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Motivation: electronic structure calculation for molecules

Computation of the ground state of electrons in a molecule: electric, optical,
magnetic properties, prediction of chemical reactions, computation of inter-atomic or

inter-molecular potentials for molecular dynamics simulations...
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Electronic structure calculations:
a rich playground for reduced order models
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Many-body electronic Schrödinger model
For the sake of simplicity, atomic units are used and the influence of spin is
neglected.

Born-Oppenheimer approximation: Let us consider a physical system composed
of:

• M nuclei, that are assumed to be (fixed) classical point charges, whose
positions and electric charges are denoted respectively by R1, . . . , RM ∈ R3

and Z1, . . . , ZM ∈ N∗ respectively;
• N electrons, considered as quantum particles, and represented by a

complex-valued wavefunction ψ(x1, . . . , xN), where for all 1 ≤ i ≤ N, xi ∈ R3.
The wavefunction ψ ∈ A with

A :=
{
ψ ∈ L2(R3N ;C), ∇xψ ∈ L2(R3N ;C), ψ antisymmetric, ∥ψ∥L2 = 1

}
.

Physical interpretation: |ψ(x1, · · · , xN)|2 represents the probability density of
finding the N electrons at positions (x1, · · · , xN) ∈ R3N

∥ψ∥2
L2(R3N ) =

∫
R3N

|ψ|2 = 1.
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Many-body electronic problem Schrödinger model
The ground state energy of the system of electrons Eg is given by the electronic
problem:

Eg = infψ∈AT [ψ] + Vee[ψ] + Vne[ψ],

where

• kinetic energy: T [ψ] :=

∫
R3N

N∑
i=1

|∇xiψ|
2

• electron-electron interaction energy:

Vee[ψ] :=

∫
R3N

c(x1, · · · , xN)|ψ(x1, · · · , xN)|2 dx1 · · · dxN with

c(x1, · · · , xN) :=
∑

1≤i<j≤N

1
|xi − xj |

• nuclei-electron interaction energy:

Vne[ψ] :=

∫
R3N

(
N∑

i=1

v(xi)

)
|ψ(x1, · · · , xN)|2 dx1 · · · dxN , with

v(x) := −
M∑

k=1

Zk

|Rk − x | .
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Eigenvalue problem

The corresponding ground state electronic wavefunction ψg is a solution to the
eigenvalue problem (electronic Schrödinger problem)

Hψg = Egψg ,

with H the self-adjoint operator on L2
as(R3N ;C) with domain H2

as(R3N ;C) given by

H = −∆x1,...,xN+
N∑

i=1

v(xi) +
∑

1≤i<j≤N

1
|xi − xj |

= −∆x1,...,xN+W (x1, . . . , xN)

and Eg is the lowest eigenvalue of H

Problem: Linear eigenvalue problem for functions defined on the high-dimensional
space R3N

Classical methods (finite volumes, finite elements,...) fail because of the so-called
curse of dimensionality:

The complexity of these methods scales exponentially with N
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Why neural networks ?

• Some theory exists to reduce the dimension of the problem : Density Functional
Theory, Hartree-Fock, ... but it includes model approximations.

• Some works advocate the relevance of using neural networks (Physically
Informed Neural Networks) for the electronic Schrödinger problem (FermiNet,
PauliNet, DeepErwin...) in high dimension.

[Dus, Dusson, VE, Guillot, Soffo, 2025]
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Mathematical analysis of a toy problem

Objective: Bring some elements of mathematical analysis on the following toy
problem

• Consider the Schrödinger eigenvalue problem with Neumann boundary
conditions on the bounded domain Ω = [0, 1]d : find (λ, u∗) ∈ R× H1(Ω) solution
to {

−∆u⋆ + Wu⋆ = λu⋆ on Ω

∂nu⋆ = 0 on ∂Ω
(1)

where W ∈ L∞(Ω) is a bounded interaction potential.

