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Evolution problem

Consider an evolution problem

∂tu(t) = f (u(t)) , u(t) ∈ H ,

with solution function u(t) = u(t, ·) : Ω → R

Trial set (manifold) V ⊂ H: Given û(0) ∈ V, seek
a curve t 7→ û(t) ∈ V that is close to the solution
trajectory t 7→ u(t) ∈ H

• Time derivatives of curves passing through
û(t) ∈ V are in tangent space Tû(t)V

• Full evolution prescribes the velocity f (û(t)),
which is not necessarily in Tû(t)V

û(t)

tangent space Tû(t)V

V
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Dirac-Frenkel variational principle
Dirac-Frenkel variational principle: Determine time derivative (velocity) of û(t) ∈ V at time t as

∂t û(t) ∈ Tû(t)V , ⟨z , ∂t û(t)− f (û(t))⟩ = 0 , ∀z ∈ Tû(t)V .
[Dirac, 1930], [Frenkel, 1934], [McLachlan, 1964], [Lubich, 2008]

Analogous formulation via least-squares prob-
lem: Set time derivative to

∂t û(t) = arg minv∈Tû(t)V ∥v − f (û(t))∥2

Widely used in model reduction [Lee,
Carlberg, 2020], [Black, Schulze, Unger, 2020], [Du,
Zaki, 2021], [Anderson, Farazmand, 2022], [Bruna,
Vanden-Eijnden, P., 2022], [Kim et al., 2022], [Berman,
P., 2023], [Buchfink, Glas, Haasdonk, 2023], [Romor,
Stabile, Rozza, 2023], [Kast, Hesthaven, 2024],
[Buchfink, Glas, Haasdonk, Unger, 2024], [Aghili,
Atokple, Billaud-Friess, Garnier, Mula, Tognon, 2024],
[Sharma et al., 2025], [Weder et al., 2025], [Bon, Caris,
Mula, 2026], . . .

Survey: [Hesthaven, P., Unger, Acta Numerica, 2026].

û(t)

∂t û(t)

f (û(t))

Tû(t)V

V
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Parametric representation of approximation manifolds

Parametrization with decoder Φ : Θ → H,

û(θ) = Φ(θ) , θ ∈ Θ ⊆ Rp ,

which maps a p-dimensional parameter vector θ onto an element of V ⊂ H

• Neural networks [Lee, Carlberg, 2020], [Fresca, Dede, Manzoni, 2020], [Bruna, P., Vanden-Eijnden, 2022], [Kim et al., 2022], [Barnett,

Farhat, Maday, 2023], [Romor, Stabile, Rozza, 2023], [Buchfink, Glas, Haasdonk, 2023], [Berman, P., 2024], [Bon, Caris, Mula, 2026], ...

• Quadratic manifolds and other fixed feature map representations [Jain, Tiso, Rutzmoser, Rixen, 2017], [Geelen,

Wright, Willcox, 2022], [Barnett, Farhat, 2022], [Cohen, Farhat, Somacal, Maday, 2023], [Benner, Goyal, Heiland, Duff, 2023], [Sharma, Mu,

Buchfink, Geelen, Glas, Kramer, 2023], [Ballout, Maday, Prud’homme, 2024], [Goyal, Benner, 2024], [Schwerdtner, P., 2024], [Weder et al., 2025],

[Aghili, Ballout, Maday, Prud’Homme, 2026], ...

Parametrization induces the set
V = {Φ(θ) | θ ∈ Θ} ⊆ H

of functions that can be represented with a parameter vector θ ∈ Θ.
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Parameter dynamics imposed by Dirac-Frenkel
Represent time-dependent function û(t) ∈ V with time-dependent parameter θ(t) ∈ Θ ⊆ Rp,

û(t) = û(θ(t)) = Φ(θ(t))

Correspondingly have time derivative (parameter velocity) θ̇(t) ∈ Rp of the parameter vector

∂t û(θ(t)) = J(θ(t))θ̇(t)

with the Jacobian

J(θ)w =

p∑
i=1

wi∂θiΦ(θ) , ∇θΦ(θ) =
[
∂θ1Φ(θ) . . . ∂θpΦ(θ)

