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Diffeomorphism-based feature learning
= Problem statement

L Model approximation

Model approximation

Let u be a computational model defined on an open set X C RY:
- { X — RP
X — u(X)
with X a random vector with probability distribution 7 and d > 1.
Context
» u is computationally expensive to evaluate,

» Vu can be evaluated for the same computational cost as an evaluation of
u using the adjoint method.

This context is the one in many scientific and engineering problems.

Goal

Given a set D = (xk, u(x«), VU(Xk))1<k<ngain+ Puild a fast to evaluate
approximation model i such that

E[[|u(X) — a(X)]]
is small, with || - || the euclidean norm on RP.
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Diffeomorphism-based feature learning
Problem statement

L Dimension Reduction

Need for dimension reduction

Due to the curse of dimensionality, usual approximation methods are failing
for Nirain too small with respect to d > 1.

Work around: reduce the input dimension of the model by finding intrinsic low

dimensional structures.

Problem formulation
We aim at building a feature map g : X — R™ and a profile function
f:R™ — RP with m < d such that

E[|u(X) — f o g(X)I’]

is small, that is such that f o g approximates accurately u.

Well-known linear dimension reduction methods are: Active Subspace, Sliced
Inverse Regression. ..
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Diffeomorphism-based feature learning
Our approach explained on real-valued models

Introduction

Approximation strategy

Real-valued model

Let X' be an open subset of R? and a model u : { R

X — .
X — u(X) with X a

random vector and d > 1.

Naive strategy
Build f and g jointly by minimizing the reconstruction error (in IL? or H' norm):

E[(u(X) — f o g(X))°],
E[(u(X) = f 0 g(X))*] + E[|Vu(X) = V(f o g)(X)[].
Our strategy
A two-step strategy:

1. minimize an upper-bound of the approximation error to build g;

2. regress u(X) on Z, = g(X) to train f, where m is the latent dimension.
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Our approach explained on real-valued models

Introduction

Approximation classes

» Approximation class for g:
g: X — R"
gm X :{
*) x o (@0l

with D (X) a class of C'-diffeomorphisms from X to R?.
» Approximation class for f: the class of fully connected neural networks.

) 'cpev(»c)},

10° .

1|~ mins 4 L2, g € Gy

©omingg L2, g ¢ G

—miny ,H, g € Gy,

- ming, FIL g ¢ G

| |——miny J%(g), min; L?(r)
—&-ming J,°(g) with d + 2, miny L2

E[(u(X) - u(X))?]

Latent dimension m

Toy benchmark u(X) = cos(||X||?) for X ~ U([0,1]9) with d = 20. L2 approximation
error as a function of m. See [Verdiére et al., 2023].
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Our approach explained on real-valued models

Upper bound

Input space upper bound

Note that, if u(x) = f o g(x), then

Vu(x) = Vg(x)" VF(g(x)) = Vu(x) € range(Vg(x)).

A natural choice for the upper bound is thus

j;S(g) =E |:HVU(X) — lrange(Vg(X VU(X)” ]
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Upper bound

Input space upper bound

Note that, if u(x) = f o g(x), then

Vu(x) = Vg(x)" VF(g(x)) = Vu(x) € range(Vg(x)).

A natural choice for the upper bound is thus

J;S(g) =E |:HVU(X) — lrange(Vg(X VU(X)” ]

We have proven u = f o g = Jn (g) = 0. Is the reciprocal true?
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Upper bound

Input space upper bound
Note that, if u(x) = f o g(x), then
Vu(x) = Vg(x)" Vf(g(x)) = Vu(x) € range(Vg(x)").
———

cRdXxm ERM

A natural choice for the upper bound is thus

2
jris(g) =E |:HVU(X) - I_lrange(Vg(X)T)vu(X)H ] .
We have proven u = f o g = Jn (g) = 0. Is the reciprocal true?

Proposition [Verdiére et al., 2023]

Let u € CH(X;R) and g € G (X). Then, 73(g) = 0 if and only if there exists
f € CY(R™;R) such that u = f o g.