Remark: This toy problem does not cover the case of the true electronic many-body
Schrödinger model, but arises in other types of applications for instance in the study
of galactic dynamics (Henon-Heiles potential)...
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Reformulation as a constrained minimization problem

Key tool: Reformulate the eigenvalue problem as a constrained optimization
problem

• Consider the Schrödinger eigenvalue problem :

u⋆ ∈ argmin
u∈H1(Ω); ∥u∥L2(Ω)

=1
E(u)

with

E(u) = 1
2

(∫
Ω

|∇u|2 + W |u|2
)

9 / 31
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C(u) = ∥u∥L2(Ω) − 1.
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Barron functional space

[Lu,Lu,Wang, 2021], [Després, 2022], [Barron, 1993]

We need an adapted functional space to study approximation properties of neural
networks:

• Spectral definition of Bs(Ω):

Bs(Ω) :=
{

u ∈ L1(Ω) : ∥u∥Bs <∞
}

with ∥u∥Bs :=
∑
k∈Nd

(1 + πs|k |s1)|û(k)|

with û(k) the k th Fourier coefficient of u.
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Activation function and parameter set

• Let σ : R → R be an activation function.

• Consider the (unbounded) parameter set

Θ :=
{
θ := (a,w , b) : a, b ∈ R, w ∈ Rd , |w | = 1

}
= R× SRd (1)× R

• and for all R > 0, the bounded parameter set

ΘR :=
{
θ := (a,w , b) : a, b ∈ R, w ∈ Rd , |w | = 1, |a| ≤ R, |b| ≤ R

}
= [−R,R]× SRd (1)× [−R,R]
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Representation of a Barron function by a two-layer neural network

Question: Given u ∈ Bs(Ω) for some s > 0, at which rate does the lowest possible
error

inf
um∈Nσ,m

∥u − um∥H1(Ω)

decay with m when um ∈ Nσ,m ranges over the set of functions that can be
represented by a two-layer neural network with m neurons, i.e. when um can be
written as

∀x ∈ Ω, um(x) =
1
m

m∑
i=1

aiσ(wi · x + bi)

with θi := (ai ,wi , bi) ∈ Θ for all 1 ≤ i ≤ m.
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The hat activation function

σH(x) :=


0 si |x | ≥ 1

x + 1 si − 1 ≤ x ≤ 0
1 − x si 0 < x ≤ 1.

x

y

1

1
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Fundamental properties

[Lu, Lu, Wang, 2021], [Lu,Lu, 2021]

Theorem
• Let u ∈ B2(Ω), then for all m ∈ N, there exists (θi)1≤i≤m ⊂ ΘR with

R = 4∥u∥B2(Ω) such that :

∥u − um∥H1(Ω) ≤ C
∥u∥B2(Ω)√

m

with θi = (ai ,wi , bi) and

um(x) =
1
m

m∑
i=1

aiσH(wi · x + bi) ∈ NσH ,m

• If W ∈ L∞(Ω)∩B0(Ω) is such that the lowest eigenvalue λ of −∆+W is simple,
then any solution u∗ to the Schrödinger eigenvalue problem belongs to B2(Ω).
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Physically Informed Neural Network approach

The PINN approach then consists in finding (θ⋆i )1≤i≤m ⊂ Θ solution to

(θ⋆i )1≤i≤m ∈ argmin
(θi )1≤i≤m⊂Θ; C(um)=0

E(um)

with θi = (ai ,wi , bi) ∈ Θ and

um(x) =
1
m

m∑
i=1

aiσH(wi · x + bi)

by means of (stochastic) gradient descent algorithms in the parameter space Θm.

Highly non-convex problem with multiple local minima!
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Measure representation

[Bach, Chizat, 2018], [Bach, Chizat, 2019]

Corollary
There exists (θi)1≤i≤m ⊂ Θ such that :

∥u⋆ − um∥H1(Ω) ≤ C
∥u⋆∥B(Ω)√

m

with
um(x) =

∫
Θ

Φ(θ; x)dµm(θ)

with
Φ(θ; x) = Φ((a,w , b); x) = aσH(w · x + b)

and

µm :=
1
m

m∑
i=1

δθi ∈ P2(Θ)

where P2(Θ) is the set of probability measures defined on the parameter set Θ with
finite second-order moments.
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Fundamental idea and starting point

This suggests to study the following constrained minimization problem defined on the
set of probability measures on the parameter set P2(Θ):

µ⋆ ∈ argmin
µ∈P2(Θ); C(uµ)=0

E(uµ)

where
uµ(x) =

∫
Θ

Φ(θ; x) dµ(θ),

Denoting by
E(µ) = E(uµ) C(µ) = C(uµ)

we then equivalently have

µ⋆ ∈ argmin
µ∈P2(Θ); C(µ)=0

E(µ)
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Gradient descent algorithms (for unconstrained problems)

• in the parameter set: For some small step size ∆t > 0, at iteration k ∈ N∗,

θk+1
i ≈ θk

i −∆t∂θiE(u
k
m)

More precisely, consider the gradient descent algorithm (minimizing movement):(
θk+1

i

)
1≤i≤m

= argmin
(θi )1≤i≤m∈Θm

1
2∆t

m∑
i=1

d(θi , θ
k
i )

2 + E(um)

where d is the geodesic distance on Θ = R× SRd (1)× R.

