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“Geometry from Symmetry”

Klein’s Erlanger Programme

• Until 19th century, geometry was euclidean in 
either 2 or 3 dimensions

• In the 19th century, new geometries arose 
(and in higher dimensions)

• Felix Klein proposed to organise them via 
their symmetry groups

• Lie groups and their homogeneous spaces 
(Klein geometries) are the main protagonists

• These geometries are “static” (time plays no 
rôle)
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“Adding time” 

• Roughly speaking, a kinematical group is a transformation group on a “spacetime” 
consisting of rotations, boosts and translations in both space and time

• Famous examples: Poincaré, Galilei, Carroll,…

• The kinematical Lie algebras (with space isotropy) in 3+1 dimensions were classified by 
Bacry+Lévy-Leblond in 1968 subject to time-reversal and parity invariance and by 
Bacry+Nuyts in 1986 without those “by no means compelling” assumptions

• The (spatially isotropic) kinematical Klein geometries were classified (in general dimension) 
by myself and Stefan Prohazka in 2018.  They form a long list, but they fall into a few 
general classes: riemannian, lorentzian, galiliean and carrollian.
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Galilei spacetime
(as formulated by Hermann Weyl)

• Galiliei spacetime is a triple  where(𝔸4, τ, λ)

•  is four-dimensional affine space (e.g., an affine hyperplane in ) whose points are 
spacetime events
𝔸4 ℝ5

• a clock , a linear map with   the time interval between events  and τ : ℝ4 → ℝ τ(a − b) a b

• a ruler  measuring the euclidean distance between simultaneous eventsλ : ker τ → ℝ

• the subgroup of the affine group preserving the clock and ruler is the Galilei group
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(schematically) 

Lab, Ba, Pa, H
[L, L] = L
[L, B] = B
[L, P] = P
[B, H] = P

• Galilei spacetime has global coordinates  with  and (t, xa) τ = dt λ = δab∂a ⊗ ∂b

• ,     ,          and     Lab ↦ xa∂b − xb∂a Ba ↦ t∂a Pa ↦ ∂a H ↦ ∂t



“The views of space and time that I 
wish to lay before you have sprung 

 from the soil of experimental physics, 
 and therein lies their strength.”

Hermann Minkowski (1908)
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Minkowski spacetime

• Minkowski spacetime is a pair  where(𝔸4, Δ)

•  is the affine space of spacetime events𝔸4

•  is the proper distance  with Δ : 𝔸4 × 𝔸4 → ℝ Δ(a, b) = ημν(aμ − bμ)(aν − bν)

[ημν] = (−c2

I3)
• The subgroup of the affine group which preserves the proper distance is the Poincaré group



Poincaré symmetry



Poincaré symmetry

• The Poincaré Lie algebra is spanned by  subject to the nonzero brackets      

          and           

Lab, Ba, Pa, H
[L, L] = L
[L, B] = B
[L, P] = P

[B, H] = c2P
[B, P] = H
[B, B] = c2L



Poincaré symmetry

• The Poincaré Lie algebra is spanned by  subject to the nonzero brackets      

          and           

Lab, Ba, Pa, H
[L, L] = L
[L, B] = B
[L, P] = P

[B, H] = c2P
[B, P] = H
[B, B] = c2L

• On Minkowski spacetime with coordinates  the proper distance is equivalent to a 
metric 

(t, xa)
ds2 = − c2dt2 + dxadxa



Poincaré symmetry

• The Poincaré Lie algebra is spanned by  subject to the nonzero brackets      

          and           

Lab, Ba, Pa, H
[L, L] = L
[L, B] = B
[L, P] = P

[B, H] = c2P
[B, P] = H
[B, B] = c2L

• On Minkowski spacetime with coordinates  the proper distance is equivalent to a 
metric 

(t, xa)
ds2 = − c2dt2 + dxadxa

• ,     ,         and     Lab ↦ xa∂b − xb∂a Ba ↦ c2t∂a + xa∂t Pa ↦ ∂a H ↦ ∂t
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Limits of Minkowski spacetime
“nonrelativistic” and “ultrarelativistic” limits

• The  limit of Minkowski spacetime is Galilei spacetimec → ∞

• This contracts the Poincaré Lie algebra into the Galilei Lie algebra

• The  limit of Minkowski spacetime is “Carroll spacetime” c → 0

• This limit contracts the Poincaré Lie algebra into the “Carroll Lie algebra”

• Why Carroll?