This result does not generalize to any approximation class for g (see
[Bigoni et al., 2022]).
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Upper bound

Input space upper bound
Note that, if u(x) = f o g(x), then
Vu(x) = Vg(x)" Vf(g(x)) = Vu(x) € range(Vg(x)").
———

cRdXxm ERM

A natural choice for the upper bound is thus

2
jris(g) =E |:HVU(X) - I_lrange(Vg(X)T)vu(X)H ] .
We have proven u = f o g = Jn (g) = 0. Is the reciprocal true?

Proposition [Verdiére et al., 2023]

Let u € CH(X;R) and g € G (X). Then, 73(g) = 0 if and only if there exists
f € CY(R™;R) such that u = f o g.

This result does not generalize to any approximation class for g (see
[Bigoni et al., 2022]).

Can we prove u~ fog = Jr(g) ~ 07
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Upper bound

Input space upper bound

Poincaré inequality

For Y a random vector in RY, the Poincaré constant C(Y) is defined as the
smallest constant such that

E[(h(Y) = Eh(Y))*] < C(Y)E[|VA(Y)|]]

holds for any continuously differentiable function h : supp(Y) — R. Y satisfies
Poincaré inequality if it satisfies the above inequality with C(Y) < +oo0.
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Upper bound

Input space upper bound

Poincaré inequality
For Y a random vector in RY, the Poincaré constant C(Y) is defined as the
smallest constant such that

E[(h(Y) = Eh(Y))*] < C(Y)E[|VA(Y)|]]

holds for any continuously differentiable function h : supp(Y) — R. Y satisfies
Poincaré inequality if it satisfies the above inequality with C(Y) < +oo0.

Proposition [Verdiere et al., 2023]

If C'(X|Gm (X)) := supeg,,(x) SUP.,crm C(X|g(X) = zm) < +00, then the
reconstruction error satisfies

min _E[(u(X) — f 0 g(X))’] < C¥(X|Gn (¥))Tm (&)-

f:RM—

We propose to build g as the solution to: mingcg, (x) TS (g).
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— Upper bound

Input space upper bound

Poincaré inequality

For Y a random vector in R9, the Poincaré constant C(Y) is defined as the
smallest constant such that

E[(h(Y) —Eh(Y))’] < C(Y)E[|VA(Y)|]]

holds for any continuously differentiable function h : supp(Y) — R. Y satisfies
Poincaré inequality if it satisfies the above inequality with C(Y) < +oo0.

Proposition [Verdiere et al., 2023]
If C'S(X|Gm (X)) := SUP,eg,,(x) SUP,,crm C(X[g(X) = zm) < +00, then the

reconstruction error satisfies

min E[(u(X) — f 0 g(X))’] < C®(X|Gum (X)) T ().

f-RM—>R

We propose to build g as the solution to: mingcg,,(x) TS (g).

Remark Controlling C'S(X|G,, (X)) is a difficult task in general and is an active
research field [Bonnefont and Joulin, 2022, Cattiaux and Guillin, 2022].
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Upper bound

Feature space upper bound

Take avantage of the approximation class chosen for g to apply Poincaré
Inequality in the feature space.

Choosing g(x) = (p1(x), - .., pm(x)), with ¢ a diffeomorphism, is meaningful if
for all z» € R™, the function

RI™™ - R
F: 1
zy = (uop™ ) (zm, zL),
is almost constant.
To achieve this, we can minimize:

Tm"(g) = El[VF|’] = E[ (V)" Vu(x))LlP]-

Remark A similar cost function is used in [Zhang et al., 2019a] but without
theoretical justification.
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Upper bound

Feature space upper bound

Take avantage of the approximation class chosen for g to apply Poincaré
Inequality in the feature space.

Choosing g(x) = (p1(x), - .., pm(x)), with ¢ a diffeomorphism, is meaningful if
for all z» € R™, the function
. {RT" - R
lze o (o )(zm 21),
is almost constant.
To achieve this, we can minimize:
Tn"(8) = ElIVFI’] = E[|(Ve(x) " Vu(x))L]].
Remark A similar cost function is used in [Zhang et al., 2019a] but without
theoretical justification.
Proposition [Verdiere et al., 2023]
If CES(X|D (X)) = SUP,ep(x) SUP,, erm C(p(X)|g(X) = zm) < 400, then the
reconstruction error satisfies
min_ E[(u(X) — f 0 g(X))’] < Co’ (XD (X)) T ()-
RM—

f:R
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Upper bound

Feature space upper bound

input space feature space

Remark
Note that p(X) ~ N(0, Iy) implies CE3(X|D (X)) = 1. We penalize the cost
function adequaltely: we build g(x) = (¢1(x), ..., ©m(x)) as the solution to

