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Motivation

Goal: Discovering Low-Dimensional Structure

Goal: Approximate the set

M :“ tupµq P V : upµq solves PDE dependent on µ P Pu,
where

§ P: set of admissible parameters.
§ V : Hilbert space.
§ P Ă RP : introduce probability space pP,F , ρq.
§ P potentially infinite dimensional: We write upY q, where Y : Ω Ñ P

random variable with values in P for probability space pΩ,F , ρq.
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Goal: Approximate the set

M :“ tupµq P V : upµq solves PDE dependent on µ P Pu,
where

§ P: set of admissible parameters.
§ V : Hilbert space.
§ P Ă RP : introduce probability space pP,F , ρq.
§ P potentially infinite dimensional: We write upY q, where Y : Ω Ñ P

random variable with values in P for probability space pΩ,F , ρq.

Challenge: Curse of dimensionality [Bellman 57, 61]: The
cardinality of the set Ptrain, which is used for calcula-
tions typically scales exponentially with the dimension
of P.
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Motivation

Goal: Discovering Low-Dimensional Structure

Goal: Approximate the set

M :“ tupµq P V : upµq solves PDE dependent on µ P Pu,
where

§ P: set of admissible parameters.
§ V : Hilbert space.
§ P Ă RP : introduce probability space pP,F , ρq.
§ P potentially infinite dimensional: We write upY q, where Y : Ω Ñ P

random variable with values in P for probability space pΩ,F , ρq.

Idea: Exploit that many quantities we are interested in behave like sub-
Gaussian random variables - e.g., bounded random variables are
sub-Gaussian random variables. Yields concentration properties
that remain effective in high-dimensional settings.
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Non-asymptotic bounds for POD/PCA

Outline

§ Motivation

§ Non-asymptotic bounds for Proper Orthogonal Decomposition
(POD)/ Principal Component Analysis (PCA)

§ Optimal sampling

§ Randomized Greedy algorithm

Marissa Whitby Zhiyu Yin Tommaso Taddei

(PhD Student at Stevens) (former Master student at Stevens) (Sapienza Università di Roma)
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Non-asymptotic bounds for POD/PCA POD/PCA in a nutshell

POD/PCA: The Optimal Approximation Space

§ We seek an n-dimensional space Vn Ă V minimizing

min
dimpVnq“n

E
”

}upY q ´ PVnupY q}
2
V

ı

.

§ Define the covariance operator

Σ “ E
´

upY q b upY q
¯

.

§ Then Vn “ spantϕ1, . . . , ϕnu, where ϕj are eigenfunctions of

Σϕj “ λjϕj , λ1 ě λ2 ě ¨ ¨ ¨ .

§ Optimal POD error:

E
”

}upY q ´ PVnupY q}
2
V

ı

“
ÿ

jąn

λj .

References: [Pearson 1901], [Jolliffe 02], [Kahlbacher, Volkwein 07], [Holmes et al 12],
...
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Non-asymptotic bounds for POD/PCA POD/PCA in a nutshell

The Monte Carlo Approximation

§ Challenge: Computing the covariance operator is usually infeasible due
to expectation.

ùñ Build Monte Carlo approximation from snapshots upY1q, . . . , upYmq:

pΣ “
1
m

m
ÿ

i“1

upYi q b upYi q.

§ Then pVn “ spantpϕ1, . . . , pϕnu, where pϕj are eigenfunctions of

pΣpϕj “ pλj pϕj , pλ1 ě pλ2 ě ¨ ¨ ¨ .

§ Empirical POD error:

E
”

}upY q ´ P
pVn
upY q}2V

ı

.

How many snapshots do we need to get a small empirical POD/PCA error?
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Non-asymptotic bounds for POD/PCA Non-asymptotic bounds for POD/PCA

Theorem 1 (Non-asymptotic bounds for POD/PCA in expectation)

Assume: upY q is bounded random variable with values in V . There exists
c1 ą 0 such that c1pλn ´ λNV

q ď pλn ´ λn`1q and

1 ě
4}upY q}L8pΩ,V q

?
λn

?
mpλn ´ λn`1q

`
4}upY q}2L8pΩ,V q
mpλn ´ λn`1q

.