Dodgson [1865]

Lévy-Leblond [1965]

“My dear, here we must run as fast as we can, just to stay in place.” 
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Carroll spacetime
(à la Klein!)

• The  contraction of the Poincaré Lie algebra is the Carroll Lie algebra, with nonzero brackets c → 0
[L, L] = L
[L, B] = B
[L, P] = P
[B, P] = H

• On Carroll spacetime with coordinates  we have  ,     ,         

and    

(t, xa) Lab ↦ xa∂b − xb∂a Ba ↦ xa∂t Pa ↦ ∂a
H ↦ ∂t

• The  invariants are now a vector field  and a spatial metric κ = ∂t h = δabdxadxb

• The triple  is Carroll spacetime(𝔸4, κ, h)
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Classical particles

• Let  be a kinematical Lie group; e.g., Poincaré, Galilei, Carroll,…K

• Jean-Marie Souriau taught us that a (classical) elementary particle of  is a homogeneous 
symplectic manifold of 

K
K

• In other words, a symplectic manifold  with  closed and nondegenerate, 
admitting a transitive left action  such that for every  the 
diffeomorphism  sending  is symplectomorphic: 

(M, ω) ω ∈ Ω2(M)
φ : K × M → M k ∈ K

φk : M → M p ↦ φ(k, p) φ*k ω = ω

• Paradigmatic example: coadjoint orbits of  , relative to the Kirillov—Kostant—Souriau 
symplectic form

K
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Homogeneous symplectic manifolds
• Are coadjoint orbits of  all the homogeneous symplectic manifolds of  (at least up to 

coverings)?
K K

• No, but almost.

• Let  be a connected Lie group and  a simply-connected homogeneous symplectic 
manifold of .  Then  is the universal cover of a coadjoint orbit of  or possibly a one-
dimensional central extension  of 

K (N, ω)
K N K̂K K

• The Poincaré and Carroll groups do not admit nontrivial central extensions, but the Galilei 
group does: the Bargmann group, with additional Lie bracket  .[B, P] = M

• Classical elementary particles of the Galilei, Poincaré and Carroll are (up to coverings) 
coadjoint orbits of the Bargmann, Poincaré and Carroll groups, respectively.



Classical trajectories from coadjoint orbits



Classical trajectories from coadjoint orbits



Classical trajectories from coadjoint orbits



Classical trajectories from coadjoint orbits



Classical trajectories from coadjoint orbits

Extremals:



Classical trajectories from coadjoint orbits

Extremals:



Classical trajectories from coadjoint orbits

Extremals:

Particle trajectories:



Classical trajectories from coadjoint orbits

Extremals:

Particle trajectories:



Summary of results



Summary of results

• The case of  the Poincaré group is classical.K Arens [1971]



Summary of results

• The case of  the Poincaré group is classical.K

• The Galilei group is also mostly classical, but the full study of the dynamics is more recent.

Arens [1971]

Souriau [1970]
Guillemin+Sternberg [1990]

JMF+Pekar+Pérez+Prohazka [2401.03241]



Summary of results

• The case of  the Poincaré group is classical.K

• The Galilei group is also mostly classical, but the full study of the dynamics is more recent.

• For the Carroll group it is also more recent.

Arens [1971]

Souriau [1970]
Guillemin+Sternberg [1990]

JMF+Pekar+Pérez+Prohazka [2401.03241]

Duval+Gibbons+Horvathy+Zhang [1402.0657]
JMF+Pérez+Prohazka [2305.06730]



Summary of results

• The case of  the Poincaré group is classical.K

• The Galilei group is also mostly classical, but the full study of the dynamics is more recent.

• For the Carroll group it is also more recent.

• Both Galilei and Carroll cases are intimately related to “planons” and “fractons”, novel 
hypothetical particles with restricted mobility.

