
Fractional Chern Insulators:
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Collège de France, May 2026



Fractional Chern Insulators: Toy models



A Landau level without magnetic field?

Haldane (1988): A Chern band (like a single Landau
level) can arise solely from the band structure.

Chern insulator: an insulator with a band having a non
zero Chern number.

Chern number: number of fully delocalized states if
you try to exponentially localized the others.

Quantum anomalous Hall effect (first observed in
2013): Hall conductance quantization without a B
field.



Ex nihilo nihil fit (Nothing comes from nothing)

FQH and lattice

FQH in spin systems

FQH in cold atoms

Hafezi et al. (2005), Moeller and Cooper (2009).

Fractional Chern insulators

K. Sun et al. PRL, Neupert et al., PRL, Sheng et al.,

Nat. Comm., Regnault and Bernevig, PRX. (2011)



The Kagome lattice model

Jo et al. PRL (2012)

three atoms per unit cell,
spinless particles

lattice can be realized in cold
atoms

only nearest neighbor hopping
e iφ

three bands with Chern numbers
C = 1, C = 0 and C = −1

H(k) = −t1

 0 e iφ(1 + e−ikx ) e−iφ(1 + e−iky )

0 e iφ(1 + e i(kx−ky ))
h.c. 0


kx = k.a1, ky = k.a2



The flat band limit
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δ ≪ Ec ≪ ∆ (Ec being the interaction
energy scale)

We can deform continuously the band
structure to have a perfectly flat
valence band

and project the system onto the lowest
band, similar to the projection onto
the lowest Landau level

H(k) =
nbr bands∑

n=1

PnEn(k)

HFB(k) =
nbr bands∑

n=1

nPn → HFB
SB (k) = P1



Two body interaction and the Kagome lattice

Our goal : stabilize a Laughlin-like state at ν = 1/3.
A key property : the Laughlin state is the unique densest state that screens the short range
repulsive interaction (Haldane pseudo-potentials).

HF
int = U

∑
<i ,j>

: ninj :

HB
int = U

∑
i

: nini :

A nearest neighbor repulsion
should mimic the FQH
interaction.

We give the same energy
penalty when two part are
sitting on neighboring sites (for
fermions) or on the same site
(for bosons).



Numerical exploration



The exponential difficulty of quantum many-body problems

Each particle can be in one of the two quantum states ↑ or ↓.



The exponential difficulty of quantum many-body problems

Each particle can be in one of the two quantum states ↑ or ↓.

In principle, we can have a quantum superposition of all possible states: 2N (complex)
coefficients. 1 Tbytes of RAM, N ≃ 36.



How bad is the FCI/FQHE problem?

Memory for the Laughlin state in the Slater
basis.



How bad is the FCI/FQHE problem?

Memory for the Laughlin state in the Slater
basis.

Invest in a quantum computing start-up





Cracking the quantum many-body problem

Exact diagonalizations

Versatile but limited to small systems

(up to ≃ 2× 109).

Tensor networks

Leverage the entanglement structure for

efficient encoding.

Neural Quantum States

A variational state with billions of

parameters.

Know the shortcoming of your methods, combine different
approaches, and be lucky (like a short correlation length for the
Laughlin states ξ/lB ≃ 1.4).
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Select Your Player

Caveman

Versatile but limited to small systems

(up to ≃ 2× 109).

Tensorman

Leverage the entanglement structure

for efficient encoding.

Skynet

A variational state with billions of pa-

rameters.



Select Your Player

Caveman

Versatile but limited to small systems

(up to ≃ 2× 109).

Tensorman
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Skynet

A variational state with billions of pa-

rameters.



When do we have an FCI?

Different signatures can be probed

(almost) Degeneracy of the GS manifold:
topological order (e.g. 3fold of the
Laughlin 1/3).

Flow under a twist of boundary conditions.

Entanglement spectrum and particle
entanglement spectrum.

Overlap with FQH model states, uniform
n(k),...

Spin polarization (if required to break TR).

Mapping from the FQH model states
momenta to FCI BZ (different from e.g. a
commensurate CDW).