• in the probability measure set:

µk+1 = argmin
µ∈P2(Θ)

1
2∆t

W2(µ, µ
k )2 + E(uµ)

where W2 is the so-called Wasserstein distance.
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Definition of the Wasserstein distance

• The set of probability measures P2(Θ) is embedded with the 2-Wasserstein
distance:

∀µ, ν ∈ P2(Θ), W 2
2 (µ, ν) = inf

γ∈Γ(µ,ν)

∫
Θ×Θ

d(θ, θ̃)2 dγ(θ, θ̃)

where Γ(µ, ν) is the set of probability measures γ ∈ P2(Θ×Θ) with marginals
respectively µ ∈ P2(Θ) and ν ∈ P2(Θ);

• If (θi)1≤i≤m and (θk
i )1≤i≤m are elements of Θm that are close enough, it holds

that

W2(µ, µ
k )2 =

m∑
i=1

d(θi , θ
k
i )

2,

where

µ =
1
m

m∑
i=1

δθi and µk ==
1
m

m∑
i=1

δθk
i
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Continuous in time dynamics
In the parameter space, if we were considering an unconstrained optimization
problem, letting ∆t go to 0 would yield to the following continuous in time dynamics
(coupled system of ODEs):

θ̇i = −PTθi
Θ∇θiE(um) i = 1, . . . ,m

Questions:

µk+1 = argmin
µ∈P2(Θ); C(uµ)=0

1
2∆t

W2(µ, µ
k )2 + E(uµ)

• Is there a continuous in time dynamics in the space of measures (taking into
account the constraint)?

• Can we characterize it with some PDE?
• Does it converge in the long-time limit?
• If yes, what is its long-time limit?
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Regularized hat activation function
• Need to consider a regularized version of the hat activation function σH,τ for
τ > 0.

Remark: Actually, the following theoretical results hold for any activation function σ
that is C∞ with compact support.
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Existence of the constrained continuous in time dynamics

Theorem (Dus, VE, 2026)
Let µ0 ∈ P2(Θ) be compactly supported and such that ∥uµ0∥L2(Ω) = 1. Then there
exists a locally absolutely continuous curve (µt)t≥0 ⊂ P2(Θ) such that ∥uµt ∥L2(Ω) = 1
for all t ≥ 0 and such that, for every T > 0,

∂tµt + div
(
(−∇ΘV C

µt )µt
)
= 0 in D′((0,T )×Θ), (2)∫ T

0
∥∇ΘV C

µt ∥
2
L2(Θ;µt )

dt < +∞. (3)

Moreover, there exists RT > 0 such that

Supp(µt) ⊂ ΘRT for every t ∈ [0,T ]. (4)

Moreover, if χ(t , s; θ) denotes the flow associated with the vector field −∇ΘV C
µt , then

µt = χ(t , 0; ·)#µ0 for all t ≥ 0. (5)
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Main steps of the proof
• Existence of a continuous in time dynamics constrained to remain in a bounded

parameter domain (Evolutionary Variational Inequality)
• Identification of the velocity field under the assumption that the support of µt

remains strictly included in the bounded domain
• Extension of the dynamics to the whole parameter domain Θ using estimates on

the growth of the size of the support of µt with t

Velocity field: For a regular function F : Θ → R, we denote by

∇ΘF (θ) := PTθΘ∇F (θ)

Cµ(θ) :=
⟨uµ,Φ(θ; ·)⟩L2(Ω)

∥uµ∥L2(Ω)

, (6)

Vµ(θ) := ⟨∇uµ,∇Φ(θ; ·)⟩L2(Ω) + ⟨Wuµ,Φ(θ; ·)⟩L2(Ω), (7)

λµ :=
⟨∇ΘVµ,∇ΘCµ⟩L2(Θ;µ)

∥∇ΘCµ∥2
L2(Θ;µ)

, (8)

V C
µ (θ) := Vµ(θ)− λµCµ(θ) = agµ(w , b). (9)

(10)
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Main theorem of convergence

Hypothesis (1)
Assume that µ0 ∈ P2(Θ) with compact support, ∥uµ∥L2(Ω) = 1 and

{0} × B ⊂ Supp(µ0),

where
B := SRd (1)× [−

√
d − 2,

√
d + 2].

