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Part 1
Motivation: guantum mechanics
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Quantum Mechanics is all about eigenvalue problems

Axioms of Quantum Mechanics (Hilbert space formulation):

o Composition of subsystems: The state of a combined system consisting of the two Hilbert spaces H; and Hsy belongs to the
tensor product Hilbert space Hi ® Hs.



Quantum Mechanics is all about eigenvalue problems

Axioms of Quantum Mechanics (Hilbert space formulation):

o State and state space: A state |v¢) is a normalized element in a complex, separable Hilbert space H (very high-dimensional or
infinite-dimensional)

o Observables: Every physical property O (energy, position, momentum, ...) corresponds to an associated linear, self-adjoint but
possibly unbounded operator O acting on ‘H. Spectral theorem (finite-dimensional case):

O=)> w;P; P; : Spectral projector onto eigenspace.

Key-message: only eigenspaces are relevant, not individual eigenvectors (the phase of a state is not an observable)!

o Born rule: The probability of measuring an eigenvalue w; with a state |v) is ||P;|)[|* = (1|P;|v). Thus, the expectation value of
the observable O with state |¢) is

D _wit|Pily) = ([Oy).

Moral of the story:
o Eigenvalues of Hermitian matrices are important;
o Eigenspaces are the correct notion, not eigenvectors;

o The energetically interesting eigenvalue is the the smallest one of the Hamiltonian (energy operator).
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Many-body quantum spin systems: Hilbert space dimension

One-particle system: Consider a quantum system consisting of one particle with d states: H,; = C¢.

Many-body system: L number of quantum particles, each with d states. The many-body quantum state belongs to
Hr =H1®...0 Hi = C" with n = d*.

Example: A so-called spin-1/2 system has d = 2 states per particle. Even then, the size of the Hiloert space grows
exponentially H; = C™ with n = 2% the dimension doubles with each new particle.

Example: A so-called spin-1 system has d = 3 states per particle. The size of the Hiloert space grows exponentially
H; = C™ with n = 3%: the dimension triples with each new particle.




Example of spin-1/2 XXZ chain (well-studied toy model)

Hamiltonian: Chain of L particles with d = 2 states and Hamiltonian

L—1 L—1 L
AN L) =N T(SPST, +8YSY, )+ Y ASISE, —LYTs: e
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where

o A= (@) ® A® (®"'ly); e e e € e—

0 1
xr 1 x 1
08—50'—5(1 O), Sy

o Parameters A (next-neighbour coupling), J (bilinear coupling) and A (external magnetic field strength)

0 —2 1 O . . .
y — 1 z 1 2z __ 1 : _ ,
o ; (Z 0 ) S 50 ; (O 1). single-particle Pauli operators;



Example of spin-1/2 XXZ chain (well-studied toy model)

Hamiltonian: Chain of L particles with d = 2 states and Hamiltonian

Ap) == 01(pe) Ay + 02(1e) Ag + 03 (1e) As p= (A,

where 6, are real-analytic functions in iz and A, € C2 %2 fixed matrices.
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Example of spin-1/2 XXZ chain (well-studied toy model)

Hamiltonian: Chain of L particles with d = 2 states and Hamiltonian

A1) := 601 (1) AL + 02 (p) Ay + 05(12) As p=(A%)

where 6, are real-analytic functions in iz and A, € C2 %2 fixed matrices.

e—¢ ¢ ¢ €

L Magnetization map of the XXZ chain of length 12
Observable: Magnetization 10

L .| Ferromagnetic phase 0.9
2
M=_—-) S?

Since M commutes with H, they share the same the eigenstates |v,,,) and <
there holds

2
M‘¢m> — Tm‘wm)
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Ground-state eigenvalue (truth) problems

O

Given a compact parameter domain P C RP, analytic functions 6y,...,0¢g : P — R, and Hermitian matrices
A, ... ,AQ c Cr*m,

We consider the parametric Hermitian matrix in affine decomposition
Q
Aln) =D 0,(wA, forpeP.
q=1

Goal: Build a small scale surrogate model for accurate & efficient approximations of the smallest EigVal and corre-
sponding EigSpace (A1 (), Wi (p)) forany p € P.