]⊤
Plug into Dirac-Frenkel least-squares problem: Determine parameter time derivative θ̇(t) as

θ̇(t) ∈ arg minη(t)∈Rp ∥ J(θ(t))η(t)︸ ︷︷ ︸
∂t û(t)

−f (û(θ(t)))∥2

Tangent space collapse: Parameter velocity θ̇(t) not unique if η 7→ J(θ)η has non-trivial kernel
[Kay, 1989], [Lubich, 2005], [Berman, P., 2023], [Zhang, Chen, Vanden-Eijnden, P., 2024], [Buchfink, Glas, Haasdonk, Unger, 2024]
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∂t û(t)
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Example: Colliding waves

Two waves ψ approach each other, collide, separate

ψ(x ;µ) = exp(− 1
2 (x − µ)2)

Parametrization with θ ∈ R4 as

û(1)(θ, x) = ψ(x ; θ1) + ψ(x ; θ2),

û(2)(θ, x) = c ∂µψ(x ; θ3)− c ∂µψ(x ; θ4).

At collision θ1(t) = θ2(t), leads to collapse

∂θ1 û
(1)(θ, ·) = ∂θ2 û

(1)(θ, ·).

Minimal-norm Dirac-Frenkel selects velocity orthogo-
nal to kernel of η 7→ J(θ)η, and so cannot separate
waves because separating direction is in kernel

[1,−1, 0, 0]⊤ ∈ ker(η 7→ J(θ)η)
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Avoiding non-unique parameter velocities
Regularization (e.g., minimal-norm, Tikhonov, truncated SVD)

• Du, Zaki, 2021; Anderson, Farazmand, 2022; Bruna, P., Vanden-Eijnden, 2022

• Feischl, Lasser, Lubich, Nick, 2024

• Lubich, Nick, 2025

• Bon, Caris, Mula, 2026, ...

Parametrizations with full rank map
• Sharma, Mu, Buchfink, Geelen, Glas, Kramer, 2023

• Buchfink, Glas, Haasdonk, Unger, 2024

• Weder, Schwerdtner, P., 2025, ...

Non-Dirac-Frenkel dynamics
• Kvaal, Lasser, Pedersen, Adamowicz, 2023

• Finzi, Potapczynski, Choptuik, Wilson, 2023

• Zhang, Chen, Vanden-Eijnden, P., 2024

• Chen, Mccarran, Vizcaino, Soljacic, Luo, 2024, ...

Solving in randomized subspaces
• Berman, P., 2023; Lam, Ceruti, Kressner, 2025; Dong, Schwerdtner, P., 2025; Carrel, 2025, ...
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DFO: Gauge freedom of parameter dynamics

The normal equations characterizing Dirac-Frenkel minimizers are

G (θ(t))η(t) = g(θ(t))

with matrix G (θ(t)) ∈ Rp×p and vector g(θ(t)) ∈ Rp given by

G (θ) = J(θ)⊤J(θ) , g(θ) = J(θ)⊤f (û(θ))

Nullspace of G (θ(t)) leads to a gauge freedom in the Dirac-Frenkel parameter dynamics

η(t) = η̄(θ(t)) + w , w ∈ null(G (θ(t))) (1)

• Reference parameter velocity η̄(t) such as minimal-norm velocity

• Adding w ∈ null(G (θ(t))) to reference η̄(t) maintains instantaneous residual minimization

All parameter velocities given in (1) lead to the same function-space time derivative
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DFO: Fixing the gauge

Consider an objective L : Rp × Rp → R and the optimization problem

θ̇(t) = η̄(θ(t)) + arg min
w∈null(G(θ(t)))

L(η̄(θ(t)),w)

• Select one w out of all possible choices in null(G (θ(t)))

• By adding w from nullspace to reference, impose desired properties on parameter velocity θ̇(t)

• Many different objectives L possible

Applies changes to residual-minimizing reference velocity η̄(θ(t)) only in nullspace directions
• Maintains the residual-minimization property and only fixes the gauge

