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Motivation

Motivation

Further reduce the online cost of the NIRB 2-grid algorithm



NIRB 2-grid method

PDE : µ → u(µ)
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(·, ·) = (·, ·)V

h = max
K∈Mh
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NIRB two-grid method

µ u(µ)

u(µ) : Exact solution

1Chakir, R. & Maday, Y. (2009). A two-grid finite-element/reduced basis scheme for the approximation of the solution of
parameter dependent PDE.



NIRB two-grid method

µ u(µ)

u(µ) : Exact solution

Fine mesh h
with HF code uh(µ)

1Chakir, R. & Maday, Y. (2009). A two-grid finite-element/reduced basis scheme for the approximation of the solution of
parameter dependent PDE.



NIRB two-grid method

µ u(µ)

u(µ) : Exact solution – uN
Hh(µ) : NIRB Solution1

Fine mesh h
with HF code uh(µ)

Coarse mesh H
HF code uH (µ)

NIRB
uHh(µ)

V N
h

1Chakir, R. & Maday, Y. (2009). A two-grid finite-element/reduced basis scheme for the approximation of the solution of
parameter dependent PDE.
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Hh(µ) : NIRB Solution1

Fine mesh h
with HF code uh(µ)

Coarse mesh H
HF code uH (µ)
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uHh(µ)

V N
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Decomposition

uN
h (x,µ) =

N
∑

j=1
ah

j (µ)Φ
h
j (x)

(Φh
j )j=1,...,N ∈ V N

h : fine L2−orthonormalized modes

Optimal coefficients: ah
j (µ) = (uh(µ),Φh

j (x))L2(Ω),

Our choice: bH
j (µ) = (uH (µ),Φh

j (x))L2(Ω)

1Chakir, R. & Maday, Y. (2009). A two-grid finite-element/reduced basis scheme for the approximation of the solution of
parameter dependent PDE.



NIRB two-grid method

µ u(µ)

u(µ) : Exact solution – uN
Hh(µ) : NIRB Solution1

Fine mesh h
with HF code uh(µ)

Coarse mesh H
HF code uH (µ)

NIRB
uHh(µ)

V N
h

∥u − uh∥H1 ≤ C h

∥u − uH∥H1 ≤ C H

Convergence (FEM / FV ...)1,2

∥u(µ)−uN
Hh(µ)∥V ≤ ε(N)︸︷︷︸

T1

+C1h︸︷︷︸
T2

+C2(N)H2︸ ︷︷ ︸
T3

1Chakir, R. & Maday, Y. (2009). A two-grid finite-element/reduced basis scheme for the approximation of the solution of
parameter dependent PDE.

2G., E. & Maday, Y. (2021). Error estimate of the non-intrusive reduced basis method with finite volume schemes



NIRB two-grid method

µ u(µ)

u(µ) : Exact solution – uN
Hh(µ) : NIRB Solution1

Fine mesh h
with HF code uh(µ)

Coarse mesh H
HF code uH (µ)

NIRB
uHh(µ)

V N
h

∥u − uh∥H1 ≤ C h

∥u − uH∥H1 ≤ C H

Post-treatment: rectification1

Bij = bH
j (µi ) −→ Aij = ah

j (µ
i ) ∈ RN×N

Least-square approach:

argmin
Ri

∥BR i − Ai∥22 + λ∥R i∥22.

Ri = (BT B + λIN )−1BT Ai , i = 1, . . . ,N.

uN
Hh(µ) =

N

∑
i,j=1

Rij bH
j (µ)Φh

i .