How: Solve the parametrized eigenvalue problem: find eigenvalue A, (u) and eigenvectors W(p) € C™*™1(#) sych
that

A(p)W(p) = A (n)W(p) forpeP.

where columns of W(u) are orthonormal and span the m4 (u)-dimensional ground state space Wi ().
Build the eigenspace projector P () = W(u)W(p)* and the observable is computed as

(0) (1) = 7y (O P1(m)).
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RBM for ground-state eigenvalue problems

Offline phase:

spans

o Find suitable W(p1),...,W(us) (@nd other vectors...) > Orthonormal basis:

Online phase:

o Reduced Hamiltonian

Q
Arb( ) _ (Vrb >I<A Vl’b Z 9 Vrb >|<A Vl’b _ Zeq Arb c C’I“X’I“
_Arb q=1

o Solve reduced eigenproblem: find eigenvalue \P(u) and corresponding
sigenvectors z(p) € Cr*m1k) sych that

Ap) z(p) = AP(p)z(p),  WOp) =VPz(p),

where m'() denotes the multiplicity of the eigenvalue V™ of A™ ().

Arb

Vrb c Cnxr.

Vrb

Vrb




RBM for ground-state eigenvalue problems

Offline phase:

spans

o Find suitable W(p1),...,W(us) (@nd other vectors...) > Orthonormal basis: V™

Online phase:

o Reduced Hamiltonian

Q
Arb( ) _ (Vrb >I<A Vl’b ZH Vrb >|<A Vl’b _ Zeq Arb c C’I“X’I“
q=1

— Arb

o Solve reduced eigenproblem: find eigenvalue \P(u) and corresponding
eigenvectors z(p) € Crmi#) sych that

Ap) z(p) = AP(p)z(p),  WOp) =VPz(p),

where m'() denotes the multiplicity of the eigenvalue V™ of A™ ().

E (CnX’P.

\/d)

| _ b *
Ay = | (V®)
(& T
Adp) |z = AP |z
r m(p) mP(p)
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RBM for ground-state eigenvalue problems
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RBM for ground-state eigenvalue problems

Offline phase: :
o Find suitable W(1),...,W(u ) (and other vectors...) P, Orthonormal basis: V™ ¢ C*x". Ve |n
Online phase:
o Reduced Hamiltonian
@
Arb( ) _ (Vrb >I<A Vl’b Z 9 Vrb >|<A Vrb _ Z ‘9q Arb c CrxT A;b _ (Vrb)* Aq Vrb
—A® =1 r n
o Solve reduced eigenproblem: find eigenvalue A\'°(u) and corresponding " g
eigenvectors z(p) € Crmi#) sych that
r | AP Z = \NP(u)- |z
AS)2(i) = NP () 2(), W) = VP 2(p), () i)
where m'() denotes the multiplicity of the eigenvalue V™ of A™ (). r mP() mP()

o Build the approximate RB-eigenspace projector PP(p) = W) W) *
and the observable is computed as

(0) (1) =z TH(OPY ().
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Eigenvalue-problems are also at the origin of the RBM:

E. Aktas and F. Moses, Reduced Basis Eigenvalue Solutions for Damaged Structures, Mech. Struct. Mach. 26,
63 (1998).

P. B. Nair, A. J. Keane, and R. S. Langley, Improved First-Order Approximation of Eigenvalues and
Eigenvectors, AIAA J. 36, 1721 (1998)
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Only a few contributions (probably not complete) after these seminal works:

l. Fumagalli, A. Manzoni, N. Parolini, M. Verani, Reduced basis approximation and a posteriori error estimates
for parametrized elliptic eigenvalue problems, ESAIM: Math. Model. Numer. Anal. 50, 1857 (20106).

Th. Horger, B. Wohimuth, and Th. Dickopf, Simultaneous reduced basis approximation of parameterized
elliptic eigenvalue problems, ESAIM: Math. Model. Numer. Anal. 51, 443 (2017).

F. Pla and H. Herrero, Reduced basis method applied to eigenvalue problems from convection, Int. J. Bifurc.
Chaos Appl. Sci. Eng. 29, 1950028 (2019).