The ν = 1/3 filling factor

An almost threefold degenerate ground state as you expect for the Laughlin state on a torus
(here lattice with periodic BC)
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But 3fold degeneracy is not enough to prove that you have Laughlin-like physics there (a charge
density wave would have the same counting).



Quasihole excitations

The form of the groundstate of the Chern insulator at filling 1/3 is not exactly
Laughlin-like. However, the universal properties SHOULD be.

The hallmark of FQH effect is the existence of fractional statistics quasiholes.

In the continuum FQH, Quasiholes are zero modes of a model Hamiltonians - they are
really groundstates but at lower filling. In our case, for generic Hamiltonian, we have a gap
from a low energy manifold (quasihole states) to higher generic states.
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Exam

No generative AI allowed



FCIs everywhere?

Focus on one isolated Chern band, when do we have an FCI at e.g. ν = 1/3?

Kinetic energy vs interaction, leading to competition between a Fermi liquid (non
interacting limit) or a charge density wave (CDW). But what about at large interaction?

When are we close to the lowest Landau level
physics? Ideal Chern bands (Jie Wang et al.),
Vortexable bands (Parker et al.) or generalized
Landau level (Crépel et al.).

Nice frameworks that allow more (semi-)analytical
results. But far from being a requirement!

Hard (Impossible?) to infer it from the Berry curvature or the quantum geometry (not
suprising when you think about LLL physics).

FCIs are actually quite robust phases and are richer than LL physics.



Moiré materials



Not all flat bands are created equal: Atomic vs topological flat bands

Energy E (k) and wavefunction Ψ(k).
Topology is encoded in the wavefunction: How the
wavefunction for one band evolves when you go over
momentum space.
Topological invariant: think about the winding
number.

Topology: Obstruction to have a basis of exponentially localized orbitals for one band.

Frustration is good: Induced by strong repulsion and absence of exponential localization.



Finding (bulk) material with topological flat band: The flat band
database

www.topologicalquantumchemistry.org/flatbands

D. Calugaru et al., Nature Physics 18, 185 (2021), N. Regnault et al., Nature 603,

824 (2022).



Moiré?



Moiré?



Playing with 2D materials like Lego

Graphene Transition Metal Dichacogenide

M: Transition metal Mo, W.

X: Chalcogen S, Se, Te.

Lattice mismatch Twisting



Energy scale and engineering quantum systems

Material chemistry
< 1nm

Moiré superlattices
≃ 10nm Cold atoms and optical

lattices
≃ 1µm

Moiré materials: engineering quantum systems at an intermediate scale.



Tunability of moiré materials

Doping your materials with gates!

Typical moiré scale: amoire ≃ 10nm.

ne =
Q

A
=

CV

A
=
ϵV

d

n ≃ 1

(10nm)2
≃ 10−3electron

monolayer unit cell

Adding one electron per moiré unit cell is easy.
Impossible to do in a monolayer (instead one
has to do chemical doping).



Fractional Chern insulators: Toward zero B field

B = 10T , Graphene/hBN

Spanton et al., Science (2018)

B = 7T , TBG

Xie et al. Nature (2021)

B = 0T! Twisted MoTe2

J. Cai, et al. Nature (2023)

Y. Zeng et al. Nature (2023)
All capacitance/optical measurements (gap), no edge conduction probed.

Hofstadter’s butterfly: away from the LL regime.

lB =
√

ℏ
eB ≃ 26nm√

B
.

lB ≃ unit cell → use moiré pattern.



Fractional Chern insulators: Experimental realizations

H. Park, J. Cai, E. Anderson, Y. Zhang, J. Zhu, X. Liu, C. Wang, W. Holtzmann,
C. Hu, Z. Liu, et al., Nature (2023).

F. Xu, Z. Sun, T. Jia, C. Liu, C. Xu, C. Li, Y. Gu, et al., PRX (2023).

QAHE up to 8K despite low mobility (a few thousands).



FCIs: Understanding the experimental results.