• No bias in dynamics is introduced up to first order, in contrast to standard regularization

We now propose one specific choice for L that takes the history into account

14 / 35



DFO: Taking history into account via momentum variable
We introduce a new variable m(t) ∈ Rp, additionally to θ(t)

• It should represent previous parameter velocities

• Another interpretation is as a momentum variable; see also momentum in optimization

Determine dynamics of momentum variable m(t) via Onsager’s principle [Onsager, 1931]

ṁ(t) = argmin
γ∈Rp

τ

2
∥γ∥2

2 + ⟨∇mJ (m(t)), γ⟩2

• Tracking energy with respect to the reference η̄(θ(t))

J (m(t)) =
1
2
∥m(t)− η̄(θ(t))∥2

2

⇝ penalizes mismatch between m(t) and instantaneous reference velocity η̄(θ(t))

• Balances the instantaneous decrease of the tracking energy J induced by ṁ(t) against the
quadratic cost ∥ṁ(t)∥2

2 of changing m(t)

• Small τ means m(t) tracks η̄(θ(t)) quickly, large τ retains more history
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DFO: History of parameter velocity
Stationary condition yields equation for momentum variable

τṁ(t) = η̄(θ(t))−m(t)

Exponentially weighted history of reference velocity η̄(θ(t))

m(t) = e−
t−t0
τ m(t0) +

1
τ

∫ t

t0

e−
t−s
τ η̄(θ(s))ds

• Shows that whole history of reference η̄ is included in m

• Variable m(t) acts as a moving average of past reference velocities

If η̄(θ(t)) = η̄ is fixed in time, then

m(t) = η̄ + e−
t−t0
τ

(
m(t0)− η̄

)
⇝ m(t) relaxes exponentially fast toward η̄ but not instantaneously

16 / 35



DFO: Dirac-Frenkel-Onsager principle
Given reference η̄(θ(t)), require velocity θ̇(t) to align with momentum m(t) in nullspace directions

θ̇(t) = η̄(θ(t)) + arg min
w∈null(G(θ(t)))

−⟨m(t),w⟩2 +
1
2λ

∥w∥2
2

Given the projector P(θ) onto the nullspace of G (θ), the solution θ̇(t) is

θ̇(t) = η̄(θ(t)) + λP(θ(t))m(t)

Combining with momentum equation, obtain the Dirac-Frenkel-Onsager (DFO) dynamics

ṁ(t) =
1
τ
(η̄(θ(t))−m(t)) ,

θ̇(t) =η̄(θ(t)) + λP(θ(t))m(t)

Mechanism
• Tangent space collapse → nullspace enlarges → momentum is injected into gauge directions

• Poor conditioning → nearly-singular directions truncated → momentum injected

17 / 35



DFO: Time discretization and algorithm

Implicit Euler discretization of momentum equation gives

mk+1 = βmk + (1 − β)η̄k , β =
τ

τ + δt
, k = 0, 1, 2, . . .

With explicit Euler in parameter evolution and minimal-norm velocity as reference obtain

η̄k =G (θk)
+g(θk)

mk+1 =βmk + (1 − β)η̄k

θk+1 =θk + δt(η̄k + λP(θk)mk+1)

Interpretation of parameters λ and β
• β controls how much past velocity information is retained in mk+1

• λ controls how strongly the momentum is injected into the nullspace

Computational costs: One (randomized) SVD per time step
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DFO: Wave example
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DFO: Wave example (cont’d)
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DFO: Charged particles

Method avg. L2 err. endtime L2 err.

