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Proper orthogonal 
decomposition (POD)
is a workhorse of 
dimension reduction and 
reduced-order modeling.

But the computational 
cost of generating 
training snapshots is 
often prohibitive.

Motivation
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We draw inspiration from 
multifidelity UQ methods, 
which leverage approximate 
models to reduce the cost 
of sampling.
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Aretz, Gunzburger, 
Morlighem & W. 
Multifidelity UQ for 
ice sheet simulations. 
Computational 
Geosciences, 2025.

Uncertainty in basal friction field

Uncertainty in 
geothermal heat flux

Uncertainty in estimated 
ice thickness

Motivation
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• Consider 𝑚𝑚 snapshots 𝒖𝒖1,𝒖𝒖2, … ,𝒖𝒖𝑚𝑚 ∈ ℝ𝑛𝑛 
(solutions at selected times or parameter values)

• Choose the 𝑟𝑟 basis vectors 𝐕𝐕 = 𝒗𝒗1 𝒗𝒗2  …𝒗𝒗𝑟𝑟
to be left singular vectors of the snapshot matrix, 
with singular values

• This is the optimal projection in a least squares sense:

• Form the snapshot matrix 𝐔𝐔 = 𝒖𝒖1  𝒖𝒖2 … 𝒖𝒖𝑚𝑚  ∈ ℝ𝑛𝑛×𝑚𝑚 

𝜎𝜎1 ≥ 𝜎𝜎2 ≥ ⋯ ≥ 𝜎𝜎𝑟𝑟 ≥ 𝜎𝜎𝑟𝑟+1 ≥ ⋯ ≥ 𝜎𝜎𝑚𝑚 ≥ 0

Proper Orthogonal Decomposition

min
𝐕𝐕⊤𝐕𝐕=𝐈𝐈

�
𝑖𝑖=1

𝑚𝑚

𝒖𝒖𝑖𝑖 − 𝐕𝐕𝐕𝐕⊤𝒖𝒖𝒊𝒊 𝟐𝟐
𝟐𝟐 = �

𝑖𝑖=𝑟𝑟+1

𝑚𝑚

𝜎𝜎𝑖𝑖2
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POD basis vectors are:
• the left singular vectors of the snapshot matrix

 𝐔𝐔 = 𝒖𝒖1  𝒖𝒖2 … 𝒖𝒖𝑚𝑚

• the eigenvectors of 𝐔𝐔𝐔𝐔⊤

• linear combinations of the snapshots:
𝐖𝐖𝐖𝐖, where 𝐖𝐖 are the eigenvectors of 𝐔𝐔⊤𝐔𝐔
 

𝐔𝐔𝐔𝐔⊤ = �
𝑖𝑖=1

𝑚𝑚

𝒖𝒖𝑖𝑖𝒖𝒖𝑖𝑖⊤

𝐔𝐔⊤𝐔𝐔 = �
𝑖𝑖=1

𝑚𝑚

𝒖𝒖𝑖𝑖⊤𝒖𝒖𝑖𝑖

(𝑛𝑛 × 𝑛𝑛)

(𝑚𝑚 × 𝑚𝑚)

Proper Orthogonal Decomposition
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Consider input parameters 𝜃𝜃~𝜇𝜇; draw 𝑚𝑚 i.i.d. samples 𝜃𝜃1,𝜃𝜃2, … ,𝜃𝜃𝑚𝑚

Generate 𝑚𝑚 snapshots 𝑢𝑢0 𝜃𝜃1 ,𝑢𝑢0 𝜃𝜃2 , … ,𝑢𝑢0 𝜃𝜃𝑚𝑚 ; computational cost ctot = 𝑚𝑚𝑐𝑐𝑜𝑜

POD cost function

is Monte Carlo approximation of 

Proper Orthogonal Decomposition

high-fidelity model 𝑓𝑓(0) maps 
parameter 𝜃𝜃 to state 𝑢𝑢0(𝜃𝜃) 
with computational cost 𝑐𝑐0