Then it follows that

E

«

E
”

}upY q ´ P
pVn
upY q}2V

ı

ff

ď

«

16}upY q}2L8pΩ,V q
mpλn ´ λn`1qc1

` 1

ff

ÿ

jąn

λj

` Concentration term.

§ Neglected eigenvalues are mulitplied with inverse of number
of samples. ùñ Can benefit from rapid eigenvalue decay.

§ No dependence on dimension of parameter space!
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Non-asymptotic bounds for POD/PCA Non-asymptotic bounds for POD/PCA

Bound for fixed spectral gap or polynomial eigenvalue decay

§ Fixed spectral gap: The bound simplifies to

E

«

E
”

}upY q ´ P
pVn
upY q}2

ı

ff

À Cgap

˜

„

1`
1
m



ÿ

jąn

λj `

«

n2

m
` n

ÿ

kąn

λk

λn`1

ff

e´cgapm

¸

§ Polynomial eigenvalue decay: For λn “ n´α and m „ nα, the bound
simplifies to

E

«

E
”

}upY q ´ P
pVn
upY q}2

ı

ff

À Cn

˜

„

1`
1
m



ÿ

jąn

λj `

„

n `
n2´

α
2

?
m
`

n2

m



e´cnm

¸

.

Remark: n2 and n2´α
2 terms are likely pessimistic
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Non-asymptotic bounds for POD/PCA Non-asymptotic bounds for POD/PCA

How do the results advance the state of the art

§ Closest non-asymptotic result for bounded random variables
[Holodnak, Ipsen, Smith 18]: Number of samples needs to go like
1{ε2, where

ε is the target relative error in the approximation of the covariance
matrix.
The approximation error of the covariance matrix must be smaller than
the spectral gap in order to reliably identify the dominant eigenspace.

§ [Reiss, Wahl 20]: Paper requires that sub-Gaussian norm of random
variable pupY q, vqV is bounded by its variance for all v P V :

sup
kě1

1
?
k
E
”

|pupY q, vqV |
k
ı1{k

ď C1E
“

pupY q, vq2V
‰1{2

.

This assumption is often difficult to verify and does not necessarily
hold for bounded random variables (counter example!).
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Non-asymptotic bounds for POD/PCA Non-asymptotic bounds for POD/PCA

How do the results advance the state of the art

§ Closest non-asymptotic result for bounded random variables
[Holodnak, Ipsen, Smith 18]: Number of samples needs to go like
1{ε2, where

ε is the target relative error in the approximation of the covariance
matrix.
The approximation error of the covariance matrix must be smaller than
the spectral gap in order to reliably identify the dominant eigenspace.

§ [Reiss, Wahl 20]: In numerical experiment we want to look at the POD
eigenmodes (here variance goes to zero as eigenvalues go to zero):

sup
kě1

1
?
k
}pupY q, vqV }L8pΩq

?
ď C1E

“

pupY q, vq2V
‰1{2

.

Potentially difficult for POD modes corresponding to small eigenvalues
that correspond to solution features active on small subsets of P.
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Non-asymptotic bounds for POD/PCA Numerical results

Numerical results: Parametric nonlinear diffusion
´ divpdµpupx ;µqq∇upx ;µqq “ 0 in D,

upx ;µq “ µ2 on BD,

dµpupx ;µqq :“
upµq2p1´ upµqq2

pupµq3 ` 1
3 p1´ upµqq3q2

` 0.1` 105
1tµ1ą0.99ukpxq,

where: kpxq high conductivity channels, µ1 „ Unif p0, 1q, µ2 interpolates with
high probability function in H1 on boundary

Figure: maxi pupµi q, pϕnqV?
p1{mq

řm
i“1pupµi q, pϕnq

2
V

POD mode associated with max
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Numerical results: Parametric nonlinear diffusion
´ divpdµpupx ;µqq∇upx ;µqq “ 0 in D,

upx ;µq “ µ2 on BD,

dµpupx ;µqq :“
upµq2p1´ upµqq2

pupµq3 ` 1
3 p1´ upµqq3q2

` 0.1` 105
1tµ1ą0.99ukpxq,

where: kpxq high conductivity channels, µ1 „ Unif p0, 1q, µ2 interpolates with
high probability function in H1 on boundary

Figure: 1
m

řm
i“1 }upµi q ´ P

pVn
upµi q}

2
V

pλn
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Non-asymptotic bounds for POD/PCA Numerical results

Where are we?