Arens [1971]

Souriau [1970]
Guillemin+Sternberg [1990]

JMF+Pekar+Pérez+Prohazka [2401.03241]

Duval+Gibbons+Horvathy+Zhang [1402.0657]
JMF+Pérez+Prohazka [2305.06730]
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Quantum particles

• Let  be a kinematical group.K

• A quantum particle of  is a unitary irreducible (projective) representation of K K

• Equivalently, a unitary irreducible representation (UIR) of  or possibly a one-dimensional central 
extension 

K̂K

• We may construct them by quantising classical particles: geometric quantisation of the 
(quantisable) coadjoint orbits.

• For kinematical groups  with  abelian, these are precisely the (projective) UIRs 
constructed using the Wigner—Mackey method of induced representations.

K ≅ G ⋉ T T

Rawnsley [1975]
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Summary of results

• For the Poincaré group this is classical.

• For the Galilei group this is part classical but the complete treatment is recent.

• For the Carroll group it is more recent.

• For other kinematical groups it is largely unexplored.

Wigner [1939]

Inönü+Wigner [1952]
Brennich [1970]

Lévy-Leblond [1971]
JMF+Pekar+Pérez+Prohazka [2401.03241]

JMF+Pérez +Prohazka [2307.05674]



Classical fields



Classical fields

• The spacetime description of UIRs result in free field equations (and possibly also gauge 
symmetries) for classical fields  via the procedure of covariantisation of the UIRsϕ(x)



Classical fields

• The spacetime description of UIRs result in free field equations (and possibly also gauge 
symmetries) for classical fields  via the procedure of covariantisation of the UIRsϕ(x)

• This is a two-step process:



Classical fields

• The spacetime description of UIRs result in free field equations (and possibly also gauge 
symmetries) for classical fields  via the procedure of covariantisation of the UIRsϕ(x)

• This is a two-step process:

• extending the inducing UIRs of the “little group”  of the momentum to an irreducible 
representation of the spacetime stabiliser



Classical fields

• The spacetime description of UIRs result in free field equations (and possibly also gauge 
symmetries) for classical fields  via the procedure of covariantisation of the UIRsϕ(x)

• This is a two-step process:

• extending the inducing UIRs of the “little group”  of the momentum to an irreducible 
representation of the spacetime stabiliser

• applying a group-theoretical Fourier transform to pass from the momentum orbit to the 
spacetime
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Results on field theories

• For the Poincaré group it is again classical.

• For the Galilei group it is partially classical and partially recent.

• For the Carroll group it is recent.

• Of course, there is also a growing body of work constructing Galilei/Carroll invariant field theories by 
taking nonrelativistic/ultrarelativistic limits of Poincaré-invariant field theories.

Niederer+O'Raifeartaigh [1974]
Bargmann+Wigner [1947]

Lévy-Leblond [1971]
JMF+Pekar+Pérez+Prohazka [2401.03241]

JMF+Pérez +Prohazka [2307.05674]
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• There is an intimate relationship between the symmetries of certain particles with restricted 
mobility and carrollian and galilean particles

• Fractons are particles with conserved electric charge  and dipole moment Q = ∫ d3xρ(x)

D = ∫ d3xρ(x)x

• Planons are particles with conserved electric charge , dipole moment  and trace of 

quadrupole moment 

Q D
Z = ∫ d3xρ(x)∥x∥2
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then need to add a time translation generator 
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• We can then repeat the analysis of the Carroll coadjoint orbits, UIRs,… for the fracton group

• The absence of boosts means the fracton spacetime is aristotelian
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The planon group
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• The Lie algebra of the planon group is isomorphic to a trivial central extension of the Bargmann 
algebra

• the Bargmann generators  become the planon generators  and 

we must again add a time-translation generator 

(Ji, Bi, Pi, H, M) (Ji, Di, Pi, Q, Z)
H

• Unlike the fracton group, the planon group admits a nontrivial central extension with bracket 
  — its physical meaning is unclear, since energy need not be conserved[H, Z] = W

• One can repeat the analysis and classify coadjoint orbits and UIRs of the extended planon group

• As with fractons, the planon spacetime is aristotelian
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• The Carroll and Bargmann groups are intimately related to fractons and planons