1Chakir, R. & Maday, Y. (2009). A two-grid finite-element/reduced basis scheme for the approximation of the solution of
parameter dependent PDE.
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Rectification

aR. Chakir Contribution à l’analyse numérique de quelques problèmes
en chimie quantique et mécanique, PhD. 2009

bR. Chakir, Y. Maday, P. Parnaudeau, A non-intrusive reduced basis
approach for parametrized heat transfer problems. 2019

cR. Chakir, B. Streichenberger, P. Chatellier, A Non-intrusive reduced
basis method for urban flows simulation. 2021

dE. Grosjean, Variations and further developments on the Non-Intrusive
Reduced Basis two-grid method, PhD. 2022

eO. Mula, Quelques contributions vers la simulation parallèle de la
cinétique neutronique et la prise en compte de données observées en
temps réel, PhD. 2014



Rectification setting
⋄ Fine reduced space: V N

h = span{Φh
1, . . . ,Φh

N} = span{uh(µ1), . . . ,uh(µN)} ⊂ Vh.

⋄ Fine reduced projection:

Ph
N : Vh → V N

h , Ph
Nuh(µ) =

N

∑
j=1

ah
j (µ)Φ

h
j .

⋄ Cheap/coarse approximation expressed in the fine basis:

JH
N : Vh → V N

h , JH
N uh(µ) =

N

∑
j=1

bH
j (µ)Φ

h
j ∈ V N

h .

⋄ Rectification matrix:

R : RN → RN , and Ri = (BT B + λIN)−1BT Ai , i = 1, . . . ,N.

⋄ Rectified operator:

PR
N uH(µ) =

N

∑
i,j=1

RijbH
j (µ)Φ

h
i .



A model problem

We solve the stationary Navier–Stokes problem: find
u = (u1,u2) ∈ H1(Ω)2 and p ∈ L2(Ω) such that

−ν∆u + u · ∇u +∇p = 0 in Ω,

∇ · u = 0 in Ω,

u =

(
gin(x2)

0

)
on Γin,

ν∂nu − pn = 0 on Γout,

u = 0 on ∂Ω \ (Γin ∪ Γout).

where the inflow profile is

gin(x2) =
4

H2
0

(H1 − x2)(x2 − H1 + H0).

ν =
1

Re
and µ := Re ∈ G = [30,300].
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Conditioning of R
Rectification matrix:

R : RN → RN , and Ri = (BT B + λIN)−1BT Ai , i = 1, . . . ,N.



Conditioning of R

Rectification matrix:

R : RN → RN , and Ri = (BT B + λIN)−1BT Ai , i = 1, . . . ,N.
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New method

How can we further reduce the online costs?



New method

Decomposition

uN
h (x,µ) =
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ah
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h
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Optimal coefficients: ah
j (µ) = (uh(µ),Φh

j (x))L2(Ω),

Our new choice: bH
j (µ) = (uH(µ),ΦH

j (x))L2(Ω)

Our new choice: bH
j (µ) = (uH(µ),ΦH

j (x))L2(ω), where ω ⊂ Ω
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Natural truncations ω ⊂ Ω



Error contributions, ω = Ω
The fine and coarse coefficients are

ah
i = (uh,Φh

i )L2(Ω), bH
i = (uH ,Φh

i )L2(Ω).

The coarse reduced coefficients are

γH
i = (uH ,ΦH

i )L2(Ω).

Define the cross-Gram matrix (CH)ij = (ΦH
i ,Φ

h
j )L2(Ω).

Then
bH ≈ CT

H γH .

The online coefficient error satisfies

ah − RγH = (ah − bH) + (bH − CT
H γH) + (CT

H − R)γH .

Hence
∥ah − RγH∥ ≤ ∥ah − bH∥︸ ︷︷ ︸

edisc

+∥bH − CT
H γH∥︸ ︷︷ ︸

erbH

+∥(CT
H − R)γH∥.︸ ︷︷ ︸

erect



NIRB Error



NIRB Error with L = 1.2

λ = 0 λ = 10−10



Conditioning with H = 0.15

Figure: conditioning



Runtimes

Table: FEM runtimes min:sec

FEM high fidelity solver FEM coarse solution
00:43 00:01

NIRB Offline (N = 18) classical NIRB online
14:30 00:10

new NIRB offline (N = 18) new NIRB online
ω = Ω 14:52 00:10
L = 3 14:52 00:09

L = 1.2 14:50 00:09



3D results

Figure: 3D domain (clip)