POD:
§ For many problems a modest number of samples is sufficient to get an

accurate approximation independently of the dimension of the
parameter space.

§ Numerical experiments suggest that assumptions in current
non-asymptotic PCA/POD theory may be restrictive for parametric
PDEs. Low-energy POD modes can correspond to solution features
activated only on small subsets of parameter space, highlighting the
relevance of our results.
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Non-asymptotic bounds for POD/PCA Numerical results

Where are we?

POD:
§ For many problems a modest number of samples is sufficient to get an

accurate approximation independently of the dimension of the
parameter space.

§ Numerical experiments suggest that assumptions in current
non-asymptotic PCA/POD theory may be restrictive for parametric
PDEs. Low-energy POD modes can correspond to solution features
activated only on small subsets of parameter space, highlighting the
relevance of our results.

How can we improve:
§ Exploit structure of problem

§ Sampling strategy
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Optimal Sampling

Outline

§ Motivation

§ Non-asymptotic bounds for POD/PCA

§ Optimal sampling

§ Randomized Greedy algorithm
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Optimal Sampling

Selecting Informative Parameters = Column Subset Selection

§ M “ tupµq : µ P Pu ; M “
“

upµ1q ¨ ¨ ¨ upµNq
‰

§ Equivalent problem: Find subset of columns C “ rupµ1q ¨ ¨ ¨ upµmqs

such that }M ´ CC :M}F is small with high probability (C ::
Moore-Penrose inverse).

M “

upµi q upµjq

µ

§ What are good strategies for column subset selection?
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Optimal Sampling

Why Uniform Sampling Can Fail

Uniform sampling: Choose parameters µ1, . . . , µm independently and
uniformly at random.

M “

upµ‹q

0 0 0 0 0 0 0 0 0 0 0 0 0 0

µ

Worst-case scenario: The information relevant for approximation is highly
localized: it is concentrated in a small subset of the parameter space and,
equivalently, in only a few columns of the matrix.
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Optimal Sampling

Why Uniform Sampling Can Fail

Uniform sampling: Choose parameters µ1, . . . , µm independently and
uniformly at random.

M “

upµ‹q

0 0 0 0 0 0 0 0 0 0 0 0 0 0

µ

How can we identify the informative regions of the parameter space?

K Smetana (ksmetana@stevens.edu) Certified Randomized MOR Methods June 24, 2026 12 / 23



Optimal Sampling

Squared norm sampling

Squared norm sampling: Select the parameter/column with index i with
probability pi “ }Mr:, is}

2
2{p

řN
j“1 }Mr:, is}

2
2q.

Figure: Examples adapted from [Schleuß, ter Maat, KS, SISC, 23]

Challenges: Data that has values on smaller scales (right example). Highly
localized information can be still an issue.
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Optimal Sampling

Squared norm sampling

Squared norm sampling: Select the parameter/column with index i with
probability pi “ }Mr:, is}

2
2{p

řN
j“1 }Mr:, is}

2
2q.

Figure: Examples adapted from [Schleuß, ter Maat, KS, SISC, 23]

How can we sample properly from areas that are important for
approximation?
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Optimal Sampling

Leverage score sampling

Leverage score sampling: Select the parameter/column with index i with
probability pi “ p1{nq

řn
j“1 vj ris, where v1, . . . , vn are the leading n right

singular vectors of M.

Figure: Examples adapted from [Schleuß, ter Maat, KS, SISC, 23]

Leverage score sampling chooses columns which have a large influence
on the best rank-n fit of M.
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Optimal Sampling

Leverage score sampling

Leverage score sampling: Select the parameter/column with index i with
probability pi “ p1{nq

řn
j“1 vj ris, where v1, . . . , vn are the leading n right

singular vectors of M.

