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Klein's Erlanger Programme

‘Geometry from Ssymmetry’

- Until 19th century, geometry was euclidean in
either 2 or 3 dimensions

. In the 19th century, new geometries arose
(and in higher dimensions)

. Felix Klein proposed to organise them via
their symmetry groups

. Lie groups and their hnomogeneous Spaces
(Klein geometries) are the main protagonists

- These geometries are “static” (time plays no
fels)
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- Roughly speaking, a kinematical group is a transformation group on a “spacetime”
consisting of rotations, boosts and translations in both space and time

- Famous examples: Poincare, Galilei, Carroll,...

- The kinematical Lie algebras (with space isotropy) in 3+1 dimensions were classified by
Bacry+Lévy-Leblond in 1968 subject to time-reversal and parity invariance and by
Bacry+Nuyts in 1986 without those “by no means compelling” assumptions
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Galilel spacetime

(as tormulated by Hermann Weyl)

. Galiliei spacetime is a triple (A%, 7, 1) where

. A% is four-dimensional affine space (e.g., an affine hyperplane in 2°) whose points are
spacetime events

. aclockz : R* — R, alinear map with 7(a — b) the time interval between events a and b

.- aruler /1 : kerz — R measuring the euclidean distance between simultaneous events

. the subgroup of the affine group preserving the clock and ruler is the Galilei group
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. The Galilei Lie algebra is spanned by L _,, 5, I, , H with nonzero Lie brackets

L, L] =L

| |L,B| =B
(schematically) L P =P
|IB,H| =P

. Gallilei spacetime has global coordinates (7, x%) with 7 = dfand 1 = 670 ® 0,

- L, - x0,—x0, B —1td, P,—0d,  aond Hm 0,

A



"The views of space and time that |
wish to lay betore you have sprung
[rom the soil of experimental physics
and therein lies their strength’

Hermann Minkowski (1908)
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Minkowskl spacetime

. Minkowski spacetime is a pair (A%, A) where
. A% is the affine space of spacetime events

. A A*x A* > R is the proper distance A(a, b) = n(a" — b")(a” — b") with

— _Cz
[rlluy] - ( 13>

- The subgroup of the affine group which preserves the proper distance is the Poincareé group
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+ The Poincaré Lie algebrais spanned by L, B, I, H subject to the nonzero brackets

(L.L] =L [B,H]| = c*P
[L,B] =B and [B,P]=H
[L,P] =P (B, B] = c°L

. On Minkowski spacetime with coordinates (7, x“) the proper distance is equivalent to a
metric ds” = — c?dt” + dx“dx”

. L, x0,—x0, B, —ct, +x%, P +—ad and Hr 0,
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. The ¢ — oo limit of Minkowski spacetime is Galilei spacetime

. This contracts the Poincare Lie algebra into the Galilei Lie algebra

. The ¢ — 0 limit of Minkowski spacetime is “Carroll spacetime”

- This limit contracts the Poincare Lie algebra into the “Carroll Lie algebra”

- Why Carroll?



“My dear, here we must run as fast as we can, just to stay in place.”
Dodgson [1865]
Lévy-Leblond [1965]
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Carroll spacetime

(a la Klein!)

- The ¢ — 0 contraction of the Poincaré Lie algebra is the Carroll Lie algebra, with nonzero brackets

|L,L] =L
|L,B]| =B
|IL,P]| =P
|B,P|=H

» On Carroll spacetime with coordinates (¢, x“) we have L, — x,0, —x,0,, B, +— x“, P, 0,
and H = 0,

. The invariants are now a vector field ¥ = d, and a spatial metric /1 = &, , dx“dx”

. The triple (A4, K, h) is Carroll spacetime
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Summary

. Galilei, Minkowski and Carroll spacetimes are affine spaces.

