 2026

The authors introduce here a unified sum-rule framework linking thermoelectric excitation spectra to ground-state
properties and enc ing both i and izati Under chiral ther i

driving, dichroic absorption directly probes Kubo correlators, placing orbital and heat magnetizations on equal
footing with the Chern number. A hierarchical decomposition, real-space markers, and a heat quantum metric
emerge, opening practical routes to measuring thermoelectric responses in quantum matter.

® ... and many more applications!



Part 2 : A many-body topological marker from local ground-state observables

Felix Palm, Alex Impertro, Monika Aidelsburger & NG, arXiv :2510.19742



Key question :

Local Hall response without measuring a response to a perturbation ?

= ou(r)/oo = viB (r) from local ground-state measurements ?



® The local Hall response from Kubo’s formula

PV
ou(r) = lim o‘zRy(w;r) = lim %/ dt —ZeWtC(r,t)
w—0 w—0 w
0
® The key quantity : the unequal-time current-current correlation function

C(rvt) = /d"'/ 561(7‘/70}@/(7’70))(;5
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® Key hypothesis : Single-frequency ansatz

C(r,t) ~ C(r,0)e " cos(wot)

wo : characteristic gap (e.g. cyclotron gap)

T" : broadening of the transition (e.g. dispersion)

— equal-time current-current correlation C(r, 0)



The local Hall response from Kubo’s formula

o,
op(r) = lim azRy(w;'r) = lim %/ dt —leWtC(r,t)
w—0 w—0 w
0
The key quantity : the unequal-time current-current correlation function

C(rvt) = /d"'/ 5<jz(7‘lvt)jy(rvo)>GS

Key hypothesis : Single-frequency ansatz

C(r,t) ~ C(r,0)e " cos(wot)

wo : characteristic gap (e.g. cyclotron gap)
T" : broadening of the transition (e.g. dispersion)

— equal-time current-current correlation C(r, 0)

Within this framework :
2 2
wi =T
ou(r) = 2C(r,0) —2—— 5 = V(I\j/[f(r)/%r
(r2+3)

= local Chern marker v&.2 () in terms of three parameters : C(r, 0), wo and T’



® Validation of single-frequency ansatz : Chern insulator (Hofstadter with flux o)

.0 1 1 1 1 1
000 005 010 015 020 025 030 0.35
a=1/q

= very good agreement (v 2 = 1) for relatively flat bands (a < 1/4)

Felix Palm, Alex Impertro, Monika Aidelsburger & NG, arXiv :2510.19742



® General approach :

= method to extract C(r, 0), wo, I, ... and C(», t) beyond the ansatz!



® General approach :
= method to extract C(r, 0), wo, I, ... and C(», t) beyond the ansatz!

® Method : Make use of the expansion
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® General approach :
= method to extract C(r, 0), wo, I, ... and C(», t) beyond the ansatz!

® Method : Make use of the expansion

—

eBAe™B = Ay iB, A - 51B.[B.A] -

® Unequal-time correlator : as an expansion in powers of time

dr’ 3G, (r)e T, (r))

dr' 3 j‘E('I‘ Z (_lt)m Jy("')]

= C(r,t) =

m

t
C(r,t) = Z cm

m=0

where we introduced the coefficients

=3 {( )"L/dr’ (G (r") [ﬁ,jy(r)]m>}

—> expressed as static (ground-state) observables

[B,[B,[B,A]]...