DF + Tiko 8.25e-03 1.62e-02
DF + tSVD 1.22e-02 4.06e-02
NIVP 8.48e-03 1.79e-02
RSNG 2.72e-02 1.02e-01
TENG 6.01e-02 3.17e-01
DFO 3.95e-03 8.06e-03

Vlasov equation with fixed potential
• Achieve lowest relative L2 error

• Reduces background error

• Negligible runtime overhead

1

1 DF DFO (ours)

1 11

1

1 1

10 2

10 1

10 2

NIVP: [Finzi et al., 2023], RSNG: [Berman, P., 2024], TENG: [Chen et al., 2024]
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DFO: Fokker-Planck equation in 5D

1

2

3

m
ea

n

0 1 2 3 4 5 6 7 8
time t

0.00

0.05

0.10

co
v

truth
DF
DFO (ours)

λ DFO err. of mean

0.5 1.36e−2
0.75 1.53e−2
1 2.20e−2

1.25 1.65e−2
1.50 7.76e−3
1.75 1.40e−2
2.00 8.53e−3
2.25 3.51e−2
2.50 7.75e−3

Approximate joint density of five interacting particles in an aharmonic confining potential
• Spatial domain Ω ⊆ R5 is in five dimensions

• Use a fully connected neural network with three layers and width 20

• DFO produces smoother mean and covariance trajectories and avoids abrupt jumps
22 / 35
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DFI: Interpreting parameter vector as particle

Particle θ(t)
θ̇(t) =η(t)

η(t) =G+(θ(t))g(θ(t))

Particle θ(t) with mass τ2

θ̇(t) =η(t)

η̇(t) =τ−2(g(θ(t))− Gϵ(θ(t))η(t))
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DFI: Interpreting parameter vector as particle

Particle θ(t)
θ̇(t) =η(t)

η(t) =G+(θ(t))g(θ(t))

Particle θ(t) with mass τ2 (heavy ball)
θ̇(t) =η(t)

η̇(t) =τ−2(g(θ(t))− G (θ(t))η(t))
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DFI: Dirac-Frenkel variants
Function-space Dirac-Frenkel selects velocity based on

E(v) = 1
2
∥v − f (û(t))∥2

Parameter-space Dirac-Frenkel selects velocity based on

Eθ(η) =
1
2
∥J(θ(t))η − f (û(θ(t)))∥2

Tikhonov-regularized Dirac-Frenkel dynamics [Feischl et al., 2024]

Eϵ
θ(η) =

1
2
∥J(θ(t))η − f (û(θ(t)))∥2 +

ϵ2

2
∥η∥2

2

• Dynamics
θ̇(t) = η̄ϵ(θ(t)) , η̄ϵ(θ(t)) = Gϵ(θ(t))

−1g(θ(t))

• Matrices
Gϵ(θ) = J(θ)⊤J(θ) + ϵ2I , g(θ) = J(θ)⊤f (û(θ))

26 / 35



DFI: Tikhonov regularization is a shrinkage rule
Eigendecomposition with singular values σ1, . . . , σp,

J(θ)⊤J(θ)qi = σ2
i qi , i = 1, . . . , p

Freeze θ and consider the velocity η̄ϵ(θ) in each direction

η̄(i)ϵ = ⟨η̄ϵ(θ), qi ⟩2 , g (i) = ⟨g(θ), qi ⟩2 , i = 1, . . . , p ,

Tikhonov-regularized velocity decouples in the eigenbasis as

(σ2
i + ϵ2)η̄(i)ϵ = g (i) , i = 1, . . . , p

Obtain with respect to unregularized velocity η̄0 a shrinkage rule

η̄(i)ϵ =
σ2
i

σ2
i + ϵ2

η̄
(i)
0

• Damping strongest for small singular values (σi ≪ ϵ, weakly informed directions)

• If σi = 0, then g (i) = 0 so that velocity is instantaneously set to zero

Algebraically (instantaneously) damps weakly informed directions; sets velocity to zero in
uninformed directions

27 / 35



DFI: Dirac-Frenkel with inertia (DFI)
To prevent abrupt (instantaneous) changes in the velocity θ̇(t), we choose its rate of change, which
becomes the acceleration θ̈(t) of the particle

a(t) = η̇(t) = θ̈(t)

The instantaneous Tikhonov velocity remains target velocity, but inertia determines how quickly
the current velocity can move toward it

θ̈(t) = argmina∈Rp

τ2

2
∥a∥2

2 + ⟨∇Eϵ
θ(θ̇(t)), a⟩2 , τ > 0

• Minimizing defect energy Eϵ
θ to move towards instantaneous Tikhonov velocity

• Quadratic penalty on acceleration to prevent rapid changes in velocity

• Parameter τ plays the role of mass of the parameter vector

Gives Dirac-Frenkel with inertia (DFI)