_min T80 = BV V00 L PLeE | LTI tog gecwio |

Dk, (¢(X)||Z) + constant with Z~N(0,/4)
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Upper bound

Feature space upper bound

input space feature space

Remark
Note that p(X) ~ N(0, Iy) implies CE3(X|D (X)) = 1. We penalize the cost
function adequaltely: we build g(x) = (¢1(x), ..., ©m(x)) as the solution to

min 755 (0) = B0V V00 P | LTI — tog derwo0) |

D x)|z with Z~A(0,]
Note however that: e (p0l12) % constant (©1)
> there is no guarantees that Dk (p(X)||Z) ~ 0, with Z ~ N(0, Iy), implies
CR(X|D (X)) ~ 1,
> j,,F,i involves hyperparameter A that needs tuning and makes the training

process more difficult.
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Diffeomorphism-based feature learning
Dimension augmentation trick
Dimension augmentation trick

Augmenting the dimension permits to facilitate the construction of
diffeomorphisms. See [Dupont et al., 2019, Zhang et al., 2019b] for neural
ODEs or [Lyu et al., 2022, Huang et al., 2020] for normalizing flows.

Not all functions g : X — R™ are the first components of a diffeomorphism.

However, for any h € C* (X, R™), feature map g(x, &) = h(x) + £ corresponds
to the m first components of diffeomorphism ¢ : X X R™ — R™ x X defined as:

P(x,€) = (h(Xzf 5) with ¢~ (z1,22) = <Z1 —22(22))‘
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Dimension augmentation trick

Dimension augmentation trick

Augmenting the dimension permits to facilitate the construction of
diffeomorphisms. See [Dupont et al., 2019, Zhang et al., 2019b] for neural
ODEs or [Lyu et al., 2022, Huang et al., 2020] for normalizing flows.

Not all functions g : X — R™ are the first components of a diffeomorphism.

However, for any h € C* (X, R™), feature map g(x, &) = h(x) + £ corresponds
to the m first components of diffeomorphism ¢ : X X R™ — R™ x X defined as:

P(x,€) = (h(Xzf 5) with ¢~ (z1,22) = <Z1 —22(22))‘

Dimension augmentation
Apply the above methodology to the dimension-augmented function
T: X x = — R defined by
u(X, E) = u(X),
where = C R* for some k > 1 and where = is a random vector with values in
=, centered and independent from X.
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Dimension augmentation trick

Dimension augmentation trick

For m < d, we consider the following set of feature maps

G (vx2) = { € U T ey [PEP (2R}

where D (X X ]Rk) is a set of C!-diffeomorphisms from X x = to RY"*. For
g € Gm (X x R¥), applying the methodology described previously, we obtain

min_ E[(@(X,5) - f o g(X.E)'] < C° (X, )|gn (¥ x B*) ) Tiinle)

_min E[(@(X,Z) - f 0 g(X,E))’] < ¥ (X, B)D (¥ x B*) ) 7 (v)

with
TEn(8) = E [[|VHX, E) = Myangeqosoezmn) VAX, )]
=5 | (Feox 2w =) [
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Diffeomorphism-based feature learning

Extension to vector valued functions

Let u: X — R? with output dimension g > 1. As before, our goal is to build
g: X —>R"and f: R™ — R with m << d such that

E[|u(X) — f o g(X)|’]

is small, where || - || denotes the Euclidean norm on RY. Following the
methodology proposed in [Zahm et al., 2020], we first decompose the
reconstruction error as follows

£g) =, min_ Ellu(X) — f o (P =Y, min E[(w(X) - fi o g(X))]

i=

and then we bound each term £i(g) = mins E[(ui(X) — £ o g(X))?] using
Poincaré Inequalities.