F. Pichi, A. Quaini, and G. Rozza, A Reduced Order Modeling Technique to Study Bifurcating Phenomena:
Application to the Gross—Pitaevskii Equation, SIAM J. Sci. Comp. 42, B1115 (2020).
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Roadmap

1. Eigenproblem-specific obstacles

e eigenvalue crossings and changing multiplicity,
* cigenspaces/projectors instead of individual eigenvectors,
e residuals are not enough.

2. Certified RBM assembly
 computable lower bounds for (higher) eigenvalues,
» sufficient criterion for dimension recovery,
» certified approximation of the smallest eigenspace via 2-stage Greedy.

3. Local Taylor RBM / eigenvector continuation method
e |ocal analytic spectral projector viewpoint,
e Taylor-type reduced spaces,
* (Local) convergence theory for parametric EVPs from a eigenspace-projector viewpoint.



Part 2
Eigenproblem-specific obstacles



Local regularity of eigenspaces

Assume the smallest m-dimensional eigenspace W () is well-separated from the rest of the spectrum near py:
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Local regularity of eigenspaces

Assume the smallest m-dimensional eigenspace W () is well-separated from the rest of the spectrum near py:

A(p) <Ao(p),  m=dmWi(p),  Vpe B(po).

Then the projector onto the smallest eigenspace can be represented by

PL(1) = / (o1 Alp) " d=.

271
where I' encloses the smallest eigenvalue and excludes the rest of the spectrum.
In consequence:

o separation gives a locally well-defined projector Py (p);
o P1(u) is the regular object (analytic), not the individual eigenvector labels;

o local regularity implies approximability by Taylor-series.



Measuring approximation error of eigenspaces in the RBM-context

Specific notation for eigenspaces:
o Each subspace W is uniquely associated with and represented by an orthogonal projector Py

o Thus W = range Py.
o Each projector writes as Pyy = WW~* with a unitary matrix W whose columns are spanning W.
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Measuring approximation error of eigenspaces in the RBM-context

Specific notation for eigenspaces:
o Each subspace W is uniquely associated with and represented by an orthogonal projector Py

o Thus W = range Py.
o Each projector writes as Pyy = WW~* with a unitary matrix W whose columns are spanning W.

Exact and approximate (RB) eigenspaces:
o Ax(p) and NP(u) denote the exact and RB eigenvalues without counting multiplicities, e.g. A;(p) < Xir1(p).

o Wi () and WiP(u): Exact and approximate ground-state eigenspaces corresponding to A; () and \P ().

o Represented by their orthogonal projectors Py (p) := Py, (), PP (1) := Py -

Error between eigenspaces:

o Distance between Wi (p) and WiP(u) : Define dist(W1 (i), WP (1)) == ||P1(p) — PP (). (Frobenius norm)
o There holds
1 if dimWy () < dmWP(u),
|Pi(p) = PP(p)[| = [P () PP(p)[| if dmW:(p) = dimWP(p),
1 if dim Wy () > dim WP (),

where P () =1 — Py ().
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sin(p)
Ap) =

o EigVal crossing at bold marked points.
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Problem 1: Discontinuous eigenspaces

o For u € 0, 27|, consider

] ] N
Al = sin( ) cos(1) i
_ 1_
o EigVal crossing at bold marked points. ~< o
o dimW,(u) = 2 for u € {n/4,5n/4}, otherwise 1. :i
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0 /4 T 5r/4 o
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Problem 1: Discontinuous eigenspaces

o For u € [0,27], consider

sin(p)
A(p) = cos(p)

1

o EigVal crossing at bold marked points.
o dmW;(u) =2 for u € {mw/4,5m/4}, otherwise 1.
o At parameters close to crossing points, e.g., around p = 57 /4:

- Wh(up) = span{e; } might be approximated by V = span{e,}
— EigVal error is small, but EigSpace error remains large!

o Before / at / after the crossing:

po<ps:  Wi(p) =span{es} Pw, (u) =
po=ps: Wi(p) =span{es, es} Pwi(u) =
p>pss o Wi(p) = span{es} Py, (u) =