Theorem (Dus, VE, 2026)
Assume Hypothesis 1.

• Let (µt)t≥0 be the solution given by Theorem 1, and assume that µt −→ µ⋆ in
W2(Θ)as t → +∞. Then V C

µ⋆ ≡ 0 on Θ.

• If µ ∈ P2(Θ) is such that ∥uµ∥L2(Ω) = 1 and V C
µ = 0 everywhere, then uµ is an

eigenfunction of the Schrödinger-Neumann problem with λµ as eigenvalue.

Take-away message: For infinite-width two-layer NNs, if the gradient descent
algorithm converges, it converges towards a solution of the Schrödinger eigenvalue
problem.
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where
B := SRd (1)× [−

√
d − 2,

√
d + 2].

Theorem (Dus, VE, 2026)
Assume Hypothesis 1.

• Let (µt)t≥0 be the solution given by Theorem 1, and assume that µt −→ µ⋆ in
W2(Θ)as t → +∞. Then V C

µ⋆ ≡ 0 on Θ.

• If µ ∈ P2(Θ) is such that ∥uµ∥L2(Ω) = 1 and V C
µ = 0 everywhere, then uµ is an

eigenfunction of the Schrödinger-Neumann problem with λµ as eigenvalue.
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Asymptotic sign separation on the transported slice

Theorem (Dus, VE, 2026)
Assume Hypothesis 1. Let (µt)t≥0 be the solution given by Theorem 1, and assume
that

µt −→ µ⋆ in W2(Θ) as t → +∞.

Write
V C
µ⋆(a, ω) = a gµ⋆(ω), ω = (w , b) ∈ B.

Let η− > 0 and η+ > 0 be such that −η− and η+ are regular values of gµ⋆ |int(B), and
define

O− := {ω ∈ B ; gµ⋆(ω) < −η−}, O+ := {ω ∈ B ; gµ⋆(ω) > η+}.

Then there exists T ≥ 0 such that, for all t ≥ T ,

Σt ∩ (R× O−) ⊂ [0,+∞)× O−, and Σt ∩ (R× O+) ⊂ (−∞, 0]× O+,

where Σt := χ(t , {0} × B).
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Asymptotic sign separation on the transported slice

a

ω ∈ B

Σ0 = {0} × B

O−
g⋆ < −η−

O+
g⋆ > η+

no sign
restriction

Σt , t ≥ T

ȧ = −gt (ω) > 0
hence a increases

ȧ = −gt (ω) < 0
hence a decreases

27 / 31



LaSalle principle

Theorem (Dus, VE, 2026)
Assume that gµ takes a negative value, and let −η < 0 be a regular value in the
range of gµ|int B . For α > 0, define

O− := {ω ∈ B : gµ(ω) < −η}, A−
α,η := (α,+∞)× O−.

Then there exists εµ,α,η > 0 with the following property. For every t0 ≥ 0 and every
locally W2-absolutely continuous curve (νt)t≥t0 ⊂ Xτ solving

∂tνt + div(btνt) = 0, bt(θ) := −∇ΘV C
νt (θ),

if
W2(νt0 , µ) ≤ εµ,α,η and νt0(A

−
α,η) > 0,

then there exists t1 > t0 such that

W2(νt1 , µ) > εµ,α,η.
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Support condition

Theorem (Dus, VE, 2026)
Assume Hypothesis 1. Let (µt)t≥0 be the solution given by Theorem 1, and assume
that

µt → µ⋆ in W2(Θ) as t → +∞.

Write
V C
µ⋆(a, ω) = a gµ⋆(ω).

Assume that gµ⋆ < 0 somewhere, let η > 0 be such that −η is a regular value of gµ⋆ ,
and define

O− := {ω ∈ B ; gµ⋆(ω) < −η}.