𝑓𝑓(0)
𝑢𝑢0(𝜃𝜃)𝜃𝜃
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Monte Carlo approximation of

has mean squared error 

Proper Orthogonal Decomposition

𝑓𝑓(0)
𝑢𝑢0(𝜃𝜃)𝜃𝜃

high-fidelity model maps 
parameter 𝜃𝜃 to state 𝑢𝑢0(𝜃𝜃) 
with computational cost 𝑐𝑐0
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𝑓𝑓(0) 𝑦𝑦𝜃𝜃

𝑓𝑓(1) 𝑦𝑦𝜃𝜃

𝑓𝑓(𝐿𝐿) 𝑦𝑦𝜃𝜃

⋮

• model 𝑓𝑓 ℓ  has cost 𝑐𝑐ℓ

• 𝑚𝑚ℓ evaluations for model ℓ, with

𝑚𝑚0 ≤  𝑚𝑚1  ≤  …  ≤ 𝑚𝑚𝐿𝐿

• MFMC estimator of 𝔼𝔼[𝑦𝑦]:

𝑠̂𝑠 =  �𝑦𝑦𝑚𝑚0
(0) +  �

ℓ=1

𝐿𝐿

𝛼𝛼ℓ �𝑦𝑦𝑚𝑚ℓ
(ℓ)  − �𝑦𝑦𝑚𝑚ℓ−1

(ℓ)

MFMC 
estimate for 

the mean

mean estimate using 
𝑚𝑚0 evaluations of 

truth model

mean estimate 
using 𝑚𝑚ℓ 

evaluations of 
modelℓ

mean estimate 
using 𝑚𝑚ℓ−1 

evaluations of 
modelℓ

Ng & W. AIAA 2012, IJNME 2014
Peherstorfer, W, Gunzburger, SISC 2016 

Multifidelity Monte Carlo
Variance reduction via control variates
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MFMC estimator

MFMC estimator is unbiased, even with no error bounds for surrogates: 𝐸𝐸 𝑠̂𝑠 = 𝑠𝑠

MSE is: 

 𝜎𝜎ℓ2 is variance of 𝑓𝑓 ℓ (𝜃𝜃)
 𝜌𝜌ℓ is correlation coefficient between 𝑓𝑓 0 𝜃𝜃  and 𝑓𝑓 ℓ 𝜃𝜃

𝑠̂𝑠 =  �𝑦𝑦𝑚𝑚0
(0) + �

ℓ=1

𝐿𝐿

𝛼𝛼ℓ �𝑦𝑦𝑚𝑚ℓ

(ℓ)  − �𝑦𝑦𝑚𝑚ℓ−1
(ℓ)

MFMC 
estimate for 

the mean

mean estimate using 
𝑚𝑚0 evaluations of 

truth model

mean estimate 
using 𝑚𝑚𝑖𝑖 

evaluations of 
model 𝑖𝑖

mean estimate 
using 𝑚𝑚𝑖𝑖−1 

evaluations of 
model 𝑖𝑖

Var 𝑠̂𝑠 =
𝜎𝜎02

𝑚𝑚0
+ �

ℓ=1

𝐿𝐿
1

𝑚𝑚ℓ−1
 −

1
𝑚𝑚ℓ

𝛼𝛼ℓ2𝜎𝜎ℓ2  − 2𝛼𝛼ℓ𝜌𝜌ℓ𝜎𝜎ℓ𝜎𝜎0

Ng & W. AIAA 2012, IJNME 2014
Peherstorfer, W, Gunzburger, SISC 2016 

Multifidelity Monte Carlo
Variance reduction via control variates
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Multifidelity Monte Carlo
Variance reduction via control variates

Peherstorfer, W, Gunzburger, SISC 2016 

The costs of the MFMC estimator are:

Minimize the MSE of the MFMC estimator for a given computational budget 𝑝𝑝:

min
𝑚𝑚 ∈ ℝ𝐿𝐿+1,𝛼𝛼1,…,𝛼𝛼𝐿𝐿∈ ℝ

s. t.