Moiré materials: engineering flat bands

Twisted bilayer graphene as an example: folding Dirac cones
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TBG at magic angle ≃ 1.05◦

Two non-trivial flat bands
at zero energy.



Dealing with a large unit cell: Continuum model

Twisted TMDs (F. Wu, T. Lovorn, E. Tutuc, I. Martin, and A. H. MacDonald, PRL (2019))

Getting the Hsinglepart. in H = Hsinglepart. + Hintearction.

Moiré length scale aM = a0
2 sin θ

2

≃ 5.5nm.

Number of atoms per moiré unit cell ≃ 1600 at θ ≃ 3.89◦.

Simplify a single layer to the top valence band around K
(non-relativistic) dispersion.

HK (r) =

(
ℏ2∇2

2m∗
+ V+(r) t(r)
t∗(r) ℏ2∇2

2m∗
+ V−(r)

)
Moiré potentials (lowest order harmonics)

V±(r) = 2V
∑3

n=1 cos(bn · r ± ψ), t(r) = w
∑3

n=1 e
iqn·r

Four parameters: m∗,V ,w and Ψ.



Fitting of moiré potentials: the importance of ab-initio calulations

Different energy scales ≃ 1eV for single layer,
≃ 10meV for moiré.

Relaxation effects can drastically change the band
structure.

Technically challenging: 19 different vdW
exchange-correlation functionals (DFT-D2), machine
learning force field algorithm.

Why do we need an accurate “non-interacting”
model?

Different band dispersion, gaps.
Interaction strength can be large compared to gaps
(≃ 20meV).
Different topological phases (C = −1,−1 vs
−1,+1) for lowest 2 bands.

θ = 3.89◦

E
ne

rg
y 

(e
V

)

-0.15

-0.10

-0.05

0.00

ΓM             KM    MM          ΓM

E
ne

rg
y 

(e
V

)

-0.15

-0.10

-0.05

0.00

-0.15

-0.10

-0.05

0.00

-0.15

-0.10

-0.05

0.00

ri
gi

d
re

la
xe

d

ΓM             KM    MM          ΓM

ΓM             KM    MM          ΓM ΓM             KM    MM          ΓM

(a) (b)

(c) (d)

Left: without SOC. Right: with SOC

Y. Jia PRB (2024), N. Mao et al. Commun. Phys. (2024) and

X.-W. Zhang et al. Nature Comm. (2024)



Future directions: Beyond the single band paradigm

Twisted MoTe2 as an “ideal” FCI setup



Future directions: Beyond the single band paradigm

Twisted MoTe2 as an “ideal” FCI setup



Experimental results

Courtesy of Xiaodong Xu.

Numerical results
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CDW (polarized)
CDW (partially polarized)

Not determined
(standard and quick basis do not agree)

Not FCI or CDW

Compared to other works: Crucial role of band mixing and DFT model.



How good is the theory? Excitations and gaps

Gaps extracted from transport measurement: a bit more
complicated (spin + anyons)

Quantitative comparison is difficult (already for FQH systems)

Warning: effect of band mixing.

Heonjoon Park et al. Nat. Phys. (2026)

Anyons have a dispersion

Different from FQH (magnetic translation
→ no dispersion).

ν = p/q, q × q enlarged unit cell.

M. Goncalves et al. PRL (2026), K. Iyer et al. arXiv:2604.24859



Magnon collective modes in moiré CIs and FCIs

M. Goncalves et al. arXiv:2605.xxxxx



The Quantum Hall Effects: The family portrait

Courtesy of Xiaodong Xu.



Future directions: Beyond Fractional quantum Hall-like physics

Getting the Nobel Peace Prize by

reconciling two enemies heterostructure superconductor+moiré

Y. Jia et al. arxiv:2403.19877

superconductor in the vincinity of an

FCI

F.

Xu et al. arXiv:2504.06972

Fractional Topological Insulators, fractional phases with time reversal
symmetry.

FTIs + superconductivity: a blueprint toward non-abelian anyon
engineering?

Parafermion engineering∗

∗ Non-contractual picture. Actual results may vary.