Remark
Note that Vu(x) € R7%¢ denotes now the Jacobian of u:

81U1(X) 8dU1(X)
Vu(x) =
Oug(x) ... Oqug(x)
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Diffeomorphism-based feature learning

Extension to vector valued functions

Previous results remain true with
jfis(g) = ]E[HVU(X)T - nrange(Vg(X)T)vu(x)T“?:]7
T () =E[| UL Ve(X)™ T Vu(X)" |17,

2
TE@) = ElUT () Tvu(x) ]+ 8 | PO g et v

with || - || the Frobenius norm (||A||} = > A7) and UL € RIX(@=m) the
orthogonal projection matrix into the last d — m coordinates.
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Diffeomorphism-based feature learning

Application to autoencoders

: : o : X —RT ,
An interesting application is to consider u : Y x with the aim to learn

X from samples X(i), 1 < i < Ngrain. It is an unsupervised learning task.

Autoencoder
Assume X takes values in an unknown m-dimensional manifold M C R9. Then

» the feature map g : X — R" can be interpreted as an encoder which
extracts the latent variable Z,, = g(X),

> the profile function f : R™ — R? corresponds to the decoder such that
f(Zm) yields an approximation to X.

In this framework, for any encoder g € G, the optimal decoder £, admits a
closed form expression:

fg*(zf") = E[(p_l(zﬂh ZJ—)|Z"7 = Zm]7
where (Zm,Z1) = ¢(X). The cost functions are then:
jfis(g) = IE[Hld - nrange(Vg(X)T)H?:] = E[d - trace(l'lmngc(vg(x)))] =d—m,

- X)|?
T55(0) = BT Vo(x) T3]+ 28 | PO jog ger v ) |
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Diffeomorphism-based feature learning

Application to autoencoders

Link with [Nguyen et al., 2019]

They also parametrize the encoder as g = (1, ..., ¢m), but the decoder is the
sub-optimal decoder defined as f(zmn) = ¢~ *(zm,01), where 0, = (0,...,0) is
the zero vector in RY~™. The diffeomorphism ¢ is trained by minimizing
directly the reconstruction error

Lan(e) = E[IIX — ™" (g(X),01)|].
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Diffeomorphism-based feature learning

Coupling flows

A class of invertible neural networks

See [Teshima et al., 2020, Ishikawa et al., 2022, Dinh et al., 2015] for details.
Bloc Affine Coupling Flows (BACF)

Let d > 2. For two functions s, t : RLI/2) 5 RI-L4/2] the block affine
coupling flow (BACF) W, : RY — R is defined by

v )
: X>1d/2) © exp(s(X<|a/2))) + t(X<(a/2)))
where © is the element-wise product and exp(-) is applied element-wise.

(-layered BACF
For d,?¢ € N*, let

Diier = {(PoVai)o . o(Polyy) | st C'RIERTIEN ],

with the block-coordinate permutation P : x € R? i P(x) = (X>L%J,XSL%J).

Remark
In practice, if X C RY, we can always consider diffeomorphism ¢° that maps

R9 to X and replace u: X — R with uo ¢’ : R? = R, 21/39
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Diffeomorphism-based feature learning

Numerical simulations

High dimensional function approximation

From a training set {(x, u(x'), Vu(x'))}Tezpin:
1. we learn g by optimizing one of the upper-bounds,
2. we learn f as a fully connected neural network with 3 hidden layers of 50
neurons each and the sigmoid activation function by minimizing the
empirical L2 error.

On a random testing set of size ngcst, we compute:

VE((u(X) — f o g(X))?)

MSE = E((u(X) — f o g(X))?), NRMSE =

Jx ub) =, min ulx)’
[E(u(X) = Fog(X))) _E(Ju(X) — fog(X)]).
RL2‘\/ BuX?) M= R )

Cost functions are minimized with ADAM and a learning rate fixed to 0.01. For
g, a multi-start procedure is applied with 8 starting points. After 300 steps, the
best candidate is selected and optimized for 3000 additional steps. For f,
single-start is used and ADAM is stopped after 5000 steps or when the loss
function reduces to 1078,
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Numerical simulations

High dimensional function approximation

High dimensional function approximation

Compared procedures

TS, TES, and JNU [Zhang et al., 2019a] differ only in the choice of norm
used to measure the projected gradient. They all reduce to Active Subspace for
© a linear isometry. DRILLS [Teng et al., 2023] relaxes the invertibility
constraint on ¢ by adding a penalty to Jm ().