Results

Table: Relative L2 errors, N ∈ {2,3,5} with λ = 10−10

FEM results NIRB results
N fine mesh coarse mesh L = 5 (ω = Ω) L = 3 (ω ⊂ Ω) L = 1.2 (ω ⊂ Ω)

N = 2 2.50E−2 9.80E−2 1.14E−1 1.15E−1 1.46E−1

N = 3 2.50E−2 9.80E−2 2.85E−2 3.55E−2 4.51E−2

N = 5 2.50E−2 9.80E−2 2.53E−2 2.57E−2 2.65E−2



NIRB convergence results

u(µ) ∈ Hs(Ω) with s ≃ 1.54448. Thus, a standard FEM yields reduced
convergence rates and the following estimates hold for any µ ∈ G with a
uniform mesh of size h :

∥u(µ)− uh(µ)∥H1(Ω) ≤ Chs−1∥u∥Hs(Ω),

∥u(µ)− uh(µ)∥L2(Ω) ≤ Ch2(s−1)∥u∥Hs(Ω),

1C. Bernardi and G. Raugel, Méthodes d’éléments finis mixtes pour les équations de stokes et de navier-stokes dans un
polyone non convexe, 1981.
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Results

h = min
K∈Th

hK , hK = sup
x ,y∈K

|x − y |.



Results

Reference mesh size = 2.54× 10−5.

Table: Relative errors with the semi H1-norm, refined meshes N = 6 with λ = 0

NIRB with H = 0.320156 NIRB with H = 0.707107
h FEM

with
the fine
refined
mesh

NIRB +
Rectifi-
cation

New
NIRB
ω = Ω

New
NIRB
with
L = 3
(ω ⊂
Ω)

NIRB +
Rectifi-
cation

New
NIRB
ω = Ω

New
NIRB
with
L = 3
(ω ⊂
Ω)

1.99E−4 1.93E−3 1.93E−3 1.93E−3 1.93E−3 1.93E−3 1.93E−3 1.95E−3

1.79E−4 1.70E−3 1.71E−3 1.71E−3 1.71E−3 1.71E−3 1.71E−4 1.73E−3

1.02E−4 9.72E−4 9.73E−4 9.73E−4 9.74E−4 9.74E−4 9.74E−4 9.81E−4

5.09E−5 5.39E−4 5.42E−4 5.42E−4 5.42E−4 5.43E−4 5.42E−4 5.42E−4



FEM Error estimates within the parabolic context

NIRB two-grid method applied to
parabolic equations



FEM Error estimates within the parabolic context

∂t u −∇ · (A(p)∇u) = f , dans Ω×]0,T ],

u(x,0) = u0(x), in Ω,

∂nu(·, t) = 0, on ∂Ω×]0,T ],

µ = (t ,p) ∈ G ⊂ R+ × RP : parameter

u(t ,x;p): unknowns



FEM error estimates

Theorem [E G.-Y M.] (H1 semi-norm error estimate )2

Pod-greedy3 or greedy-greedy algorithm for the BR construction

∀n, |u(tn)(p)− uN,n
Hh (p)|H1(Ω)

≤
T1︷︸︸︷

ε(N) + C1(p)(h + ∆tF )︸ ︷︷ ︸
T2

+

T3︷ ︸︸ ︷
C2(N)(H2 + ∆t2G)

C1, C2: constants independent of h et H

un
h (p

k ) = uh(pk , tn) ∈ Vh, for n = 1, . . . ,NT : Fine snapshots

um
H (p) = uH (p, t̃m) ∈ VH , for m = 1, . . . ,MT : Coarse solution, H ≫ h.

1V. Thomée, Galerkin finite element methods for parabolic problems, 1984.
2E. G., Y. Maday, Error estimate of the non-intrusive reduced basis two-grid method with parabolic equations. 2023.
3B. Haasdonk, Convergence rates of the pod-greedy method, 2013.