¢ Unequal-time correlator : as an expansion in powers of time

C(r,t) = Z %cm, cm =T |:(—i)m/dr/ (jx('r'/) [H',iy('r)]m)

m=0



¢ Unequal-time correlator : as an expansion in powers of time

m

C(r,t) = Z %cm, cm =T |:(—1')m/dr/ (jx('r'/) [H',iy('r)]m)

m=0

® Truncation of the expansion : finite space-time region is relevant
insulating phase of matter : finite correlation length
short-range interactions : finite correlation spreading velocity
= hypothesis : early-time behavior is sufficient

C(r,t) ~ co+cit + %tQ + O(t%)



Unequal-time correlator : as an expansion in powers of time
m

cr.t) = Z %cm, em =73 {(—i)m/dﬂ Ga(r') [H.5y ()] )

m=0

Truncation of the expansion : finite space-time region is relevant

insulating phase of matter : finite correlation length

short-range interactions : finite correlation spreading velocity

= hypothesis : early-time behavior is sufficient

C(r,t) ~ co+cit + %tQ + O(t%)

Consistent with the single-frequency ansatz :
c1 ci\? e
C(r,0)=cy, I'=——, wo= — - =
Cco Cco Co

= local Chern marker v2iE () from few static (ground-state) observables !

In practice : how does one extract the c,,’s coefficients ... ?



® Choice of a model : Harper-Hofstadter model (square lattice with flux)
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® Choice of a model : Harper-Hofstadter model (square lattice with flux)

m

em =7 {(-m / dr’ (Go(r') [Hstor. ()] )

® Recursive structure : c,, = Z further-range current expectation values

= Extracting {co, c1, c2} requires : 292 ground-state currents (max)

Felix Palm, Alex Impertro, Monika Aidelsburger & NG, arXiv :2510.19742



® Chern insulator (filled lowest band) : ED on a 13 x 13 square lattice
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® Chern insulator (filled lowest band) : ED on a 13 x 13 square lattice

Sl S -5y

E ® co,c1,c2#0 ®
To,s— X co,c2 #0561 =0

= O co,c1,c2,¢3,c4 #0

S + lcl],cz,c?;bo;clhcs:?

0.0 L L
0.00 0.05 0.10 0.15 020 0.25 0.30 0.35
a=1/q

® Exploring the single-frequency ansatz :

2.5
® g from fit
p'S
20H X wp from co,c1,c2
T+ a. ¥
——— QM = 47 * + +
*
*
F
~04F oT/J o
N + W/
021
2 +
ooks ¥ .
02 o 03
L L
0.2 0.3
a=1/q

= if (wo, I") are known, only ¢y is required (4 local currents only)!

Felix Palm, Alex Impertro, Monika Aidelsburger & NG, arXiv :2510.19742



® Strongly-correlated fractional Chern insulator : hardcore bosons (v = 1/2) in Hofstadter

1.0
T 1.75
~ 1
-
081 §)1 50 F O~-0
S .50 "o 9O
o) 5 10
06 N
a [°) [} o o
;
&
f:0.4
=
u02 L
6 7 8 o9 © 10
o 11 o 12 o 13 o 14
0.0 L T T T T T T
2 4 6 8 10 12 14
N

DMRG with fixed flux & = 27 x (1/6), with increasing size L and particle number N

— local Chern marker ygﬁ? (r) € Q from static ground-state currents!

Felix Palm, Alex Impertro, Monika Aidelsburger & NG, arXiv :2510.19742



Part 3 : Single-particle Green’s functions, topological invariants and anomalies

Lucila Peralta Gavensky, Subir Sachdev & NG, PRL 131, 236601 (2023)

Anton Markov, Andrey Nikishin, Nigel Cooper, NG & Lucila Peralta Gavensky, arXiv :2603.17006



Green’s function and topology

o Single-particle Green’s function of a many-body system

Gr t;r' 1)) = —i(UNB|T (r, )T (' ) )Y = G (w) = G(w)

Bruus and Flensberg (Oxford)
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o A simple observable: the particle density n(7r) = —i lim G(r,t;r,t’
vt Y
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o Single-particle Green’s function of a many-body system
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« Asimple observable: the particle density 7(r) = —i l/im G(r,t;r,t)
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o Topological invariants : winding numbers
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Green’s function and topology

o Single-particle Green’s function of a many-body system
Gr t;r' 1)) = —i(UNB|T (r, )T (' ) )Y = G (w) = G(w)
Bruus and Flensberg (Oxford)