< 0
— )\
— )\,
— 3t
—V2/2 ® FEigVal crossings
1A T - ,LLO:57T/4—|—€ I
0 /4 T 5r/4 o
[

= €965

+ ‘93><63| — 6293 -+ ege?;

= e3€e;




Problem 2: Residuals do not identify the target eigenspace

Residual: For the reduced basis approximation W) = V™®Pz(u) of the smallest eigenspace, write the (block-) residual
as

R(p) = A(p)W™(pe) — NP (p) W) € € (1),
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Problem 2: Residuals do not identify the target eigenspace

Residual: For the reduced basis approximation W) = V™®Pz(u) of the smallest eigenspace, write the (block-) residual
as

R(p) == A(p)W™(e) — AP ()WE(p) € Cmxmv ),
Problem:

IR(p)|| =0 #= PPu)=Pi(p).

Remarks:

o A zero residual confirms invariance of the subspace, i.e. [A(u), P™(1)] = A(p) P®(1) — A(p) P™(p) = 0.

o It does not identify which true eigenspace has been approximated. It could contain a (proper) subspace (dimension
mismatch) of the true eigenspace and/or higher eigenspaces (or parts of it).

o lo certify the smallest eigenspace, additional spectral information is needed.

— \3(t)
—V2/2 ® EigVal crossings

14 T pro =5m/4 + ¢

0 /4 T 5p/4 o




What changes from source problems to eigenproblems?

Coercive source problems Eigenproblems
target: solution u () target: eigenspace Wi (1)
analytic data often gives analytic matrix entries do not imply
analytic solution map globally analytic labeled eigenvectors/eigenspaces
residual controlled by stability constant | residual alone does not identify the target eigenspace
Galerkin orthogonality is central Ritz-Galerkin structure is weaker / different




What changes from source problems to eigenproblems?

Coercive source problems Eigenproblems
target: solution u () target: eigenspace Wi (1)
analytic data often gives analytic matrix entries do not imply
analytic solution map globally analytic labeled eigenvectors/eigenspaces
residual controlled by stability constant | residual alone does not identify the target eigenspace
Galerkin orthogonality is central Ritz-Galerkin structure is weaker / different

Central issues:
o Eigenvalue crossings: Wi () resp. P1(p) (changes discontinuously with ).

o Residual not reliable quantity to estimate error: A zero residual does not identify the sought eigenspace (related to
“non-unigueness”)



Part 3

Certified RBM assembly for the smallest eigenspace
(Global perspective)



Certified greedy assembly on a finite parameter set

Greedy method:
terative subspace enlargement based on an efficient error estimator A(u, V) & a (discrete) training set = C P:

o Initialise: Select p, randomly, compute (A1 (geq), Wi (1)), set Vi = Wi ().
o Loop:

) Suppose w4, ..., u; € = selected, and V; constructed.

i) Then py,q :=argmax,.= A(w,Vy), and V1 = span{V;, Wi(py1)}-
i) Terminate when max,,c= A(u, Viy1) < €.
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Certified greedy assembly on a finite parameter set

Greedy method:
terative subspace enlargement based on an efficient error estimator A(u, V) & a (discrete) training set = C P:

o Initialise: Select p, randomly, compute (A1 (geq), Wi (1)), set Vi = Wi ().
o Loop:

) Suppose w4, ..., u; € = selected, and V; constructed.

i) Then py,q :=argmax,.= A(w,Vy), and V1 = span{V;, Wi(py1)}-
i) Terminate when max,,c= A(u, Viy1) < €.

We should find a good error indicator A(u, V)!

Recall:
1 if dimWy(u) < dmW®(u),
|Pi(p) — PP (1) = IP3 ()PP(w)[| if dmWy () = dim WiP(p),
1 if dim Wy (u) > dmWP(u),

Strategy: Ensure that
o the projection error ||P1 (p)W(w)]| is small,

o dmWi(u) = dimWP(u).



Projection-error estimate for the true bottom eigenspace

A simple result we weren’t able to find in the literature:

Theorem: If A(u) # cl, then

where

> R(p) :

1Py ()PP (p)| <

1

v(1)

> () = v2(p) — 71(p) is the spectral gap of A(p),
A(p)W?P () — NP ()W™® () is the residual matrix.