Leverage score sampling yields an approximation which is, with high
probability, within a factor 1` ε of the best rank-n approximation:

Theorem 2 ((Drineas, Mahoney, Muthukrishnan, SIMAX, 2018))

Let ε P p0, 1s and m P Opn2{ε2q. Then with high probability there holds

}M ´ CC :M}F ď p1` εq}M ´Mn}F ,

where Mn: best rank-n approximation to M.
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Optimal Sampling

From Informative Columns to Informative Parameters
Discrete setting

§ M “
“

upµ1q ¨ ¨ ¨ upµMq
‰

Continuous setting

§ M “ tupµq : µ P Pu

Approximation space: Un “ spantφ1, . . . , φnu with tφiui orthogonal

§ Leverage scores:

`i “
1
n

n
ÿ

k“1

|φkpµi q|
2

}φk}22

§ Leverage score distribution

pi “ `i

§ Christoffel function:

Cnpµq “
n
ÿ

k“1

|φkpµq|
2

ş

P |φk |
2 dρ

§ Christoffel measure:

dνn
dρ
pµq :“ Cnpµq

Christoffel sampling is the natural continuous analogue of leverage-score
sampling and thus quantifies approximation relevance.
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Optimal Sampling

From Informative Columns to Informative Parameters
Discrete setting

§ M “
“

upµ1q ¨ ¨ ¨ upµMq
‰

Continuous setting

§ M “ tupµq : µ P Pu

Approximation space: Un “ spantφ1, . . . , φnu with tφiui orthogonal

§ Leverage scores:

`i “
1
n

n
ÿ

k“1

|φkpµi q|
2

}φk}22

§ Leverage score distribution

pi “ `i

§ Christoffel function:

Cnpµq “
n
ÿ

k“1

|φkpµq|
2

ş

P |φk |
2 dρ

§ Christoffel measure:

dνn
dρ
pµq :“ Cnpµq

Results by Cohen, Dolbeault, Migliorati, Narayan and Xu show that
Christoffel sampling performs well in detecting large valuesÑ Christoffel
sampling is also great for certification.
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Randomized Greedy algorithm

Outline

§ Motivation

§ Non-asymptotic bounds for POD/PCA

§ Optimal sampling

§ Randomized Greedy algorithm

Charles Beall (Stevens)
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Randomized Greedy algorithm A randomized Greedy algorithm

A randomized Greedy algorithm

§ Input: Finite probability measure ρ, Error tolerance tol

§ In each iteration
1 Draw mn independent samples µ1, . . . , µmn from the measure

dνn
dρ
pµq :“ Cnpµq

2 Enrich Vn with the solution upµ˚q, where

µ˚ “ arg max
µjPtµ1,...,µmn u

}upµjq´unpµjq}V , unpµq P Vn approximates upµq

§ Terminate if }upµ˚q ´ unpµ
˚q}V ď tol .

Cn : P Ñ Rě0 denotes the modified Christoffel function

Cnpµq :“
1
2

˜

1`
}upµq ´ unpµq}

2
V

}u ´ un}2L2
ρpP,V q

¸

, µ P P, (1)

Assume that the PDE is stable for ρ-almost every parameter.
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Randomized Greedy algorithm A randomized Greedy algorithm

A randomized Greedy algorithm

§ Input: Finite probability measure ρ, Error tolerance tol

§ In each iteration
1 Draw mn independent samples µ1, . . . , µmn from the measure

dνn
dρ
pµq :“ Cnpµq

2 Enrich Vn with the solution upµ˚q, where

µ˚ “ arg max
µjPtµ1,...,µmn u

}upµjq´unpµjq}V , unpµq P Vn approximates upµq

§ Terminate if }upµ˚q ´ unpµ
˚q}V ď tol .

Challenges:
§ L2pP,V q´norm: Replace by estimator 1

mL2

řmL2
j“1 }upµjq ´ unpµjq}

2
V to

get a practical algorithm. By Hoeffding’s inequality, the practical
algorithm enjoys essentially the same theoretical guarantees.