« Asimple observable: the particle density 7(r) = —i l/im G(r,t;r,t)
t—t
o Topological invariants : winding numbers

9G(w)

T €EZ

Nl[G]:f%/dw T |G (w)

Seki and Yunoki, PRL ‘17

kOZiw

N3G = 5 Zexpp/dkodzktr( —19Ck (19 —180“> €z

kK Oky % Ok, % 0Ok,

. Ishikawa and Matsuyama, Z Phys C ‘86
.. any physical meaning ? Volovik, Sov. Phys. JETP ‘88



Green’s function and topology

e Luttinger’s theorem :

N[G] = 7%/ dw Tr {G‘l(w)%}

Luttinger, PR ‘60
= N;[G] = N :total number of particles Seki and Yunoki, PRL ‘17



Green’s function and topology

Luttinger’s theorem :

N[G] = 7%/ dw Tr {G‘l(w)%}

Luttinger, PR ‘60

= N;[G] = N :total number of particles Seki and Yunoki, PRL ‘17

Breakdown of Luttinger’s theorem in strongly-correlated systems (Green function’s zeros)

1 5 (w) 4 Dzyaloshinskii, PRB ‘03
N = M[G] + N, where No = b dwTr W G(w) Dave, Philips and Kane, PRL ‘13
Kozik, Ferrero and Georges, PRL ‘15




Green’s function and topology

e Luttinger’s theorem :

1 A AG(w)
N, = —— T -1 Pl SadV
6] =5 [ o {G (5 }
Luttinger, PR ‘60
= N;[G] = N :total number of particles Seki and Yunoki, PRL ‘17

e Breakdown of Luttinger’s theorem in strongly-correlated systems (Green function’s zeros)

OX(w) A Dzyaloshinskii, PRB ‘03
D G(w) Dave, Philips and Kane, PRL ‘13
Kozik, Ferrero and Georges, PRL ‘15

1
N = M[G] + N2 where Np = E/dwTr

e The quantized Hall response and the Ishikawa-Matsuyama invariant :

e

Ok G

1
N3[G] = WEAup/dko d’ktr <G1: 1@0*18&>

Ok, % Ok,
Ishikawa and Matsuyama, Z Phys C ‘86

Gurarie, PRB ‘11
Gurarie and Essin, JETP letters ‘13

— on = (¢%/h) x N3[G| / ou # (e2/h) x N3[G] Wang and Zhang, PRX ‘12

Zhao, Mai, Bradlyn and Phillips, PRL "23



A thermodynamic relation for the Hall response

1dB

e V X / = ———  :Maxwell's equations

B T j
< | ® P>
o
K ey

¢ on .
o —¢e— =-V"_- ¥i : continuity equation (charge)
QH droplet 8t

= : insulating state of matter

jy = 0OH E:z: : conductivity tensor (definition)



A thermodynamic relation for the Hall response

T e VX FE= _1dB
/ B(t) T J Oz =
< | ® g ° { o
i‘ Jy = OH El
P W
¢ on .
QH droplet ’ _GE =V J
on _ (on 0B B An
5= (o) x5 = owlm=t3p
0 ON
o Stieda-Widom formula: o1 /o9 = Dy gg) =& 9 éﬂ)

: Maxwell's equations

: insulating state of matter

: conductivity tensor (definition)

: continuity equation (charge)

og = (62/h)

Stieda, J Phys C ‘82
Widom, Phys Lett A ‘82



Green’s function and the Hall response
e The Streda (non-perturbative) approach : Lucila’s result

ON(p)

9 with N:Nl[G]+N2

O‘H/O‘O = (I)O




Green’s function and the Hall response

e The Streda (non-perturbative) approach : Lucila’s result

N
O'H/O'OZ(I)OGT(;M) WithN:Nl[G]+N2
= ony/op = @oa]g;qEG] = N3[G] whenever Luttinger’s theorem is valid !