Beyond the single band paradigm:
Rhombohedral graphene.



A theory hell but an experimental paradise



A new experimental realization of FCIs

Pentalayer/Hexalayer rhombohedral graphene on aligned hBN (moiré): ν = 1, 2/3, 3/5, ... but no 1/3 (yet?).

Lu, ..., Ju Nature (2024) see also Lu,...,Ju (2024), and in

hexalayer Xie, ..., Lu (2024)



Rhombohedral graphene multilayers on hBN: Nearly gapless bands

hBN only aligned with angle θ ≃ 0.77◦ on one side → Continuum model.

Displacement field (parameterized by D or V ). Conduction band with C = 5 is almost
degenerate and mostly located on the top layer (far from the hBN moiré).

V =interlayer distance × D
εrε0

.

Already a hint that it cannot be the typical FCI emergence (start with an isolated
C = 1 flattish band + strong interaction). Jung, ..., MacDonald PRB (2014),

Herzog-Arbeitman, et al. PRB (2024)

Rxx

Rxy
B



The puzzle: Where are the electrons?



The puzzle: How do we include the moiré potential?

Charge neutrality scheme / weak moiré Zero interaction when EF is in the gap. Valid when the gap is large
compared to the interaction. Spontaneous translation symmetry breaking: Anomalous Hall Crystal.

Average scheme / strong moiré: Take into account the filled valence bands (used in graphene, TBG), moiré
potential induces a strong electrostatic potential since the valence electons are close to the moiré.



Hartree-Fock: CI and one band FCIs

Almost perfect PH symmetry, ν = 2/3 but also 1/3 even for 4 electrons (12 unit cells)!

Not a surprising: for large interaction strength (i.e., no dispersion), FCIs are “natural” in a
single C = 1 band.



Is moiré crucial?

Insight from correlated insulators in R6G/hBN at ν = +1
(Xiabo Lu’s group, arxiv:2510.15309).

C = 1 Chern insulators for smaller angles θ ≲ 0.7◦.

C = 0 trivial insulators for larger angles θ ≳ 0.7◦.

No ν = 2/3 FCI if there is C = 0 state at ν = 1.

Theoretical models:

Hartree-Fock gives the opposite picture.

gRPA and ED more in line with the experiments.

Insight from correlated insulators in R5G/hBN (Long
Ju’s group).

Moiré: C = 1 Chern insulators and FCIs.

No moiré: Superconductivity.

Boosting the moiré potential in our model?



What can be tuned in the model?

For a single valley and spin



What can be tuned in the model? “Simplified” version

Regrouping all moiré like terms in a single contribution, all layer potentials in a single term, Fock term → renormalization

of one-body paremeters.



Finding a stable FCI at ν = 2/3

21 unit cell with all (three) bands.
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Now a stable FCI when incuding the first three bands.

A true 3 band FCI (e.g. from the density matrix).

Secret sauce: Fock-less (renormalized vF ), reinforced
moiré capacitor effect.



A clear departure from one band physics

Remember that a single band is using the HF
band with C = 1.

Still C = 1 CI at ν = 1 in ED / iDMRG (not
granted in general).

There is competing CDW that is lurking around
once you have a stable FCI.

Single band is actually a CDW! (different
momentum sectors on proper geometry Γ,K ,K ′

vs Γ) (see 6 × 6 HF band only).

Density n(k) for ν = 2/3 on 3× 7 (tilted),
k14k5 and {6, 5} (dim ≃ 109). Blue: band 0, red: band 1,

green: band 2, black: total.
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Conclusion

An exciting time for fractional Chern insulators!
Getting rid of the magnetic field 40 years after the
discovery of FQHE.

Moiré as an experimental platform to obtain
topological flat bands and strongly interacting
quantum phases.

Emergence of FCIs: a story that is a bit more
complicated.

Role of modeling and numerical simulations to
capture all the experimental features.

Beyond FQHE: Route towards FTIs, coupling with superconductors.

New systems are coming! Rhombohedral graphene on hBN: not your usual FCI.
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