Test cases

ur(x) = sin(|[x[|*), ua(x) = exp ((11 Zsin(x,—)ems(x")>

i=1

» u; can be decomposed with a polynomial feature map;

» uy cannot be decomposed with a polynomial feature map.
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Numerical simulations

re learning

L High dimensional function approximation

u; on X =[0,1]%

Points Structure |#Param MSE% NRMSE% RL,% RL; %
BACF_IS(5) | 2100 |(3.83 %+ 3.85) x 10 2| 9.11 + 3.59 [26.14 & 10.30|18.98 * 6.00)
BACF_TS4.2(4)| 2024 |(8.01 + 4.88) x 1073|4.29 -+ 1.27|12.32 + 3.65|8.57 + 2.35
Merain = 100| BACF_FS(5) | 2100 |(7.80 + 1.67) x 1072[13.89 4 1.43/39.99 + 4.12 31.51 + 2.98
BACF_FSg,,(4)| 2024 |(5.84 +2.59) x 1072[11.81 + 2.56( 33.73 = 7.32[26.08 + 6.13
PFM 230 [(9.73 & 4.36) x 10~ 2|15.23 + 3.47|43.77 + 9.98 [13.38 = 7.86
BACF_IS(5) | 2100 |(1.42+0.95) x 10~ 3| 1.81 £ 0.53| 5.22 & 1.53 |3.34 &+ 1.36
BACF_TSg,2(4)| 2024 |(1.91 4 2.00) x 10~%|1.96 + 0.96 | 5.64 -+ 2.77 |4.21 =+ 3.09
BACF_FS(5) | 2100 [(1.70 +0.82) x 1073[2.01 £ 0.46 | 5.75 4 1.32 |3.99 + 1.12
Nerain = S00[BACF FS4 5(4)| 2100 [(1.92 4 1.19) x 1073|2.12 4+ 0.57 | 6.07 + 1.62 |4.32 = 1.46
PFM 230 |(1.49 i:4-13) x 107%0.39 £ 0.48| 1.13 4 1.39 |0.44 + 0.15

NLL - 5.09 - 7.46

DRiLLS - - 28.73 - 79.29

Table: Approximation errors for u; with m = 1, the NLL and DRiLLS results are copied

from [Teng

et al.,

2021] Table 3, A = 10~*
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Numerical simulations

L High dimensional function approximation

mon X =[-%, %]8

Points Structure [#Param MSE% NRMSE% RL>% RL1%
BACF_IS(6) | 432 [(3.06 & 1.74) x 10~ 2| 4.75 & 1.25[14.32 + 3.77|10.63 £ 2.72
BACF_ISy2(4)| 440 |(2.61 + 2.45) x 1073/1.40 & 0.64|3.98 4 1.82|2.54 + 1.01
Nirain = 100 BACF_FS(6) | 432 [(2.06 4 0.58) x 1071|12.40 4 1.83(37.94 + 5.60[29.41 & 4.41
BACF_FS4,2(4)| 440 |(1.57 £ 0.77) x 1071[10.80 = 2.39|33.12 4 7.33(23.98 + 3.25
PFM 44 |(1.93 4 0.24) x 1071[12.03 4 0.79[37.13 + 2.43[30.78 + 2.22
BACF_IS(6) | 432 [(5.1542.14) x 10~ °|2.01 & 0.34{6.00 + 1.024.46 + 0.99
BACF_IS4;2(4)| 440 |(4.50+3.08 x 107%/0.56 4 0.22|1.67 + 0.65|1.04 + 0.44
Nirain = 500| BACF_FS(6) | 432 [(9.22+£2.79) x 1073|2.77 £ 0.42|8.12 £ 1.22|5.61 4 0.85
BACF FSy,2(4)| 440 |(7.47 £4.78) x 1073/2.16 £ 0.71|6.96 4- 2.30 [ 4.81 + 1.45
PFM 44 |(1.94 4 0.17) x 1071[12.08 4 0.56(37.69 + 1.71|31.26 + 1.44

Table: Approximation errors for up on X = [—

s
2

jus
2

19 and with m =1, A =10"*
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Numerical simulations

High dimensional function approximation

- Testing set
+ Training set

.5
9x)

