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- THE GALERKIN-POD METHOD e

Script by Elise Grosjean (ENSTA-Paris, elise.grosjean@ensta-paris.fr)

import sys

t{sys.executable} -n pip install num
1{sys.executable} -m pip install matplotlib
1{sys.executable} -m pip install scikit-fem

Let us consider a parameterized problem. Having (previously computed) solutions for different parameter values, we aim at approaching much faster the solution
associated to a new parameter value. The Galerkin-Proper Orthogonal Decomposition (POD) algorithm is decomposed in two parts:

« The "offline part" : First we compute a reduced basis (denoted &;) from several snapshots of the solution (solutions for different parameter values in a parameter
setG),

o The "online part" : then we project onto it the solution associated to the new parameter value that we are interested in, denoted by 4 € . To avoid computing the
solution associated to this new parameter, we are going to solve instead a "reduced problem", that is the projection of the model onto the reduced space. This step
is the key ingredient of the method: Instead of solving a problem of dimension the number of degrees of freedom, we are going to solve the reduced problem of
dimension the number of functions in the reduced basis (also called modes). Thus, we assume here that this number can be much smaller than the number of
degrees of freedom (see the paragraph on Kolmogorov n-width for details on this assumption) and that makes the algorithm runs much faster than the execution of
usual high fidelity solver (e.g. FEM).

# import packages

inport skfem # for Finite Element Method
inport numpy as

np
import matplotlib.pyplot as plt

1) The 2D-driven cavity problem:

We are going to use in this example the famous 2D-driven cavity problem with the Finite Element Method (FEM), which consists in solving on a unit square (denoted £2)
the following equations:

vAu+ (u- V)u+ Vp=0,inQ,
Vou=0,in®

KA e
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Motivation

Further reduce the online cost of the NIRB 2-grid algorithm



NIRB 2-grid method

PDE : yu — u(p)

u € G : Parameter of interest
u(u) € V : Solution
()=Cov

h= max hk, where hx = sup |x —y]|.
Kth X’yeK

Solution manifold

Offline Part

Mp = {up(u)| p € G}
V)V L2—orthonormalized Reduced space
Parameters uyq, ..., Uneg

Online Part
Approximation onto VN : ul(u)



NIRB 2-grid method

PDE : yu — u(p)

u € G : Parameter of interest
u(u) € V : Solution

() = (o)

h= max hk, where hx = sup |x —y|.
Kth X’yeK

Solution manifold

Offline Part

Mp={un(p)| p € G} =
VN L2—orthonormalized Reduced space H — un(p)
Parameters y; UNEG

Online Part
Approximation onto VN : ul(u)



NIRB two-grid method

| u(p) : Exact solution |

©

" Chakir, R. & Maday, Y. (2009). A two-grid finite-element/reduced basis scheme for the approximation of the solution of
parameter dependent PDE.



NIRB two-grid method

| u(p) : Exact solution |

Fine mesh h
with HF code  up(p)

oXd

" Chakir, R. & Maday, Y. (2009). A two-grid finite-element/reduced basis scheme for the approximation of the solution of
parameter dependent PDE.



NIRB two-grid method

| u(p) : Exact solution — ul¥, (1) : NIRB Solution' |

Fine mesh h
with HF code  up(p)

N\
o{
\ N
Coarse meshH —> NIRB

HF code uy(p) upp(p)

" Chakir, R. & Maday, Y. (2009). A two-grid finite-element/reduced basis scheme for the approximation of the solution of
parameter dependent PDE.



NIRB two-grid method

| u(p) : Exact solution — ul¥, (1) : NIRB Solution' |

Fine mesh h
with HF code  uj ()

N\
o{
\ N
Coarse meshH — NIRB

HF code uy(p) Upn (1)

o) = 2100 ()

Optimal coefficients: a/’-’(y) = (uh(y),cbf(x))Lz(m,
Our choice: bf (1) = (up (1), PP (X)) 2(0r)

" Chakir, R. & Maday, Y. (2009). A two-grid finite-element/reduced basis scheme for the approximation of the solution of
parameter dependent PDE.