§ Sampling: Slice sampling [Neal 03] worked well for us so far.
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Randomized Greedy algorithm A randomized Greedy algorithm

A randomized Greedy algorithm

§ Input: Finite probability measure ρ, Error tolerance tol

§ In each iteration
1 Draw mn independent samples µ1, . . . , µmn from the measure

dνn
dρ
pµq :“ Cnpµq

2 Enrich Vn with the solution upµ˚q, where

µ˚ “ arg max
µjPtµ1,...,µmn u

}upµjq´unpµjq}V , unpµq P Vn approximates upµq

§ Terminate if }upµ˚q ´ unpµ
˚q}V ď tol .

The error }upµq´unpµq}V can be replaced an a posteriori error estimator
(often more cost efficient).
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Randomized Greedy algorithm Certification over P

Theorem 3 (Per-iteration certification)

pP,F , ρq: probability space, with P Ď RP , P ě 1.
ρ and Lebesgue measure are equivalent, i.e. every set of positive ρ-measure
also has positive Lebesgue measure.
Draw mn P N i.i.d. samples µ1, . . . , µmn P P according to νn, where

mn ě
2
α2
n

ln

ˆ

2
δn

˙

, for given αn, δn P p0, 1q. (1)

Then, with probability at least 1´ δn, we have

}u ´ un}L8ρ pP,V q ď

d

4 }Cn}L8ρ pPq
1´ αn

max
1ďiďmn

}upµi q ´ unpµi q}V . (2)

We can bound the error over the whole parameter set by the max
over few samples!

K Smetana (ksmetana@stevens.edu) Certified Randomized MOR Methods June 24, 2026 17 / 23



Randomized Greedy algorithm Certification over P

Theorem 3 (Per-iteration certification)

pP,F , ρq: probability space, with P Ď RP , P ě 1.
ρ and Lebesgue measure are equivalent, i.e. every set of positive ρ-measure
also has positive Lebesgue measure.
Draw mn P N i.i.d. samples µ1, . . . , µmn P P according to νn, where

mn ě
2
α2
n

ln

ˆ

2
δn

˙

, for given αn, δn P p0, 1q. (1)

Then, with probability at least 1´ δn, we have

}u ´ un}L8ρ pP,V q ď

d

4 }Cn}L8ρ pPq
1´ αn

max
1ďiďmn

}upµi q ´ unpµi q}V . (2)

Union bound ñ If the algorithm reaches tol with output VN , the
approximation is certified for ρ-almost every parameter µ P P with
high probability.
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Randomized Greedy algorithm Certification over P

Estimating }Cn}L8ρ pPq

§ Observation: For considered numerical test cases }Cn}L8ρ pPq did not
contribute to the convergence rate.

ùñ It might often not be necessary to get an accurate estimate.

§ Exploit that we sample from areas with high Cn with high probability:

Consider set Gn :“ tµ P P : SnpCnpµq ´ EρrCnsq ě }Cn}L8ρ pPqu, where
Sn safety factor, EρrCns “ 1.
Use estimator Sn pmax1ďjďmest Cnpµjq ´ 1q
We obtain for the Christoffel measure νn that

νnpno draw belongs to Gnq ď

˜

1
2
`
pS´1

n }Cn}L8ρ pPq ` 1q2

}Cn}L8ρ pPq

¸mest

.

ùñ Very high values will only appear on sets of small measure.
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Randomized Greedy algorithm Randomized Greedy converges quasi-optimally

Randomized greedy yields a quasi-optimally converging approximation

§ In each iteration the randomized Greedy selects a near maximizing
parameter with high probability:

}u ´ un}L8ρ pP,V q ď

d

4 }Cn}L8ρ pPq
1´ αn

max
1ďiďmn

}upµi q ´ unpµi q}V .

§ The (deterministic) Greedy algorithm [Veroy, Prud’Homme, Rovas, Patera
03] selects the global maximizer in each iteration.