(a) v on Q = [0, 1]® with BACF_IS4»(4),
0

Ntrain = 1

- Testing set
35 + Training set

02 04 06 08 10
9l

(b)uzonSZ—[ 1, 1]%with BACF_IS4,2(4),

Ntrain = 100

Figure: Scatter plot {(g(x’), u(x"))}i>1 for a random testing set of ngest = 10000

points m=1
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Numerical simulations

L Application to autoencoders

Application to autoencoders

Synthetic dataset in R
We generate a submanifold of intrinsic dimension min < d with:

v, [ B o R
e\ z — (ZTQuZ,...,ZTQ42)

with Q = (Q1,..., Q) € (Z™ne*mne ) For a given Q, Z is sampled according
to the probability distribution 2/([—2,2]™"*) and we compute X = W(Z) to
generate the dataset. For d = 8 and min; = 3 (respectively d = 16 and

mint = 5), we set Q = Qs (respectively Q@ = Qi6) and we generate the datasets
as described above. and

Implementation

The error E(]|X — f o g(X)||?) is computed on a test set of size nies, = 10°.
We plot the test error as a function of m for the 15 training sets.
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Numerical simulations

Application to autoencoders
:

Reconstruction error using either zero padding or FS Loss. We use BACF(4) with A = 10~2.

-~ zero padding

(a) Qg datasets with N, = 100 (b) Qg datasets with nyi, = 500

-~ zero pacaing

- zero padaing

(c) Q6 datasets with ny.i, = 100 (d) Qe datasets with ngi, = 500
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Numerical simulations

L Application to autoencoders

How to tackle higher dimension?

There are two main issues in the aforementioned methodology.

> Minimizing the upper bound J55(p) over ¢ € D still requires evaluating
the Jacobian V(X) for each sample and at every iteration of the
optimization procedure.

» Moreover, since no theoretical bound is available for the Poincaré constant
Cm(X | D), minimizing J£5(¢) does not necessarily ensure a
corresponding reduction in the .2 approximation error.

To address the first limitation, we make use of the Hutchinson estimator
[Hutchinson, 1989] to estimate the Frobenius norm of a matrix A € R%*9, that
is we use a Monte Carlo estimator based on the identity ||A||z = Ez[||AZ|]3],
for Z ~ N(0, la).

This estimator provides an efficient approximation of J55(y) without explicitly
computing the full Jacobian V¢(X), thereby enabling scalability to
high-dimensional settings.
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Numerical simulations

L Application to autoencoders

We address the second limitation by considering as loss function the L2
approximation error, regularized by the bound in the feature space:

L) = Bx u(X) = F(UTROO)IF] + B | [UT V) w02

3B g0

where Z ~ N(0, 1y) and 1, A € R are tunable hyperparameters, U, € RY*™
and , U; € R¥*(9=™ denoting the matrices respectively formed by the first m
and the last d — m columns of the identity matrix in RY.

In the following, we focus on two important special cases:

1. The case g =1, Vu(X)" reduces to the gradient of the model output,
and the Poincaré cost function ££5(¢) can be computed using
vector—Jacobian products.

2. The case u(X) = X, we then have Vu(X)" = Iy, and the framework
naturally reduces to unsupervised feature learning with invertible
autoencoders.
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Numerical illustration

The first case does not require the evaluation of the Jacobian, thus the use of
the Hutchinson estimator.

We compare different strategies: directly minimizing the L2 error £5(¢),
minimizing only the Poincaré upper-bound 7> () or J55(), minimizing the
IL? error regularized with the Poincaré upper-bound L (y).

The diffeomorphism ¢ is parameterized using a 8-layered Block Affine Coupling
Flows (BACF), the profile function is a fully connected neural network of 2
layers of 20 neurons and a hyperbolic tangent activation function. The
covariance matrix is set to ¥ = diag(/m, 0°ly—m) € R?*?, where I,, denotes the
identity matrix in R™*™ and o = 0.1. This choice of o promotes small
variations in the uninformative features relative to the informative ones. Finally,
when for Lm(¢), # =1 and A = 0.01 and for 755(p), X = 0.01.
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We consider the following benchmark functions:

d
o 1 2 _ 1 . cos(x;)
ui(x) = sin (E”XH ) , th(x) = exp(d ,-E:I sin(x;) e ) ,

where x := (x1,...,x4) € X C R?. The function u; is defined on X = [0,1]**°,

] 150

while u> is defined on X = [fg, % , and in both cases X is uniformly

distributed on X.