𝑐𝑐 𝑠̂𝑠 = 𝑝𝑝

Var[𝑠̂𝑠]
 

𝑚𝑚ℓ−1 ≤ 𝑚𝑚ℓ, ℓ = 1, … , 𝐿𝐿
0 ≤ 𝑚𝑚0 

𝑐𝑐tot 𝑠̂𝑠 = 𝑐𝑐𝑇𝑇𝑚𝑚 = 𝑝𝑝 

Optimal control variate coefficients:

Optimal sample sizes:

𝑐𝑐tot 𝑠̂𝑠 =  �
ℓ=0

𝐿𝐿

𝑐𝑐ℓ𝑚𝑚ℓ

𝛼𝛼ℓ∗ = 𝜌𝜌ℓ
𝜎𝜎0
𝜎𝜎ℓ

, ℓ = 1, … , 𝐿𝐿 

𝑚𝑚0
∗ = 𝛾𝛾

𝑐𝑐tot⊤ 𝜂𝜂
,  𝑚𝑚ℓ

∗ = 𝜂𝜂ℓ𝑚𝑚0,  ℓ = 1, … , 𝐿𝐿 

𝜂𝜂ℓ = 𝑐𝑐0 𝜌𝜌ℓ
2−𝜌𝜌ℓ+1

2

𝑐𝑐ℓ 1−𝜌𝜌12
 ℓ = 1, … , 𝐿𝐿 



Let’s come back to POD
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Multifidelity POD
Variance reduction via control variates → lower snapshot cost

Define a statistically unbiased multifidelity cost function

with

Then the mfPOD basis is given by 
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Multifidelity POD
Variance reduction via control variates → lower snapshot cost

𝒥𝒥𝑚𝑚𝑚𝑚 𝑉𝑉,𝛼𝛼

=
1
𝑚𝑚0

�
𝑖𝑖=1

𝑚𝑚0

𝑢𝑢0(𝜃𝜃𝒊𝒊) − Π𝑉𝑉𝑢𝑢0(𝜃𝜃𝒊𝒊) H
2  

+ �
ℓ=1

𝐿𝐿
𝛼𝛼ℓ
𝑚𝑚ℓ

�
𝑖𝑖=1

𝑚𝑚ℓ

𝑢𝑢ℓ(𝜃𝜃𝒊𝒊) − Π𝑉𝑉𝑢𝑢ℓ(𝜃𝜃𝒊𝒊) H
2 −

𝛼𝛼ℓ
𝑚𝑚ℓ−1

�
𝑖𝑖=1

𝑚𝑚ℓ−1

𝑢𝑢ℓ(𝜃𝜃𝒊𝒊) − Π𝑉𝑉𝑢𝑢ℓ(𝜃𝜃𝒊𝒊) H
2

Total sampling cost for 𝒥𝒥𝑚𝑚𝑚𝑚 is �
ℓ=0

𝐿𝐿

𝑚𝑚ℓ𝑐𝑐ℓ
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Multifidelity POD
Variance reduction via control variates → lower snapshot cost

with

choosing

yields
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Multifidelity POD
Theoretical results

• mfPOD correlation operator converges in probability to the POD second moment 
operator in the Hilbert-Schmidt norm. The rate of convergence is inversely 
proportional to the total snapshot sampling cost 𝑐𝑐tot.

• An upper bound for the MSE of the summed mfPOD eigenvalues ∑𝑗𝑗=1𝑟𝑟 𝜆𝜆𝑗𝑗 
approximating ∑𝑗𝑗=1𝑟𝑟 𝜆𝜆𝑗𝑗∗ .

• Under the condition that 𝜆𝜆𝑟𝑟∗ > 𝜆𝜆𝑟𝑟+1∗ , an upper bound for the MSE of the summed 
projection error ∑𝑗𝑗=1𝑟𝑟 𝑣𝑣𝑗𝑗 − Π𝑉𝑉𝑟𝑟∗𝑣𝑣𝑗𝑗 𝐻𝐻

2  of the mfPOD eigenfunctions 𝑣𝑣1, … , 𝑣𝑣𝑟𝑟 onto 
V∗ = span(𝑣𝑣1∗, … , 𝑣𝑣𝑟𝑟∗). 

