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From 
D.Efetov’s

seminar 
on May 13

Cao et al. 
Nature 556, 43 (2018)
Discovery of SC
at magic angle: 

TBLG: A Cornucopia 
of Phases!



More broadly: 
moiré two-dimensional materials

TMDs:van der Waals layered materials

From D.Efetov’s seminar



Thousands of  candidates ‘twistable’ materials:
arXiv:2411.09741

arXiv:2512.15851



arXiv:2512.15851



Moiré pattern

moiré
Period

LM



Periodic or Quasiperiodic?

Periodic
(Commensurate) for:

Blue lines:
First Bistritzer-
MacDonald
Magic angles

The authors of this paper observed 
that the Dirac velocity is 
reduced at small angle 
and computed the first correction



TBLG: Geometry
Note: In this lecture a=0.246nm is the period of the 
graphene Bravais lattice (not C-C bondlength)

Reciprocal lattice of each layer:

Smallest moiré RL vector:



Moiré Brillouin Zone

Moiré
BZ

Layer 2

Layer 1

related by C3 symmetry



The Bistritzer-MacDonald Model



Recall graphene:
The BM 
Hamiltonian:

Acts on spinor:  



Tunneling Matrices and the BM 
Parameter



In the BM continuous model:

• Periodicity is preserved, irrespective of whether 
we have a strictly periodic lattice or not!

• Periodic moiré potential → Bloch theorem 
applies

• Multiple hops generate a coupling between 
modes at a lattice of wave-vectors:



Effective Hamiltonian at k
- First shell approximation -

Consider full 8*8 Hamiltonian at k for layer 1
(and layer 2 at 3 wavevectors k+qj):

Schur complement
(elimination of lower 6*6 block)

After 
some 
algebra:

Vanishes for: First magic angle

- Multiple round-trips
- Beyond perturbative



Magic Angles

Smaller magic angles 
require a full 
diagonalization beyond 
the first shell or reciprocal 
lattice vectors approximation



Bands at the magic angle
Animation from Cao et al. 
Nature 556, 43 (2018) Bands at the magic angle 

Fig. from Song and Bernevig
PRL 129, 047601 (2022)

Band 
touching
at KM, KM’

Protected 
by C2zT
Total Chern:
C1+C2=0
If broken:
(e.g on hBN)
C=-1,+1



E.Andrei and A.MacDonald
Nature Mat. 19, 1265 (2020)



Band counting:

• The valleys at K and K’ (of the original graphene 

layer) are decoupled
• The BM Hamiltonian for K (same for K’) acts on 

4-component spinors in (sublattice,layer) space: 
(A1,B1,A2,B2)

• This leads to 4 bands, BUT only 2 of them are 
close to E=0 forming the flat band manifold, the 
2 others are at energies

• Hence 2valleys/2 flat bands: 4 bands, 
accommodating 8 electrons max (counting spin)



The quasi flat bands suggest that 
there may be a weakly broken 
Symmetry leading to exactly flat bands 
when restored… 



Early STS evidence for flat bands



Why Flat Bands? 
The Chiral Limit: connection with Landau Levels

Remarkable 
connection to:

See also:
Jie Wang et al.
PRR 3, 023155 (2021)

wAA=0 Extra symmetry
Particle-hole symmetric
spectrum (E,-E)

TKV:



Prelude: the Aharonov-Casher theorem











From TKV
PRL 122, 106405



Wannier Model?



“Fragile” Topology

Application to TBLG:

Multi-band models (up to 10)



The Song-Bernevig
`Topological Heavy-Fermion’ Model

PRL 129, 047601 (2022)
Several other Wannier constructions see e.g. Carr et al. PRR 1, 033072 (2019)

• Introduce two types of orbitals:
• Localized ”f” orbitals centered on AA stacking regions

• (In agreement w/ STM, this will carry most of the charge)
• Conduction ”c” orbitals carrying the topology

The 2 flat bands have 
mostly f-character, 
except near Gamma  





Phys. Rev. Lett. 131, 166501 (2023) | Phys. Rev. X 14, 031045 (2024) | Nature 650, 592–598 (2026) | arXiv:2509.19436

⚫ What is the screened Coulomb interaction?
⚫ How is TBG actually realized experimentally?

Does this affect the interaction strength?

⚫ Double-gate screened Coulomb potential
→ dependence on gate distance

⚫ Two-body overlap integrals
⚫ Local and non-local interaction terms

Coulomb interaction: screening by gates

It is very natural to deal with interactions in this model
using Dynamical Mean-Field Theory

Rai et al. PRX 14, 031045 (2024); Crippa et al. arXiv:2509.19436
Related work: M.Calderon, E.Bascones et al. Nat Comm 2023, PRB 2025

Slide adapted from L.Crippa (with permission)



Compressibility measurements

Electronic compressibility:

Einstein relation: 
conductivity=diffusivity*compressibility





Compressibility 
from DMFT

Without strain and relaxation
G.Rai et al. PRX 14, 031045 (2024): 

With strain and relaxation
L.Crippa et al arXiv:2509.19436:



Entropy and Pomeranchuk Effect



cf. last year’s lectures

Rozen et al.



Note: the electronic Pomeranchuk
effect was first predicted by DMFT in 
the context of the Hubbard model…



Pomeranchuk effect:

• Coherent quasiparticles at low-T (T-linear 
entropy, Fermi liquid regime)

• Get partially converted into local moments 
as they loose coherence upon heating

• While still displaying metallic-like transport

arXiv:2601.09420



TBLG Entropy

Theory – THF model+DMFT
(Crippa et al 
arXiv:2509.19436)

Experiments (E.Andrei’s group)
Zhang et al. arXiv:2503.17875



TBLG: Some Open Questions
(Among many)

• Origin of Strange Metal (~ T-linear 
resistivity) behaviour?

• Mechanism for superconductivity?

• Symmetry of the SC order parameter?

• Many more…
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