Training samples {x(')};’;rf“‘ are generated using Latin hypercube sampling
with a maximin criterion, implemented via the scikit-optimize

library [Head et al., 2022]. The test set consists of nies; = 10* independent
samples of X.
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up on X = [0, 1]™0
Points  [Latent dim| Loss | Training time(s) MSE% NRMSE% RL,% RL1 %

£0 ] 26.27 £5.19 [(1.00 & 0.30) x 10~ 3[17.75 + 3.32[7.26 + 1.27/9.39 + 1.76

m—1 | Lm| 78.824+8.20 |(2.00 £ 1.00) x 1074 7.61 + 2.39[3.09 + 1.05|4.03 £ 1.27

JrI;S 105.63 =4 18.51|(5.00 4 0.21) x 10~*[13.28 + 0.25/5.61 = 0.07|7.03 4 0.13

Nerain = 750 J181100.71 + 15, 14/(9.07 + 2.22) x 107°|5.45 4 0.63[2.30 & 0.27/2.89 + 0.33
£9] 24.4+£3.88 [(1.10 & 0.40) x 10~ 5[18.77 + 3.54[7.21 + 1.62[9.93 + 1.87

m—2 | Lm|71.70 £ 11.05 |(3.00 £ 2.00) x 10~*|8.88 + 2.90 [3.66 + 1.24/4.70 + 1.54

JFS| 97.03 £09.13 |(5.00 + 0.34) x 104[13.16 =+ 0.45[5.56 & 0.19|6.97 + 0.24

4
J25|117.04 4 10.40|(1.00 + 0.40) x 10*|5.96 4 1.01 [2.35 4 0.41]3.15 + 0.53
won X =[—Z, Z]0
Points  [Latent dim| Loss | Training time(s) MSE% NRMSE% RL,% RL; %

£0 ] 22.58 + 3.44 [(1.69 & 0.74) x 10~ 2[16.85 + 3.79[9.79 + 2.24[12.58 + 2.83]

m—1 | Lm|72.35%11.30 |(6.70 £ 4.80) x 107 3[10.29 + 3.57[5.96 + 1.92|7.68 =+ 2.67

J},lfs 135.51 =4 17.17|(5.80 & 2.20) x 1073/0.93 + 1.87(5.81 = 1.14[7.41 & 1.40

Nirain = 750 J18 (145, 65 4 31, 11)(4.40 + 0.20) x 10~3|8.75 4 0.18[5.19 4 0.11/6.53 4 0.13
Lo 26.35 £5.32 (1.32 £ 0.36) x 10~ 2[15.08 = 2.07[8.85 & 0.98[11.26 & 1.55

m—2 | Lm| 71.70 £7.26 |(7.40 £ 5.60) x 107>[10.79 % 3.79/6.14 = 2.00|8.06 = 2.83

J,?S 118.33 + 26.99((5.70 & 2.20) x 1073/ 9.81 + 1.89[5.72 + 1.11{7.32 + 1.14

J151126.79 4 27.81|(4.30 + 0.10) x 10~3|8.64 & 0.12[5.10 + 0.07|6.45 £ 0.09

Table: Approximation errors and training times for u; and up using BACF with 8 layers
(see [Verdiere et al., 2023, Section 6]) for different training objectives. The results are
averaged over 10 independent runs of the algorithm.
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Numerical illustration for autoencoders

Context: u: X — RY, u(X) = X.
> The feature map g(-) = U, o(+) acts as an encoder that extracts a
low-dimensional representation Z,, = g(X).
» The profile function f serves as a decoder such that X ~ f(Z,).

Choosing the profile function zm — ¢~ *(zm,01) for zm» € R™ leads to the
following objective function:

Ln(0) = Bx [IX — ¢ (Uno(X), 01) 7] + pnExz {H UIW(X)_TZHj
+mx[“¢(2)”z Iog|detW(X)|},

where Z ~ N(0, I4) and u, A € R are hyperparameters to be tuned.
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We evaluate the different strategies on a synthetic dataset in R?, where the
data lie on a submanifold of intrinsic dimension mi,t < d. The submanifold is
generated via the mapping

Vo : RMme RY,
Z = (ZTQZ,...,Z2TQ42),

where Q = (@1, ..., Qq) € (Z™ne*Mint)? is 3 fixed collection of matrices. For a
given @, samples Z are drawn from a distribution 7z, and the dataset is
generated by computing X = Wq(Z). In practice, we set mz = U([—2,2]™int)
and the matrices Q; are fixed to the values given in (see also

[Verdiere et al., 2023, Appendix F]).