NIRB two-grid method

| u(y) : Exact solution — uf, (1) : NIRB Solution’ |

Fine mesh h
with HF code up(u)
/””— Unllm < Ch N N @ Convergence (FEM /FV ...)1:2
/7
N
CoarFse n&esh H —> NIRB
coae u, u,
P e lu(e) — ulln(0)llv < e(N) + Cih+ Co(N)H?
T1 T2 T3

TChakir, R. & Maday, Y. (2009). A two-grid finite-element/reduced basis scheme for the approximation of the solution of
parameter dependent PDE.
2G E. & Maday, Y. (2021). Error estimate of the non-intrusive reduced basis method with finite volume schemes



NIRB two-grid method

| u(p) : Exact solution — ul¥, (1) : NIRB Solution' |

Fine mesh h Post-treatment: rectification’

ith HF code
U uh”) Bj=bf'(u") — Aj=al(y') e RNN

llu—unll;n < Ch
O "

N
CoarFse n&esh H (—> NIRB
code  uy(pn)  Unn(p) . i Al '
lu—upllm < CH argRrpmHBR‘ — A3+ AR5,

Least-square approach:

R =(B"B+ AIN)’lBTA,- i=1,...,N.

u(u ZR,,b/ .
ij=1

" Chakir, R. & Maday, Y. (2009). A two-grid finite-element/reduced basis scheme for the approximation of the solution of
parameter dependent PDE.
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Rectification

@R. Chakir Contribution a I'analyse numérique de quelques problémes
en chimie quantique et mécanique, PhD. 2009

by, Chakir, Y. Maday, P. Parnaudeau, A non-intrusive reduced basis
approach for parametrized heat transfer problems. 2019

°R. Chakir, B. Streichenberger, P. Chatellier, A Non-intrusive reduced
basis method for urban flows simulation. 2021

9, Grosjean, Variations and further developments on the Non-Intrusive
Reduced Basis two-grid method, PhD. 2022

€0. Mula, Quelques contributions vers la simulation paralléle de la
cinétique neutronique et la prise en compte de données observées en
temps réel, PhD. 2014



Rectification setting

o Fine reduced space: V)Y = span{®/,...,®}} = span{up(p1),..., Uup(pn)} C V.
¢ Fine reduced projection:

N
Ph:Va— VI PRun(u) = Y &' (n)@].
j=1

<o Cheap/coarse approximation expressed in the fine basis:
N
S V= VY, Jlun(p) = Xibﬁ(y)@f c vV
/:

o Rectification matrix:
R:RN - RN and Rj= (B"B+Aly)'BTA, i=1,...,N.

< Rectified operator:

N
PNuH(p) = Y Rybf ().
ij=1




A model problem

Fine mesh: b= 0.03

We solve the stationary Navier—Stokes problem: find o]
u=(ug,h) € H(Q)? and p € L?(Q) such that ]

—vAu+u-Vu+Vp=0 in(Q,

V-u=0 in Q,
in (X
u= 9in(2) on Iy,
0
vdpu — pn =0 on Ioyt, '
u=20 on 0O\ (Tjn U Tout)-

where the inflow profile is

Iin(X2) = — (H1 — X2) (X2 — Hi + Hp).

4
2
Hq

1
V= he and y := Re € G = [30,300].



A model problem

We solve the stationary Navier—Stokes problem: find -

u=(ug,h) € H(Q)? and p € L?(Q) such that

—vAu+u-Vu+Vp=0

V-u=0

u=— gin(XQ)
0

Vanupr'I:O
u=20

where the inflow profile is

4
Oin(X2) = Fg(Hl

v=20.01
in Q),
in Q), .
on Fin,
on Ioyt,

on 0O\ (Tjn U Tout)- B

— X2)(X2 — H; + Ho).

V= 1 and y := Re € G = [30,300].

Re



Conditioning of R

Rectification matrix:
R:RY - RN and Rj= (B"B+Aly)"'BTA, i=1,...,N.

R IR -1|
1.0
0
0.8 0.3
1
0.6
— 2 0.4 " 0.2
3 0.2
4 0.0 0.1
X -0.2
0 2 4
|



Conditioning of R

Rectification matrix:

R:RN RN and Ri=(B"B+ Aly)"'BTA;, i=1,...,N.

. L - _.'—*-—-‘A.
1071

—a— cond(R)

*— cond(A)

10%4

—e— cond(B)

100+




NIRB Error

100 r
-1
E 10 _
= - z =
[0} = - —o— |lup — Uygpsll
r:.J = |lun = unirsl|
g 102 —4&— €Tne proj
= —4+— |lun = Ihuwl
[
|
10-—3 4




1 New rectification
m Navier-Stokes equations
m NIRB method with parabolic equations



New method

How can we further reduce the online costs?



New method

U (%, 1) = %awmcbf-’(x)

(®])j=1,..n € Vj': fine L2—orthonormal|zed modes

Optimal coefficients: (1) = (un(p), (X)) 2(cr)>
Our new choice: bf! (1) = (up(), ®f' (X)) 12(0)



New method

U (%, 1) = %awmcbf-’(x)

(CD/’.’), 1..n € VN:fine L2—orthonormal|zed modes

Optimal coefficients: (1) = (un(p), (X)) 2(cr)>

Our new choice: bf! (1) = (un(), ®f (X)) 12(e)> Where w C O



Natural truncations w C Q)

Coarse mesh: H=0.21 Coarse mesh: H= 021
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Error contributions, w = ()

The fine and coarse coefficients are

al = (un®))i2i),  bf' = (Un. )iz,

The coarse reduced coefficients are

v = (un, ) 12 ()

Define the cross-Gram matrix (Cpy); = (®F, @) 12(q)-

Then

b~ M.