. With local coordinates (7, x“) the generators of rotations and translations take the same form in

all three spacetimes: L, +— x, 0, —x,0, P, — 0, and H — 0,

- They are distinguished by the boosts:
. (Galilei) B, — 10,
» (Minkowski) B +— c*td, + x90,

. (Carroll) B, — x“0,
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Classical particles

. Let K be a kinematical Lie group; e.g., Poincare, Galilei, Carroll, ...

. Jean-Marie Souriau taught us that a (classical) elementary particle of K is a homogeneous

symplectic manifold of K

. In other words, a symplectic manifold (M, @) with @ € Q*(M) closed and nondegenerate,

admitting a transitive left action ¢ : K X M — M such that for every k € K the
diffeomorphism ¢, : M — M sending p — @(k, p) is symplectomorphic: PO =

. Paradigmatic example: coadjoint orbits of K, relative to the Kirillov—Kostant—Souriau
symplectic form
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omogeneous symplectic manifolds

. Are coadjoint orbits of K all the homogeneous symplectic manifolds of K (at least up to
coverings)?

- No, but almost.

. Let K be a connected Lie group and (/V, @) a simply-connected homogeneous symplectic
manifold of K. Then /N is the universal cover of a coadjoint orbit of K or possibly a one-

N

dimensional central extension K of K

- The Poincare and Carroll groups do admit nontrivial central extensions, but the Galilei

group - the Bargmann group, with additional Lie bracket |5, P| = M.

. Classical elementary particles of the Galilei, Poincare and Carroll are (up to coverings)
coadjoint orbits of the Bargmann, Poincare and Carroll groups, respectively.
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/ K
O, = K/K, K/G
WZWKKS = —d <Oé,29>
1
v:il—= K S| r=/f<am*19> :/0 (o, y(t)"H4(2)) dt
Extremals: (1) = koc(t) c: 1 — K, ko € K
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/ K
O, = K/K, K/G
WZWKKS = —d <Oé,19>
1
v:il—= K S| r=/f<am*19> :/0 (o, y(t)"H4(2)) dt
Extremals: (1) = koc(t) c: 1 — K, ko € K

Particle trajectories: t— wo(y(t)) =~(t) -0
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Summary of results

. The case of K the Poincaré group is classical. Arens [1971]

- The Galilei group is also mostly classical, but the full study of the dynamics is more recent.
Souriau [1970]

Guillemin+Sternberg [1990]
JMF+Pekar+Pérez+Prohazka [2401.03241]

- For the Carroll group it is also more recent. Duval+Gibbons+Horvathy+Zhang [1402.0657]
JMF+Pérez+Prohazka [2305.06730]

- Both Galilei and Carroll cases are intimately related to “planons” and “fractons”’, novel
nypothetical particles with restricted mobility.
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I L2 o"R ay
) 0 1 0!  a_
Bargmann group element: g(ay,a_,a,v,R) := 0 _ R a
0 0 ol 1
Momentum: M(m7 E,p, kvj) cg’
: 2
Invariants (Casimirs): m HPH2 —2Ekm Hm] TP X kH



Coadjoint orpits of the Bargmann group

(In 4 dimensions)

#  Orbit representative Stabiliser ' Equations for orbits
a=M(m,E,p,k,j) GO!

M(mo,Eo,0,0,0) {g(a’-ﬂa’—’Oa O’R)} m = myg 7£ 0’ ﬁ(”p”z o 2Em) - EOamj —PX k=0
M(mg, Ey,0,0,se3) {g(a,,a_,0,0,R)| Rez = e3} m = mg # 0, ﬁ(“p“2 —2Em) = Ey,|mj —p xk||=s5>0

M(0, E,, 0, 0, 0) G m=0,E=Ey,p=k=75=0

M(0, Ey, 0,0, se3) {g(a;,a_,a,v,R)| Res = e3} m=0,E=FEy,p=k=0,|7]|=5>0

M(0, Ey, 0, kges, hez) {g(a,,a_,a,ves, R)| Re3 = e3} m=0,E=FE)p=0,|k| =ky>0,7- k= hkg
M(0, 0, pges, 0, 0) {g(a,,0,ae3,v,R) | Res = e3,v - ez =0} m=0,|p|l =py>0,px k=0