We consider d = 16, mins = 5, and a fixed Q@ = Q16. We train the models on
15 independent training sets and evaluate the approximation error

E[|[X — f o g(X)|’] on a test set of size nese = 10°. When training with L,
weset p=1, A =1072, and ¥ = diag(lm, 0?ly_m) € R?*? with ¢ = 0.1.
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~-- Classical AE A -=- Zero padding
— FSLoss+ZP 100 ~, A — FSLoss+ZP

107!

MSE

1072

1072

2 4 6 8 10 12 14 2 4 6 8 10 12 14
(a) Classical autoencoder (Classical AE) vs (b) Invertible autoencoder trained with £°
Invertible autoencoder trained with £, (FS (Zero Padding) vs Invertible autoencoder
Loss 4+ ZP) trained with £, (FS Loss 4 ZP)

Figure: Approximation error according to m for d = 16, mj,y =5 and Q = Q16 with
N¢rain = 100. Invertible autoencoder uses BACF neural networks with 4 layers and
classical autoencoder uses fully connected neural network of equivalent number of
parameters. When L, is used for training, we set u =1, A\ = 10~2 and

Y = diag(Im, 0%lg—_m) € RY%9, where o = 0.1.
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» Conclusions

>

We proposed two dimension reduction strategies, both based on an
upper-bound obtained from a Poincaré Inequality in either the input space
or the feature space?

We implemented a trick consisting in augmenting the input dimension to
add flexibility.

We applied these procedures on different test cases and on the unsupervised
learning of an autoencoder.

We made use of the Hutchinson estimator to scale higher dimension.

We proposed a regularized .2 loss function to preserve accuracy while
controling the numerical cost.
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» Conclusions

» We proposed two dimension reduction strategies, both based on an
upper-bound obtained from a Poincaré Inequality in either the input space
or the feature space?

> We implemented a trick consisting in augmenting the input dimension to
add flexibility.

»> We applied these procedures on different test cases and on the unsupervised
learning of an autoencoder.

» We made use of the Hutchinson estimator to scale higher dimension.

> We proposed a regularized 1.2 loss function to preserve accuracy while
controling the numerical cost.

» Perspectives
» These approaches should be applied, in a near future, to a real case in
biogeochemistry.
» Our procedure should be tested on higher dimensional test cases.
> Is it possible to leverage other functional inequalities than Poincaré to

perform efficient dimension reduction?
> ..

Thanks for your attention!
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More on dimension augmentation trick

Let z — £ (z) == E[u(X)|g(X,E) = z]. It realizes the minimum in
£4(g) = minrn oz E[(u(X) — f 0 g(X, E))?].

Let &7 : x — f; o g(x,E) and define & : x — E[i(x)]. Then
£g) = minrrmorE[(u(X) — fog(X,E))’]
E[(u(X) — G(X))?]

E[(u(X) — 6(X))?] + E[Var(a(X))|X)]

— E[(u(X) ~ GO + SEe,

with S25“"°™ the unnormalized total Sobol' index of output G(X) with
respect to input E. Thus if S£°“""™ is negligible, T(x) can be approximated
by fixing & to a nominal value.



Matrix Qg

Qg =(Qg1,Qg 2, -

,Qgg) € (23)8

4 0 -5 -1 3 2

Q1= 0 2 1 )|lQg2=|-1 © 1
-3 -5 -3 -3 -2 -3

4 4 -3 —4 3 7
Qg3=|(1 —4 0 )|Qg=(1 -5 0
i3 0 3 10

[ R — %

Qg5 = 1 —5)ie= (-5 -5 2
2 -1 _ P

-3 0 —2 -3 -1

Qg,7 = -1 1) |egg=(-5 -5 -1
4 4 2 1 3




Matrix Q16

-5 Qo) € (2275

(Qui6,1, Q5,25 - -

Qe
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—2
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