FEM error estimates

Theorem [E G.-Y M.] (H1 semi-norm error estimate )2

∀n, |u(tn)(p)− uN,n
Hh (p)|H1(Ω)

≤
T1︷︸︸︷

ε(N) + C1(p)(h + ∆tF )︸ ︷︷ ︸
T2

+

T3︷ ︸︸ ︷
C
√

λN (H2 + ∆t2G)

λN : ∀v ∈ X N
h ,
∫

Ω ∇Φh · ∇v = λ
∫

Ω Φh · v ,
and C1, C: constants independent of h, H and N.

∥u(̃tm)− um
H ∥L2(Ω) ≤ C H2

[
∥u0∥H2(Ω) +

∫ t̃m

0
∥ut∥H2(Ω) ds

]
+ C ∆t2G

[
(
∫ t̃m

0
∥uttt ds∥2L2(Ω))

1/2 + (
∫ t̃m

0
∥∆utt∥2L2(Ω) ds)1/2].

1V. Thomée, Galerkin finite element methods for parabolic problems, 1984.
2E. G., Y. Maday, Error estimate of the non-intrusive reduced basis two-grid method with parabolic equations. 2023.



Decomposition

Projection coefficients

uh(x, tn;p) = ∑
j

ah
j (p, t

n) Φh
j (x), n = 1, . . . ,NT

(Φh
j )j=1,...,N ∈ X N

h : L2-orthonormalized basis functions (modes)

Coefficients ah
j (µ) = ah

j (p, t
n)

Optimal coefficients: (uh(p, tn),Φh
j (x)),n = 1, . . . ,NT

Our choice with classical rectification: (In(uH(p, t̃m)),Φh
j (x))L2 , m = 1, . . . ,MT

Our choice with new rectification: (In(uH(p, t̃m)),ΦH
j (x))L2(ω), m = 1, . . . ,MT
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Results

We have taken the parameter set to be G = [0.5,9.5]2.
For µ= (1,1),

u(x, t ;1) = (t + x2/2− x3/3)(t − y2/2+ y3/3),

for a right-hand side function

f (x, t) = x2(1− x)2 + t [−2+ 12x − 11x2 − 2x3 + x4],

where x = (x ,y).



Table: Relative l∞(0, . . . ,NT ) errors, N ∈ {5,10,15} with λ = 10−10

Number
of
modes

mesh
sizes

FEM results NIRB results

N h fine mesh coarse mesh NIRB + Rect. (ω = Ω) ω = [0.2,0.8]2 ω = [0.4,0.6]2

N = 5 0.01 6.20E−3 5.88E−2 6.25E−3 1.08E−2 2.01E−2

0.02 1.08E−2 8.88E−2 1.11E−2 1.41E−2 2.02E−2

0.05 2.91E−2 1.50E−1 2.97E−2 3.17E−2 3.73E−2

0.1 5.88E−2 1.90E−1 5.99E−2 6.18E−2 6.37E−2

N = 10 0.01 6.20E−3 5.88E−2 6.23E−3 6.38E−3 1.99E−2

0.02 1.08E−2 8.88E−2 1.11E−2 1.14E−2 2.02E−2

0.05 2.91E−2 1.50E−1 2.97E−2 2.97E−2 3.74E−2

0.1 5.88E−2 1.90E−1 5.99E−2 6.00E−2 6.37E−2

N = 15 0.01 6.20E−3 5.88E−2 6.23E−3 6.38E−3 1.99E−2

0.02 1.08E−2 8.88E−2 1.11E−2 1.14E−2 2.02E−2

0.05 2.91E−2 1.50E−1 2.97E−2 2.97E−2 3.74E−2

0.1 5.88E−2 1.90E−1 5.99E−2 6.00E−2 6.37E−2



Conclusions and perspectives

Perspectives

⋄ More insights on the theory
⋄ More realistic problem
⋄ Application of this strategy after removing the leading singular term
⋄ Put the NIRB 2-grid CG-T on the RB website!

Thank you!
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