M(0, 0, poes, koe2,0)  {g(a4,0,aes,ves, I)} m =0, |p|| =po > 0, ||p X k|| = poko > 0
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Galilean particle dynamics

(In 4 dimensions)

Classical trajectories: t— exp(tX)-o X eEm

o = M(maE)pakaj) € g*

M(mo,Eo,0,0, O) (M, H, La>
M(mO) EO) 0, 07 363) <M9 Ha L3>
M(0, £y, 0,0,0) g
M(O)E090307363) <M)H) PaaBa7L3>
M(Oa E(),O,k063,h63) (MaHapa,B37L3>
M(O)O)p063707 O) <M9P37B1)323L3> (M,B17B2)L3>
M(0, 0, poes, koes, 0) (M, P3, By)

i
1
2
3
4
5
6
7




Coadjoint orpits of the Carroll group

(In 4 dimensions)

# Particle description Orbit representative dim O, Equations for orbits
a=(j,k,p,E)
Massive spinless (0,0,0, Ep) E=Ey#0,Eg+pxk=0
Massive with spin S (Su,0,0, Ey) E=FEy#0,|j+E,'pxk|=8>0

Vacuum (0,0,0,0) EFE=0,p=0,k=0,7=0
Spinning vacuum (ju,0,0,0) E=0,p=0,k=0,|j]|=5>0

Centrons (hu, ku,0,0) E=0,p=0,|k|=k>0,7-k=h|k||€eR

Massless with helicity A (hu, 0, pu, 0) E=0,k=0,|p|=p>0,7-p=h|p| €R

Parallel massless (hu, ku, pu, 0) E=0,|pll=p>0,|k|=k>0,p-k=pk,5-p=h|p|| R
Antiparallel massless (hu, —ku, pu, 0) E=0,p|l=p>0,|k|=k>0,p-k=—pk,j-p=n~h|p| €R

Generic massless (0, kcosOu + ksin fu , pu,0) E=0,|p|l=p>0,|k||=k>0,p-k=pkcos,d € (0,m)
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Carrollian particle dynamics

(In 4 dimensions)
Oa ~ (¢, ¢a) M ~ (¢, c¢,) (o = (o Nty) Bm

Classical trajectories: t— exp(tX)-o X eEm

F=

M(Oa Oa Oa EO # 0)
M(863,0,0,E0 # O)
M(0, 0,0, 0)
M(jeg,O, 0, 0) <L3,Ba,Pa,H>
M(h333k8330a O) <L3)B3)PaaH> ) )
M(he3a0ap6370) <L3aBa)P3)H> ) <P3aH>
4 M(hes, +kes, pes, 0) (L3, B3, P, — 2Bq, H) (P, — EB,, H)

M(O0, k cos fes + ksinfe,, pes, 0) <32 - %cos 0P, B; + %sin 0P, Ps, H> (sin By + cos 0 B3) (P2 — 2(cos By — sin 033),P3,H>

1
2
3
4
9
6
7
8




Quantum particles and fields



Quantum particl

Co



Quantum particl

. Let K be a kinematical group.

Co



Quantum particles

. Let K be a kinematical group.

.+ A gquantum particle of K is a unitary irreducible (projective) representation of K



Quantum particles

. Let K be a kinematical group.
.+ A gquantum particle of K is a unitary irreducible (projective) representation of K

- Equivalently, a unitary irreducible representation (UIR) of K or possibly a one-dimensional central

N

extension K



Quantum particles

. Let K be a kinematical group.
.+ A gquantum particle of K is a unitary irreducible (projective) representation of K

- Equivalently, a unitary irreducible representation (UIR) of K or possibly a one-dimensional central

N

extension K

- We may construct them by quantising classical particles: geometric guantisation of the
(quantisable) coadjoint orbits.