(IR + AP (1) = A (1)),

> W™ () is an ONB matrix of the approximated EigSpace WP (),




Projection-error estimate for the true bottom eigenspace

A simple result we weren’t able to find in the literature:

Theorem: If A(u) # cl, then

1 r 1 r
PP < o (IR NP () = Xi (1),

where
> W™ () is an ONB matrix of the approximated EigSpace WP (),

> () = v2(p) — 11(p) is the spectral gap of A(p),
> R(p) == A()WDP () — NP ()WP () is the residual matrix.

Remark: The nature of the bound Is as follows

residual term + eigenvalue error term
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A simple result we weren’t able to find in the literature:
Theorem: If A(u) # cl, then

1 r 1 r
PP < o (IR NP () = Xi (1),

where
> W™ () is an ONB matrix of the approximated EigSpace WP (),

> () = v2(p) — 11(p) is the spectral gap of A(p),
> R(p) == A()WDP () — NP ()WP () is the residual matrix.

Remark: The nature of the bound Is as follows

residual term + eigenvalue error term
spectral gap

projection error <

The residual and A'°(u) are computable, but not the other terms.

How to make this error bound practically useful?
o Replace \;(u) by an efficiently computable lower bound A58 (g, V) following Sirkovic—Kressner (2016).

o Construct a separate reduced basis subspace V., for the approximation of ().
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o Notation: We now (have to) consider eigenvalues counting multiplicities

o An efficiently computable upper bound is given by the min-max principle

~

Ae(p) < AP(p) =0 AP (w).

o A general and efficiently computable lower bound A:B(u) has been derived:

- Key idea is perturbation theory + SCM method, extending A8 () from Sirkovié-Kressner.

— The bound has the form i .
A () = min{ AP (), m- (1)} — ex(p)
for some efficiently computable (but ugly) terms n. () and ex ().

o A nice and important property of A;°(u):

— Ifn.(p) > XNP(p) +e1(p), then it holds that dim Wy (u) = dim WP ().
~  Sufficient condition for dimension recovery!
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Tools we now have at hand
> Efficiently computable eigenspace-dimension condition:
If . (p) > NP () + 1 (), then it holds that dim (Wl(u)) = dim (W{b(u)).

> Efficiently computable upper and lower bounds of eigenvalues and spectral gaps:

~

AB(p) < Ap(p) < NP(p) = APB(w) (counting multiplicities)
max (A58 (p) — APB(w),0) =: vB(u) < y(p) <AYB(p) = ASB(p) — APB(u) if dim(Wi(p)) = dim(WP(p))
> Estimation:
IP1 () = PRI < ——=(IRGDI+AP(0) = M), T dim (Wi () = dm (W (1)
< 7LE}( m (IRGDN + NP (1) = XB (), if dim(Wi () = dim (WP (p))

2-stage greedy algorithm:

o Stage 1: Assemble reduced basis ng to approximate the first and second eigenspaces to get a certified gap
estimation.

o Stage 2: Assemble another reduced basis V™ to approximate only the first eigenspaces using the gap-estimator
from Stage 1.
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Stage 1: Spectral gap approximation

o Goal: Construct a subspace V., to approximate the spectral gap () by the subspace spectral gap of VV*A(M)VW via

YO() == AP (1) — NP ().
o How: Employ greedy using the error indicator

UB( LB(

p) —

o, VB (1) = A (1) — AV (), 2B () = APP(a) — A ()

Ay(p) = 7

o Result: V. provides a reliable and certified approximation of () with

Y() > (1= ey)7° (1) for all p € E.
Y(p) =7 (p) it ne(p) > NP () +e1(p) for all u € P\E,
= dim (Wi () ) =dim (W (w))
Greedy loop:
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Stage 2: Eigenspace approximation

Let V., be the auxiliary subspace constructed in Stage 1 with ., and ™ ()
o Goal: Construct the final reduced space Vy, for the approximation of Wi ()

o How: Again via the greedy method with error indicator

M) = g (RGO X0 = X20) Al = s (IR -+ AP~ 3.
o Result: Reduced basis space V,, satistying
Pi(p) —PP(p)|| < Alp) < e forall u € =,
Py (1) — PP ()] < A(p) it me(p) > ANP(p) +ei(p)  forallpe P\E

