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Configuration Optimization Problems

Example: Piecewise linear interpolation

■ P ⊂ Rd

■ η = {p1, . . . ,pn} ∈ Ω

■ Loss function: L : Ω → R

f (x)

P
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Configuration Optimization Problems

Example: Reduced Basis Method

a(u(p), v;p) = f (v;p), ∀ v ∈ V,p ∈ P.

■ VRB(η) := span{u(p1), . . . ,u(pn)}.
■ Loss function: LRB(η) = maxq∈P ∥u(q)− uRB(q)∥ ≈ maxq∈P J(q, η)
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Greedy Sampling

■ Choose p1 randomly and set η = {p1}. Source: (Veroy et al. 2003)

■ Specify sample set S ⊂ P (random or deterministic)

J(q, η)
Compute

Select sample and repeat
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Greedy Sampling

■ Choose p1 randomly and set η = {p1}. Source: (Veroy et al. 2003)
■ Specify sample set S ⊂ P (random or deterministic)
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Curse of dimensionality

■ Specify sample set S ⊂ P (random or deterministic) Difficult in high-dimensions!
■ Choose p1 randomly and set η = {p1}.

p1

p2 J(q, η)
Compute

Expensive!

Select sample and repeat
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Better scaling properties
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Polytope Division Method

Benefits of randomization:
■ Explorability
■ Convergence proof
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Randomized Polytope Division Method

More methods on division of parameter domains exist (Burkardt, Gunzburger, and Lee
2006; Eftang and Stamm 2012; Guignard and Mula 2024)
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R-PDM in higher dimensions

■ Can we still find the facets in the higher-dimensional case?
■ Do we keep the satisfactory scaling properties?

Yes!

(Nielen, Tse, and Veroy 2025)
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Connection to birth processes

ηt = {p1, . . . ,pn}

transition to ηt ∪ y = {p1, . . . ,pn, y}
with transition kernel λ(ηt,dy)

■ y is called the newborn particle
■ The transition kernel λ(ηt,dy) expresses the likelihood of a particle being born at

position y given configuration ηt.
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Forward Kolmogorov Equations (FKE)

■ Generator:

LF(η) :=
∫
P
[F(η ∪ y)− F(η)]λ(η,dy) for all F ∈ Cb(Ω)

■ FKE:
⟨F,Pt⟩ − ⟨F,Ps⟩ =

∫ t

s
⟨LF,Pr⟩dr for all F ∈ Cb(Ω)

■ Here, ⟨F,Pt⟩ :=
∫
Ω

F(η)Pt(dη)
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Convergence results
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Assumption on global error function

Assumption
Let G : Ω → R+, then G satisfies:

1. (Boundedness). There exists a c0 ∈ R+ such that G({q}) ≤ c0 for all q ∈ P .

2. (Monotonicity). For every y ∈ P , and η ∈ Ω, it holds that

G(η ∪ y) ≤ G(η).

3. (Saturation property) If G(η) = G(η ∪ y) for λ(η,dy)-almost every y, and P∞-almost
every η, then G(η) = 0.

4. (Improvement factor) There exists a γ ∈ (0,1), δ > 0, β ∈ [0,1], and for every η there
exists a set B(η) ⊂ P with λ(η,B(η)) > δ, such that

−
∫

B(η)

(
G(η)− G(η ∪ y)

)
λ(η,dy) ≥ γ

|η|β
G(η)
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Improvement factor

−
∫

B(η)
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Main convergence result

Theorem
(Under assumptions) For every ε > 0, there exist an cε > 0, such that

P
(

G(ηt) < ε
)
≥ 1 − cεθβ(t), for all t ≥ 0,

where

θβ =


e−γδt for β = 0,
t− 1

β+1 for β ∈ (0,1),
1

log(1+t) for β = 1.

(Nielen and Tse 2026)
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Numerical example: Interpolation

0 2 4 6 8 10
Interval from 0 to 10

0

1

2

3

4

5

6

Fu
nc

tio
n 

va
lu

es

Interpolation test
Exact y

■ f (x) = 1
200 ((x − 6)4 + (x − 2)2 + 2

■ x0 = 0, xn+1 = 10
■ Configuration: η = {x1, . . . , xn}
■ Global error function:

G(η) = ∥f − Lη∥L1([0,10])
■ Local error function:

J(q, η) = |f (q)− Lη(q)|.
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Numerical example: Interpolation