Quantum particles

. Let K be a kinematical group.
.+ A gquantum particle of K is a unitary irreducible (projective) representation of K

- Equivalently, a unitary irreducible representation (UIR) of K or possibly a one-dimensional central

N

extension K

- We may construct them by quantising classical particles: geometric guantisation of the
(quantisable) coadjoint orbits.

. For kinematical groups K = (5 X T with 7 abelian, these are precisely the (projective) UIRs
constructed using the Wigner—Mackey method of induced representations.

Rawnsley [1975]
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Summary of results

- For the Poincare group this is classical. Wigner [1939]

- For the Galilei group this is part classical but the complete treatment is recent.

Inonii+Wigner [1952]

Brennich [1970]

Lévy-Leblond [1971]
JMF+Pekar+Pérez+Prohazka [2401.03241]

- For the Carroll group it is more recent. JMF+Pérez +Prohazka [2307.05674]

. For other kinematical groups it is largely unexplored.
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Classical fields

- The spacetime description of UIRs result in free field equations (and possibly also gauge
symmetries) for classical fields ¢ (x) via the procedure of covariantisation of the UIRs

. This is a two-step process:

. extending the inducing UIRs of the “little group” of the momentum to an irreducible
representation of the spacetime stabiliser

- applying a group-theoretical Fourier transform to pass from the momentum orbit to the
spacetime
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Results on field theories

For the Poincareé group it is again classical.

For the Galilei group it is partially classical and partially recent.

For the Carroll group it is recent.

Of course, there is also a growing body of work constructing Ga

Bargmann+Wigner [1947]

Niederer+O'Raifeartaigh [1974]

Lévy-Leblond [1971]

JMF+Pekar+Pérez+Prohazka [2401.03241]

JMF+Pérez +Prohazka [2307.05674]

ilei/Carrol

taking nonrelativistic/ultrarelativistic limits of Poincare-invariant

eld theori

invariant field theories by
es.
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‘he symmetries of certain particles with restricted

€S

_ Fractons are particles with conserved electric charge O = [d%cp(x) and dipole moment

= Jd3xp(x)x

. Planons are particles with conserved electric charge O, dipole moment DD and trace of

quadrupole moment Z = [d3xp(x)\\x\\2
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T'he fracton group

(or its Lie algebra)

- The Lie algebra of the fracton group is isomorphic to a trivial central extension of the Carroll
algebra

. The Carroll generators (/., B, P., H) become the fracton generators (/., D., P,, O) and we

then need to add a time translation generator

- We can then repeat the analysis of the Carroll coadjoint orbits, UIRs,... for the fracton group

- The absence of boosts means the fracton spacetime is aristotelian
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T'he planon group

(or its Lie algebra)

- The Lie algebra of the planon group is isomorphic to a trivial central extension of the Bargmann
algebro

. the Bargmann generators (/., B, ., H, M) become the planon generators (J,, D, P,, O, Z) and

we must again add a time-translation generator H

- Unlike the fracton group, the planon group admits a nontrivial central extension with bracket
\H.,Z| = W —its physical meaning is unclear, since energy need not be conserved

- One can repeat the analysis and classity coadjoint orbits and UIRs of the extended planon group

. As with fractons, the planon spacetime is aristotelian
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A Kinematical Erlanger Programme

Ssummary of the method

. Pick a

« Classi

N

kinematical Lie group K and determine its nontrivial central extensions K

'y the coadjoint orbits and interpret them as the space of motions of free elementary

oartic

es propagating on a homogeneous kinematical spacetime K/ G

. Classity the UIRs by quantising the coadjoint orbits. For K - /G\ X 1 with 1 abelian (or
nilpotent), we can use the method of induced representations

. Each UIR can be viewed as a classical field on K/ subject to its free field equations (and
nerhaps some gauge invariance)

- The Carroll and Bargmann groups are intimately related to fractons and planons