The online coefficient error satisfies

Hence

a" — Ry = (a" — by + (b" — C] M) + (€], - R)AM.

la" — Ryl < || — b"|| + 16" — CL2 || + [1(Cly — R)".

€disc €rbH €rect




NIRB Error

10-1 | o -
°e_ E—
1072 4 - e _disc
e_rect
—— e rbH
—4— e_total
10734 e—tota|_trad
10741

2x107! 3Ix10! i



NIRB Error with L =1.2

Relative errors with new NIRB algorithm (L =1.2)
fie =52 Re =233

Errar
Ermor

Ny {rumber of basis functions)

A

Relative errors with new NIRE algorithm (L= 1.3)
Re =52 Re=233

175

150

15 10 125
wmber of basis functions]

55 75 160 125 150 173
N,. {rumber of basis funcrians} N

A=10"10




Conditioning with H = 0.15

—e— cond(R)
103 *— cond|(B)
]
=
]
~ 107
-
w
>
=
.
T 1011
—
10° :
1ﬂn 2% 10° 3% 100 #x 100

Figure: conditioning



Table: FEM runtimes min:sec

FEM high fidelity solver FEM coarse solution
00:43 00:01

NIRB Offline (N = 18) classical NIRB online
14:30 00:10

new NIRB offline (N = 18) new NIRB online

w=0 14:52 00:10
L=3 14:52 00:09
L=12 14:50 00:09




3D results
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0.7
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Figure: 3D domain (clip)



Table: Relative L? errors, N € {2,3,5} with A = 1010

FEM results NIRB results
N | finemesh | coarsemesh | L=5(w=0) [[=3 (wCQ) [ L[=12(wCO)
N=2] 250E2 9.80E 2 1.14E 1 1.15E 1 1.46E 1
N=3]| 250E2 9.80E 2 2.85E2 3.55E2 451E2
N=5| 250E 2 9.80E 2 2 53E 2 2 57E2 2.65E 2




NIRB convergence results

u(u) € H3(Q)) with s ~ 1.54448. Thus, a standard FEM yields reduced
convergence rates and the following estimates hold for any u € G with a
uniform mesh of size h:

() = un()ll ) < CHHull sy,
lupe) = un(p)ll 2y < CHE ™V |[ull sy,

1¢C. Bernardi and G. Raugel, Méthodes d’éléments finis mixtes pour les équations de stokes et de navier-stokes dans un
polyone non convexe, 1981.



NIRB convergence results

u(u) € H3(Q)) with s ~ 1.54448. Thus, a standard FEM yields reduced
convergence rates and the following estimates hold for any y € G with a
uniform mesh of size h:
lup) = un(p) | () < CHH|Ull sy,
() = un(w)ll2(q) < CPE VUl s ).

Convergence (FEM/FV ...)

lup) = ufin(w)llv < e(N) + Crh+ Co(N) H
Y R
1 3

1¢C. Bernardi and G. Raugel, Méthodes d’éléments finis mixtes pour les équations de stokes et de navier-stokes dans un
polyone non convexe, 1981.



17n Ajooten

1.0e+00
-0.8
— 0.6
04
0.2
-1.1e-01

N7

A
o

AVAVATAVAVAVATATA'
EAVAVATATA
SRS

Y
i
i

"%%Y
-

3
s
¥

it
T
o

ﬁh

N
5

Vﬂ?
Eos
i
uet
A7
AR

ﬂi
o s P
&W TR

o ey 8
~

K]

i

)
=
>
N
)
oC



Reference mesh size = 2.54 x 1073.

Table: Relative errors with the semi H!-norm, refined meshes N = 6 with A =0

NIRB with H = 0.320156 NIRB with H = 0.707107

h FEM NIRB + | New New NIRB + | New New
with Rectifi- | NIRB NIRB Rectifi- | NIRB NIRB
the fine | cation w=0 | with cation w=0 | with
refined L =3 L =3
mesh (w C (w C

O) Q)

1.99E4| 1.93E 3| 1.93E 3| 1.93E 3| 1.93E 3| 1.93E 3| 1.93E 3| 1.95E 3
1.79E 4 1.70E 3| 1.71E 3| 1.71E 3| 1.71E 3| 1.71E 3| 1.71E 34| 1.73E 3
1.02E 4| 9.72E 4| 9.73E 4| 9.73E%| 9.74E 4| 9.74E % 9.74E % 981E*
5.09E > 5.39E 4| 5.42E 4| 5.42E 3| 542E % 5.43E 4| 5.42E % 542E %