Expectation

0 10 20 30
Number of interpolation nodes

10 2

10 1

100

E n

En over nodes
R-PDM
Uniform ■ We run the algorithm 1000 times

■ En = 1
1000

∑1000
ℓ=1 ∥f − Lℓηn∥L1([0,10])
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Numerical example: Interpolation

Variance

0 10 20 30
Number of interpolation nodes

10 5

10 4

10 3

10 2

10 1

V n

Vn over the number of nodes
R-PDM
Uniform ■ We run the algorithm 1000 times

■ En = 1
1000

∑1000
ℓ=1

∥∥f − Lℓηn

∥∥
L1

■ Vn = 1
1000

∑1000
ℓ=1 (∥f − Lℓηn∥L1 − En)

2
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Numerical example: Random fields

−div(a(ω, x)∇uω) = f in Γ,

uω = 0 on ∂Γ,

The random field can be described via its Karhunen-Loeve (KL) expansion:

(Bachmayr and Cohen 2024; Cohen and DeVore 2015; Ghanem and Spanos 1991)
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HALF splitting

A closely related idea is introduced in (Guignard and Mula 2024)
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Numerical example: Random fields

Example: Uniform coefficients Source: (Chen, Quarteroni, and Rozza 2013)

a(ω, x) = a0(x) +
K∑

k=1

Yk(ω)ak(x),

where a0 = 1, K = 100, and Yk is uniformly distribution on [−0.5,0.5].

For all i, j ∈ N, there exist index k = k(i, j), and we have

ak(x) =
1

i2 + j2 sin(iπx1) sin(jπx2)
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Numerical example: Random fields

Uniform coefficients: Convergence inside training set

■ We compute the reduced basis with
tolerance ε = 10−4. (Boyaval et al. 2009)

■ Stopping criterium:

Vol(D) · J(pD, η) < ε.
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Numerical example: Random fields

Uniform coefficients: Expectation

■ EM =
∥∥∥ 1

M
∑M

i=1 uωi(x)− 1
M
∑M

i=1 uRB
ωi
(x)

∥∥∥
Aω̄

.

■ We consider M = 40000 Monte Carlo
samples.
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Numerical example: Random fields

Uniform coefficients: Variance

■ We draw M = 40000 Monte Carlo
samples

■ VM = 1
M
∑M

i=1
(
uωi(x)− E[uωi(x)]

)2

■ VRB
M = 1

M
∑M

i=1
(
uRB
ωi
(x)− E[uRB

ωi
(x)]

)2

■ ∥VM − VRB
M ∥Aω̄
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Numerical example: Random fields

Uniform coefficients: Verification
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Numerical example: Random fields

Example: Lognormal coefficients (Babuška, Nobile, and Tempone 2007; Bachmayr and
Cohen 2024)

a(ω, x) = exp
( K∑

k=1
Yk(ω)Ψk(x)

)
,

where f ≡ 1, K = 25, and Yk are i.i.d. standard normal.

For all i, j ∈ N, there exist index k = k(i, j), and we have

Ψk(x) =
8

[(2i − 1)π][(2j − 1)π] sin((i −
1
2 )πs) sin((j − 1

2 )πt).

Probability integral transform: Maps uniformly distributed random variables to
normally distributed Yk. (Angus 1994)
We approximate the random field using EIM. (Barrault et al. 2004)
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Numerical example: Random fields

Lognormal coefficients: Convergence in training set

■ We compute the reduced basis with
tolerance ε = 10−3.

■ Stopping criterium:

Vol(D) · J(pD, η) < ε.
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Numerical example: Random fields

Lognormal coefficients: Expectation

■ We compute the reduced basis with
tolerance 10−3.

■ EM =
∥∥∥ 1

M
∑M

i=1 uωi(x)− 1
M
∑M

i=1 uRB
ωi
(x)

∥∥∥
Aω̄

.

■ We consider M = 40000 Monte Carlo
samples.
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Numerical example: Random fields

Lognormal coefficients: Variance

■ We draw M = 40000 Monte Carlo
samples

■ VM = 1
M
∑M

i=1
(
uωi(x)− E[uωi(x)]

)2

■ VRB
M = 1

M
∑M

i=1
(
uRB
ωi
(x)− E[uRB

ωi
(x)]

)2

■ ∥VM − VRB
M ∥Aω̄
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Numerical example: Random fields

Lognormal coefficients: verification
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Concluding remark

■ Scalable greedy-type method: Randomized Polytope Division Method

■ Convergence results of stochastic greedy processes
■ Applications to piecewise interpolation and random fields
■ Future work: Convergence of variance
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