• Both MSE upper bounds are of order 𝒪𝒪(𝑟𝑟/𝑐𝑐tot), showing that, in the limit of 
arbitrarily large budget, in probability the mfPOD method recovers both the truth 
POD subspace V∗ and its captured energy.
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𝑗𝑗 = 1



Illustrative Example: 1D advection diffusion
High fidelity FEM: 4097 dof

 Low fidelity FEM: 33 dof

𝜃𝜃~𝒰𝒰(1,100)
Reference: 100,000 snapshots𝑢𝑢 0 = 1,𝑢𝑢 1 = 0

−
1
𝜃𝜃
Δ𝑢𝑢 − 𝑢𝑢𝑥𝑥 = 0 on Ω ≔ (0,1)

budget = 10 HF ≡ 5 HF + 620 LFbudget = 5 HF ≡ 2 HF + 248 LF + rem



Illustrative Example: 1D advection diffusion
High fidelity FEM: 4097 dof

 Low fidelity FEM: 33 dof

𝜃𝜃~𝒰𝒰(1,100)
Reference: 100,000 snapshots𝑢𝑢 0 = 1,𝑢𝑢 1 = 0

budget = 5 HF ≡ 2 HF + 248 LF ≡ 620 LF budget = 10 HF ≡ 5 HF + 620 LF ≡ 1240 LF

−
1
𝜃𝜃
Δ𝑢𝑢 − 𝑢𝑢𝑥𝑥 = 0 on Ω ≔ (0,1)



Illustrative Example: 1D advection diffusion



High-fidelity: Higher-order (HO) model

where the strain rates are given by

and the basal boundary conditions are

Uncertain basal friction field 𝛽𝛽: 

Example: Ice sheet dynamics of Pine Island Glacier
using the Ice-sheet and Sea-level System Model (ISSM)

spatial discretization: 
10,350 dof in each layer
x 10 vertical layers

𝜃𝜃 ∶= log𝛽𝛽 ∼ 𝒩𝒩(log(𝛽𝛽0),𝐶𝐶)
(discretized dimension 10,350)



spatial discretization: 
10,350 dof

Example: Ice sheet dynamics of Pine Island Glacier
using the Ice-sheet and Sea-level System Model (ISSM)

Low-fidelity: Shallow shelf approximation (SSA) for
depth-averaged velocity components

Uncertain basal friction field 𝛽𝛽 appears as a forcing term
in SSA governing equations

Low-fidelity model is worst case 72x faster to solve than
high-fidelity model (average speedup 102x)

Reference POD basis computed using 10,000 high-fidelity snapshots



Example: Ice sheet dynamics of Pine Island Glacier
using the Ice-sheet and Sea-level System Model (ISSM)

𝑚𝑚0 = 2
𝑚𝑚1 = 216

𝑚𝑚0 = 4
𝑚𝑚1 = 432

𝑚𝑚0 = 5

𝑚𝑚0 =10



Example: Ice sheet dynamics of Pine Island Glacier
using the Ice-sheet and Sea-level System Model (ISSM)

𝑚𝑚0 = 2
𝑚𝑚1 = 216

𝑚𝑚0 = 4
𝑚𝑚1 = 432

𝑚𝑚0 = 5

𝑚𝑚0 =10

𝑚𝑚1 = 360

𝑚𝑚1 =720



Example: Ice sheet dynamics of Pine Island Glacier
using the Ice-sheet and Sea-level System Model (ISSM)

Depth-averaged velocity fields of POD mode 3

referencemultifidelityhigh-fidelitylow-fidelity



• Multifidelity POD addresses the expense of generating training data.

• It has the potential provide orders of magnitude in computational speedups 
together with theoretical guarantees of accuracy.

• Open questions: optimal sample allocation and control variate coefficients.

• We have derived theory for the parametric sampling case; current work is 
considering the time-dependent case.

Summary

2525

Aretz, N. and Willcox, K.
Multifidelity proper orthogonal decomposition 
arXiv:2605.29213, 2026
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