Then, for every α > 0, there exists Tα ≥ 0 such that

µt
(
(α,+∞)× O−

)
= µt

(
A−
α,η

)
> 0 ∀t ≥ Tα.

The proof of this result stems from homotopy properties of the unit sphere SRd (1).
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Conclusions

Summary:
• Elements of mathematical analysis on the convergence of gradient descent for

infinite-width two-layer neural networks for Schrödinger eigenvalue problems
with bounded potentials.

• For inifinite-width two-layer NNs, under appropriate assumptions on the support
of the initial measure, if the gradient descent algorithm converges, it converges
towards a solution of the Schrödinger eigenvalue problem.

Perspectives and open questions:
• Does the dynamics converge in the long-time limit?

• If it converges, does it converge to a solution of the eigenvalue problem
associated with the lowest eigenvalue problem?

• Propagation of chaos results: can we quantify the speed of convergence of
dynamics of finite-width two-layer NNs to the infinite width limit with respect to
the number of parameters m?

• Towards more complex architectures ? [Barboni, Peyré, Vialard, 2025], [Nenna, Pass, 2024]
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Back to electronic structure calculations

What about potentials with Coulombic singularities ?

• The ground state wavefunction ψg ∈ Bs for all s < 1 and that is optimal. [Yserentant,

2025]

• Actually, one can write
ψg = Jϕg ,

where J is an explicit quantity named the Jastrow factor and ϕg is more regular
that ψg .

• For the Hydrogen atom, ϕg ∈ Bs for all s < 2.
• Open question/Conjecture: Does ϕg ∈ Bs for all s < 2 for a general molecule?

Thank you for your attention!

31 / 31



Back to electronic structure calculations

What about potentials with Coulombic singularities ?

• The ground state wavefunction ψg ∈ Bs for all s < 1 and that is optimal. [Yserentant,

2025]

• Actually, one can write
ψg = Jϕg ,

where J is an explicit quantity named the Jastrow factor and ϕg is more regular
that ψg .

• For the Hydrogen atom, ϕg ∈ Bs for all s < 2.
• Open question/Conjecture: Does ϕg ∈ Bs for all s < 2 for a general molecule?

Thank you for your attention!

31 / 31



Back to electronic structure calculations

What about potentials with Coulombic singularities ?

• The ground state wavefunction ψg ∈ Bs for all s < 1 and that is optimal. [Yserentant,

2025]

• Actually, one can write
ψg = Jϕg ,

where J is an explicit quantity named the Jastrow factor and ϕg is more regular
that ψg .

• For the Hydrogen atom, ϕg ∈ Bs for all s < 2.
• Open question/Conjecture: Does ϕg ∈ Bs for all s < 2 for a general molecule?

Thank you for your attention!

31 / 31



Back to electronic structure calculations

What about potentials with Coulombic singularities ?

• The ground state wavefunction ψg ∈ Bs for all s < 1 and that is optimal. [Yserentant,

2025]

• Actually, one can write
ψg = Jϕg ,

where J is an explicit quantity named the Jastrow factor and ϕg is more regular
that ψg .

• For the Hydrogen atom, ϕg ∈ Bs for all s < 2.

• Open question/Conjecture: Does ϕg ∈ Bs for all s < 2 for a general molecule?

Thank you for your attention!

31 / 31



Back to electronic structure calculations

What about potentials with Coulombic singularities ?

• The ground state wavefunction ψg ∈ Bs for all s < 1 and that is optimal. [Yserentant,

2025]

• Actually, one can write
ψg = Jϕg ,

where J is an explicit quantity named the Jastrow factor and ϕg is more regular
that ψg .

• For the Hydrogen atom, ϕg ∈ Bs for all s < 2.
• Open question/Conjecture: Does ϕg ∈ Bs for all s < 2 for a general molecule?

Thank you for your attention!

31 / 31



Back to electronic structure calculations

What about potentials with Coulombic singularities ?

• The ground state wavefunction ψg ∈ Bs for all s < 1 and that is optimal. [Yserentant,

2025]

• Actually, one can write
ψg = Jϕg ,

where J is an explicit quantity named the Jastrow factor and ϕg is more regular
that ψg .

• For the Hydrogen atom, ϕg ∈ Bs for all s < 2.
• Open question/Conjecture: Does ϕg ∈ Bs for all s < 2 for a general molecule?

Thank you for your attention!

31 / 31