N ——
= dim (Wi (k) =dim (WP (p))

Greedy loop:

) Suppose p4, ..., 1 € 2 selected, and V; constructed.
i) Then py,q =argmax, .= A(w, Vy), and V1 = span{V;, Wi(py1)}-

i) Terminate greedy when max,,cz A(p, Vi+1) < €.

iv) Then check if the condition for dimension recovery is satisfied for all u € =;
If not, pick those points as the new greedy points.




Numerical results for the the XXZ model: stage 1

o Recall = (,ul,,ug) ~ [—1, 25] X [O, 35] and A(}I,) — A1 —+ ,LL1A2 — /LQAg - CZLXQL.
o L =14,ie., N =2% =16384, = consisting of 35 x 35 = 1225 Chebyshev nodes, ¢, = 1075.

o Stage 1 yields V., of dimension 265.
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o L =14,i.e., N =2% =16384, = consisting of 35 x 35 = 1225 Chebyshev nodes, ¢, = 1075.

o Stage 1 yields V., of dimension 265.
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Numerical results for the the XXZ model: stage 2

o Recall o = (,ul,,ug) S [—1, 25] X [O, 35] anad A([L) = A + ,ulAz — ,LL2A3 c CZLXZL.
o L =14,ie., N =2% =16384, = consisting of 35 x 35 = 1225 Chebyshev nodes, ¢ = 107°.
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Numerical results for the the XXZ model: stage 2

o Recall o = (,ul,,ug) ~ [—1, 25] X [O, 35] and A(HJ) — A + ,ulAg — M2A3 ~ (CZLXZL.
o L =14,ie., N =2% =16384, = consisting of 35 x 35 = 1225 Chebyshev nodes, ¢ = 107°.

o Stage 2 yields V,, of dimension 134.

e A (45)
= == (IRl ()

(AYB (1) = AB (1)) /4™ (115)
wim i |[Py(p,) — PP(p,)]

Approximation error ||P1(p) — P'°(u)|| over = in log;, scale. Decay of the estimator A(u) with its residual and eigenvalue
Red crosses are the selected interpolation points by the greedy. error components along the iterations



Part 4
Local Taylor RBM / eigenvector continuation

(Local perspective)
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o Let P(uy)hasrankm := my+---+my and project onto the direct sum of eigenspaces Wi @ - - - & Wyg asscociated
to the (distinct) eigenvalues Ay < --- < A of A(pg).

o The total eigenprojector P(u) of the eigenvalue cluster, is an locally analytic function of w:
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o The first idea is to truncate this series expansion:
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Problem setting and idea

o Let P(uy)hasrankm := my+---+my and project onto the direct sum of eigenspaces Wi @ - - - & Wyg asscociated
to the (distinct) eigenvalues Ay < --- < A of A(pg).

o The total eigenprojector P(u) of the eigenvalue cluster, is an locally analytic function of w:

P(r) = > (1 — po)° PP,

BEN?
o Thefirst idea Is to truncate this series expansion:
The Taylor reduced basis space (Taylor-RB space) w.r.t. u, of order ¢ is defined as
mroblems: VP = V(o) = span{ranP® . |8 < ¢} c C".
o P
R ~ Efficient assembly possible?!
 p®) ~» Approximation properties?!

Nonetheless, in ran(P¥(u)), there exists an m-dimensional subspace, whose projector Q) satisfies
IP() — Qui(p)l| = O(Je — o) as e — py.

~ Take span{ran(P®) as the RB space?
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Efficient assembly of Taylor RB-space

Main idea:

o Let P(H,O) — UOUEK) with Uy € C™*™ ONB so that

ran(P (o)) = ran(Up).

o Ansatz: Find thin and analytic K(pu) € C™*™ such that

K(pg) =0 ran(P(p)) =ran(Up + K(p)) for p close to g

o Then {ran(Up),ran(K®)) : |3] < ¢} spans the Taylor-RB space w.r.t. uo of order /.