ùñ Thanks to results in [DeVore, Petrova, Wojtaszczyk 13] for the
(deterministic) Greedy algorithm, we conclude that the approximation
constructed by the randomized Greedy algorithm converges at a
quasi-optimal rate (slightly worse than the Kolmogorov n-width) with
high probability.
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Randomized Greedy algorithm Randomized Greedy converges quasi-optimally

Relation to existing approaches

§ Randomized Greedy for model order reduction [Cohen et al.
ESAIM: M2AN ’20], [Billaud-Friess et al. Adv. Comput. Math. ’24],
[Nielen, Tse 26]

§ Adaptive updates/partitioning of the training set: [Sen Numer.
Heat Transfr. B: Fundam. ’08], [Eftang, Patera, Rønquist, SIAM J.
Sci. Comput. ’09], [Haasdonk, Dihlmann, Ohlberger Math. Comput.
Model. Dyn. Syst. ’11], [Eftang, Stamm Int. J. Numer. Methods
Eng. ’12], [Hesthaven, Stamm, Zhang ESAIM: M2AN ’14], [Jiang,
Chen, Narayan J. Sci. Comput. ’17], [Jiang, Chen Int. J. Numer.
Methods Eng. ’20], [Nielen, Tse, Veroy-Grepl SISC 25]

§ Nonlinear optimization-based approach: [Urban, Volkwein, Zeeb,
ROM for Modeling & Comput. Reduction ’14]

§ Low-rank tensor approaches: [Khoromskij, Schwab SIAM J. Sci.
Comput. ’11], [Ballani, Kressner SIAM J. Sci. Comput. ’16], work by
R. Scheichl, A. Nouy, M. Olshanskii, . . .
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Randomized Greedy algorithm Numerical results

Multiparametric Helmholtz problem1

Given µ “ pµ1, µ2q P P “ r0.2, 1.2s ˆ r10, 50s, find upµq such that

´
B
2upµq

Bx2
´ µ1

B
2upµq

By2
´ µ2u “ f px , yq in D “ p0, 1q2,

upµq “ 0 on p0, 1q ˆ t0u,

Bupµq

By
“ cospπxq on p0, 1q ˆ t1u,

Bupµq

Bx
“ 0 on t0, 1u ˆ p0, 1q.
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1see [KS, Zahm, Patera 19] and [Huynh et al. 10]
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Randomized Greedy algorithm Numerical results

Convergence results

Figure: 40 samples per iteration, cardinality of training set for deterministic
Greedy algorithm: 1200, maximum of error estimated on set of 22, 500 samples.
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Summary

Summary

§ Goal: Approximate M :“ tupµq : upµq solves PDE dependent on µ P Pu
§ Idea: Exploit that under mild conditions many quantities we are

interested in behave like sub-Gaussian random variables.
§ POD: For many problems a modest number of samples is sufficient to

get an accurate approximation independently of the dimension of the
parameter space.

§ Data dependent sampling strategies are well-suited to sample form
areas of the parameter set that are relevant for approximation.

§ Randomized Greedy algorithm provides certified and quasi-optimally
converging reduced approximations for almost every µ P P by relying
on a measure that ensures sampling from areas with high
approximation error.

Thank you very much for your attention!
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Appendix Non-asymptotic bounds for POD/PCA

Theorem 4 (Non-asymptotic bounds for POD/PCA)

Assume: upY q is bounded random variable with values in Hilbert space V
of dimension NV . There exists c1 ą 0 such that
c1pλn ´ λNV

q ď pλn ´ λn`1q and

1 ě
4}upY q}L8pΩ,Hq

?
λn

?
Mpλn ´ λn`1q

`
4}upY q}2L8pΩ,Hq
Mpλn ´ λn`1q

.