Lucila Peralta Gavensky, Sachdev and NG, PRL 131, 236601 (2023)



Green’s function and the Hall response

e The Streda (non-perturbative) approach : Lucila’s result

N
O'H/O'OZ(I)OGT(;N) WithN:Nl[G]+N2
= ou/op = Py 812;(1@ = N3[G] whenever Luttinger’s theorem is valid !

Lucila Peralta Gavensky, Sachdev and NG, PRL 131, 236601 (2023)

o Breakdown of the Ishikawa-Matsuyama invariant

ON,
— O0H /UO = N3 [G] + (I)Oaiq) whenever Luttinger’s theorem breaks down !

\_, AN

What is the physical and topological nature of these (quantized) corrections ? Green function’s zeros ?

e Questions :

Could one evaluate these quantities in a concrete strongly-interacting setting, where oy /0¢ € Q ?



Green’s function and the Hall response

o Numerical studies of Green’s function :

Fractional Chern insulator at 7 = 1/3 (Laughlin-type state)

Anton Markov, Andrey Nikishin, Nigel Cooper, NG & Lucila Peralta Gavensky, arXiv:2603.17006



Green’s function and the Hall response

o Numerical studies of Green’s function :

Fractional Chern insulator at 7 = 1/3 (Laughlin-type state)
Anton Markov, Andrey Nikishin, Nigel Cooper, NG & Lucila Peralta Gavensky, arXiv:2603.17006

o Particle densities : N = N1[G] + Ny = n(r) = ni(r) + na(r)

e ED on the Harper-Hofstadter model

o N = 6 spinless fermions

s NNinteractions: V = 10J

e Sizeofthebox: Ly X L, =10 x 11
 Flux per plaquette : o« = 1/5

= n=1/15~0.06



Green’s function and the Hall response

o Numerical studies of Green’s function :

Fractional Chern insulator at v = 1 / 3 (Laughlin-type state)

Anton Markov, Andrey Nikishin, Nigel Cooper, NG & Lucila Peralta Gavensky, arXiv:2603.17006

o Particle densities : N = N1[G] + Ny = n(r) = ni(r) + na(r)
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NN interactions : V' = 10J
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= n=1/15~0.06



Green’s function and the Hall response

o Numerical studies of Green’s function :

Fractional Chern insulator at 7 = 1/3 (Laughlin-type state)

Anton Markov, Andrey Nikishin, Nigel Cooper, NG & Lucila Peralta Gavensky, arXiv:2603.17006

o Particle densities : N = N1[G] + Ny = n(r) = ni(r) + na(r)
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Green’s function and the Hall response

o Numerical studies of Green’s function :

Fractional Chern insulator at 7 = 1/3 (Laughlin-type state)

Anton Markov, Andrey Nikishin, Nigel Cooper, NG & Lucila Peralta Gavensky, arXiv:2603.17006
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Green’s function and the Hall response

o Numerical studies of Green’s function :

e Streda responses : oy /0¢

Fractional Chern insulator at 7 = 1/3 (Laughlin-type state)

ony(r)/0B
4 6 8 10

A(ny + n,) /0B
4 6 8 10

Anton Markov, Andrey Nikishin, Nigel Cooper, NG & Lucila Peralta Gavensky, arXiv:2603.17006

on
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AN3 Laughlin = —2/3

3& Gurarie and Essin, JETP letters ‘13
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Appendix



We previously found (using Fermi’s GR)
i 1
AT /A = — /0 (TH (@) = T7 () dw = (£/m)* x v
The power absorbed upon circular E field is related to conductivity tensor
Pi(w) =448 [0 (w) £ o7 (w)]
= hw x T (w)
= o7V (w) = hw ([ (w) = T~ (w)) /8AE?

Besides, we have Kramers-Kronig relations

on = lim o’ (w) = =
w—0 ™

which yields

Ar/A = L / (@) =7 () dw = (2n€*/1) o
0

Finally, using Eq. (1), one obtains

=

@

Ref : NG and Tomoki Ozawa, Comptes Rendus Physique 25, 289 (2024)
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