~ It suffices to compute thin {K®)} 5,4, which can be efficiently done recursively.

ran P(eo)

ran P(u)

ran

ran

K(p)

for p close to uyg




Eigenspace approximation: Local error estimate for the Taylor-RBM

Theorem: (Bounding eigenspace approximation error by eigenspace projection error)
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Eigenspace approximation: Local error estimate for the Taylor-RBM

Theorem: (Bounding eigenspace approximation error by eigenspace projection error)

Let o A be Hermitian.
o P be a projector with m := rank(P) and PA = AP. (Exact eigen-projector)
o I be an arbitrary projector with rank(II) > m. (Projector on RB-subspace)
o P™ a projector onto an m-dimensional subspace of ranII. (RB-projector on eigenspace)

Suppose the eigenvalues of PA|p and (Prb)lHA\(prb)LH do not share the same eigenvalue, i.e.,
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Then, it holds that
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|Pe—P|2 < (14 )ITPy2,

where Res” (A, IT) := ||TIAII"||? is the squared residual of ranII w.r.t. A.
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o A be Hermitian.

o P be a projector with m := rank(P) and PA = AP. (Exact eigen-projector)
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P||: How well is the exact subspace represented in the RB-subspace.

o Stability is provided by the gap v and Res



Eigenspace approximation: Local error estimate for the Taylor-RBM

Theorem: (Bounding eigenspace approximation error by eigenspace projection error)

Let o A be Hermitian.
o P be a projector with m := rank(P) and PA = AP. (Exact eigen-projector)
o I be an arbitrary projector with rank(II) > m. (Projector on RB-subspace)
o P™ a projector onto an m-dimensional subspace of ranII. (RB-projector on eigenspace)

Suppose the eigenvalues of PA|p and (Prb)lHA\(prb)LH do not share the same eigenvalue, i.e.,

= min {\)\ ~A:reo(PAp), A e a((Prb)inA\(Prb)Ln)} > 0.

Then, it holds that
Res®(A, IT)
72

|Pe—P|2 < (14 )ITPy2,

where Res” (A, IT) := ||TIAII"||? is the squared residual of ranII w.r.t. A.

Remark: Note similarity with Cea’s lemma:
o Main driver for approximability || TI-P||: How well is the exact subspace represented in the RB-subspace.
o Stability is provided by the gap v and Res

Remark: Similar results reported in literature (Ovtchinnikov, 20006).



Squaring effect from a projector viewpoint

Lemma: (Squaring effect of Ritz-value difference)

Let o A be Hermitian.
o P be a projector with PA = AP. (Exact eigen-projector)
o P™ be a projector of the same rank as P. (RB-projector on eigenspace)

Then, there holds that
Tr(AP) — Tr(AP™) = Tr(A(l — 2P)(P — P™)?).



Squaring effect from a projector viewpoint

Lemma: (Squaring effect of Ritz-value difference)

Let o A be Hermitian.
o P be a projector with PA = AP. (Exact eigen-projector)
o P™ be a projector of the same rank as P. (RB-projector on eigenspace)

Then, there holds that
Tr(AP) — Tr(AP™) = Tr(A(l — 2P)(P — P™)?).

Remark:

o Related but not similar results found in (Sun, 1991) and (Garrigue/BS, 2024) involving far more advanced concepts.
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o Recall o = (,ul,,ug) S [—1, 25] X [O, 35] anad A([,L) = A + ,u1A2 — M2A3 c (C2LX2L.

o L =15,ie.,n=2"=233768

Very rich behaviors of the Taylor-RB spaces at different parameter points:

Mo = (—170)T Mo = (OaO)T Mo = (17 1)T Ko = (—17 1)T

14 r UB r UB r UB r UB
0 16 10 2 2 1 1 1
1 48 48 4 6 3 3 I 3
2 96 96 6 12 6 6 I 6
3 160 160 8 20 8 10 I 10

Magnetization map of the XXZ chain of length 15

o Targeting the smallest eigenvalue (not counting multiplicities)

o RB-space dimension r depending on truncation order ¢

{42

o UB: theoretical upper bound dimension m - (7

), where m; = 7y—o.
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