Then it follows that

E
”

E
”

}upY q ´ PĤn
upY q}2H

ıı

ď c´11

¨

˝

16}upY q}2L8
Mpλn ´ λn`1q

ÿ

jąn

λj

`8
ÿ

jďn

pλj ´ λn`1q
ÿ

kąn

λk

λn`1
exp

˜

´
M

4
min

˜

pλj ´ λn`1q
2

4}upY q}2
L8pΩ,Hq

λn`1
,
pλj ´ λn`1q

2}upY q}2
L8pΩ,Hq

¸¸

`
32}upY q}2L8

M

n
ÿ

i“1

λn`1´i pλn ´ λn`1q

pλn`1´i ´ λn`1qλn

¨

˝

?
6
ÿ

jďn

λj

pλj ´ λn`1q
`
?

8
ÿ

jďn

}upY q}L8
a

λj
?
Mpλj ´ λn`1q

˛

‚

¨ exp

˜

´M
pλn ´ λn`1q2

64λn}upY q}2L8

¸¸

`
ÿ

jąn

λj

K Smetana (ksmetana@stevens.edu) Certified Randomized MOR Methods June 24, 2026 23 / 23



Appendix Randomized Greedy algorithm

Sketch of proof of theorem

Part I. Establish Marcinkiewicz-Zygmund (MZ) inequalities in L2
νpPq:

1 We introduce the weighted estimator

1
m

m
ÿ

j“1

1
Cpµjq

φ2pµjq, µj
i.i.d.
„ ν, φ P spantEu, Epµq “ }upµq ´ unpµq}V .

2 Hoeffding’s inequality for bounded random variables (see e.g.,
[Vershynin 18]) yields:

Pν

˜
ˇ

ˇ

ˇ

ˇ

ˇ

1
m

m
ÿ

j“1

1
Cpµjq

φ2pµjq ´ }φ}
2
L2
ρpPq

ˇ

ˇ

ˇ

ˇ

ˇ

ě α

¸

ď 2 exp

"

´
Mα2

2

*

.

and thus MZ inequalities with probability at least 1´ δ,
δ “ 2 exp

!

´Mα2

2

)

:

p1´ αq}φ}2L2
ρpPq ď

1
m

m
ÿ

j“1

1
Cpµjq

φ2pµjq ď p1` αq}φ}2L2
ρpPq. (3)
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Appendix Randomized Greedy algorithm

Sketch of proof of theorem

Part II. Lift Marcinkiewicz-Zygmund inequalities from L2
ρpPq to L8ρ pPq:

1 The definition of C gives the key inequality (see also e.g., [Xu, Narayan
23]):

}EC´1{2}2L8ρ pPq ď 2}EC´1{2}2L2
νpPq. (4)

2 Applying Marcinkiewicz-Zygmund inequalities in L2
νpPq for E gives:

1
}C}L8ρ pPq

}E}2L8ρ pPq ď }EC
´1{2}2L8ρ pPq

(4)
ď 2}EC´1{2}2L2

νpPq “ 2}E}2L2
ρpPq

MZ
ď

2
mp1´ αq

m
ÿ

j“1

|EC´1{2pµjq|
2 ď

4
1´ α

"

max
1ďjďm

Epµjq

*2

.

References: Part I makes use of classical arguments in sampling discretization theory
(e.g., [Cohen, Migliorati 17])
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Appendix Randomized Greedy algorithm

Multiparametric Helmholtz problem2

Given µ “ pµ1, µ2q P P “ r0.2, 1.2s ˆ r10, 50s, find upµq such that

´
B
2upµq

Bx2
´ µ1

B
2upµq

By2
´ µ2u “ f px , yq in D “ p0, 1q2,

upµq “ 0 on p0, 1q ˆ t0u,

Bupµq

By
“ cospπxq on p0, 1q ˆ t1u,

Bupµq

Bx
“ 0 on t0, 1u ˆ p0, 1q.
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2see [KS, Zahm, Patera 19] and [Huynh et al. 10]
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Appendix Randomized Greedy algorithm

Convergence results
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Appendix Randomized Greedy algorithm

Parameters selected by the randomized Greedy

Figure: blue: randomized Greedy; red: deterministic Greedy.
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Appendix Randomized Greedy algorithm

Evolution of the Christoffel function

Figure: Christoffel function in iteration 5, 10, 20, 27 (top-bottom; left-right)
estimated on a uniform grid from 22, 500 samples
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