FEM Error estimates within the parabolic context

NIRB two-grid method applied to
parabolic equations




FEM Error estimates within the parabolic context

otu— V- (A(p)Vu) = f, dans O x]0, T},
u(x,0) = u°(x), in Q,
dnpu(-,t) =0, onaoQx]0, T],

#=(t,p) € G C Rt x RP: parameter
u(t,x; p): unknowns



FEM error estimates

Theorem [E G.-Y M.] (H! semi-norm error estimate )2

Pod-greedy® or greedy-greedy algorithm for the BR construction

T1 T3
Vi, [6(t") () — Ul (P) s ) < €N + Ca(P)(h+ Alr) + Ca(N) (2 + AB3)
T

C1, Cy: constants independent of h et H
up(p¥) = up(p¥,t7) € Vp, for n=1,..., Nr: Fine snapshots
ull(p) = uy(p,t") € Vy, for m=1,..., Mr: Coarse solution, H>> h.

V. Thomée, Galerkin finite element methods for parabolic problems, 1984.
2E, G., Y. Maday, Error estimate of the non-intrusive reduced basis two-grid method with parabolic equations. 2023.
3B. Haasdonk, Convergence rates of the pod-greedy method, 2013.



FEM error estimates

Theorem [E G.-Y M.] (H semi-norm error estimate )2

T T3
A~ —N—
vn, |u(t")(p) — uﬁh"(p)\Hlm) <e(N)+ C1(p)(h+ Atg) + C/An(H? + At2)
~——

Tz

An: VW eEXN, [ V@, - Vv=A [Py v,
and C;, C: constants independent of h, H and N.

N im
u(t™) = U@y < C H? [HUOHH2(Q) +/0 Ut 2 () ds]

t tm
+C Atg[(/o e S22 ) + (/0 AU 22 0y d5)2].

1 V. Thomée, Galerkin finite element methods for parabolic problems, 1984.

2E, G., Y. Maday, Error estimate of the non-intrusive reduced basis two-grid method with parabolic equations. 2023.



Decomposition

Projection coefficients

.....

Our choice with classical rectification: (I,(uy(p, ™)), ¢;7(X))L2, m=1,...,.Mr



Decomposition

Projection coefficients

up(x,t"p) =Y a'(p,t") ®M(x), n=1,... Ny

)

(@f)jzl ..... n € X}z [2-orthonormalized basis functions (modes)

Coefficients a(1) = a(p, ")
Optimal coefficients: (ux(p, "), ®(x)),n=1,...,Nr

Our choice with new rectification: (In(uy(p, ?m)),CD/H(X))Lz(

w)!



We have taken the parameter set to be G = [0.5,9.5].
For p=(1,1),
u(x, ;1) = (t+x2/2 = x3/3)(t— y2/2+ y*/3),

for a right-hand side function
f(x, 1) = x3(1 — x)? + t[—2 4+ 12x — 11x% — 2x3 + x¥],

where x = (x,y).



Table: Relative /°(0, ..., Nt) errors, N € {5,10,15} with A = 101°

Number | mesh FEM results NIRB results

of sizes

modes

N h fine mesh | coarse mesh | NIRB + Rect. (w=0) [ w=[0.2,0.8]* | w=[0.4,0.6]

N=5 0.01 6.20E 3 5.88E 2 6.25E 3 1.08E2 2.01E2
0.02 1.08E 2 8.88E 2 1.11E2 1.41E2 2.02E2
0.05 2.91E2 1.50E 1 2.97E2 317E2 3.73E 2
0.1 5.88E 2 1.90E1 5.99E 2 6.18E2 6.37E 2

N=10 | 0.01 6.20E 3 5.88E 2 6.23E 3 6.38E 3 1.99E 2
0.02 1.08E—2 8.88E2 1.11E-2 1.14E-2 2.02E2
0.05 291E2 1.50E1 2.97E2 2.97E2 3.74E2
0.1 5.88E 2 1.90E~! 5.99E 2 6.00E 2 6.37E2

N=15 | 0.01 6.20E-3 5.88E2 6.23E 3 6.38E 3 1.99E—2
0.02 1.08E2 8.88E 2 1.11E 2 1.14E2 2.02E2
0.05 291E2 1.50E~1 2.97E2 2.97E2 3.74E2
0.1 5.88E 2 1.90E~! 5.99E2 6.00E 2 6.37E2




Conclusions and perspectives

Perspectives

¢ More insights on the theory

¢ More realistic problem

o Application of this strategy after removing the leading singular term
o Put the NIRB 2-grid CG-T on the RB website!

Thank you!
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