θ̇(t) = η(t) , τ2η̇(t) + Gϵ(θ(t))η(t) = g(θ(t))

In second-order form (heavy-ball dynamics [Polyak, 1964], [Attouch, Goudou, Redont, 2000])

τ2θ̈(t) + Gϵ(θ(t))θ̇(t) = g(θ(t))
28 / 35



DFI: Interpretation of DFI dynamics

Recall eigendecomposition of J(θ)⊤J(θ) with singular values σ1, . . . , σp,

J(θ)⊤J(θ)qi = σ2
i qi , i = 1, . . . , p

Velocity in eigenbasis
τ2η̇(i) + (σ2

i + ϵ2)η(i) = g (i)

• Tikhonov velocity η̄(i)ϵ is approached via relaxation
• Directions with τ2 ≪ σ2

i + ϵ2 are well informed: DFI rapidly tracks η̄ϵ

• Directions with τ2 ≫ σ2
i + ϵ2 are weakly informed: DFI relies on history

In singular directions with σi = 0
τ2η̇(i) + ϵ2η(i) = 0

• If ϵ = 0, then velocity in nullspace direction is maintained

• If ϵ > 0, velocity in nullspace direction decays exponentially but not instantaneously
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DFI: Well-posedness of DFI parameter dynamics

1. Local existence and uniqueness of DFI solution for ϵ ≥ 0
• Uniqueness of unregularized Dirac-Frenkel parameter velocity requires invertibility of G0(θ(t))

θ̇(t) = η̄(t) , η̄(t) = G0(θ(t))
−1g(θ(t))

• DFI considers
θ̇(t) = η(t) , η̇(t) = τ−2(g(θ(t))− Gϵ(θ(t))η(t))

• Thus DFI only requires Lipschitzness to ensure existence and uniqueness[
θ
η

]
7→

[
η

τ−2(g(θ)− Gϵ(θ)η)

]

2. Global existence if impose standard linear growth condition on g(θ)

3. A posteriori bound shows that error is bounded by accumulated projection and relaxation defects
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DFI: Time discretization and algorithm
Discretize coupled system with implicit Euler in velocity η(t) and explicit Euler in position θ(t)

θk+1 =θk + δtηk+1 ,

ηk+1 =βηk + G−1
α (θk)J(θk)

⊤(f (û(θk))− βJ(θk)ηk)

with

α2 = ϵ2 +
τ2

δt
, β =

τ2

ϵ2δt + τ2 ,

Formulation as

Gk(w) =
1
2
∥J(θk)w − f (û(θk))∥2 +

α2

2
∥w − βηk∥2

2 , ηk+1 = argminw∈Θ Gk(w)

• DFI step is a damped previous-velocity-anchored least-squares problem

• Parameter α controls the strength of the anchoring

• Parameter β controls how much of the previous velocity is retained in the anchor

Costs: One solve of a standard Tikhonov-regularized least-squares problem per time step
31 / 35



DFI: Allen-Cahn example

Consider the Allen-Cahn equation in the periodic domain Ω = [0, 2π)
• Parametrize with a fully connected feedforward neural network with p = 1231

• DFI uses memory to compensate for loss of information in the instantaneous regularized
least-squares problem

• Empirically optimal β increases with α2 ⇝ more history is used when instantaneous
least-squares signal weaker 32 / 35



DFI: Allen-Cahn and Fokker-Planck example with sketching
Empirically estimate Jacobian J(θ) via

Ĵ(θ) =

 ∇θΦ(θ)(x1)
⊤

...
∇θΦ(θ)(xN)

⊤

 ∈ RN×p

from samples x1, . . . , xN ∈ Ω

Effect of sampling
• Too few samples lead to many uninformed

directions

• Randomized solvers sketch for speedups

DFI leads to increased robustness in
low-sample regimes
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Outline 1. Dirac-Frenkel dynamics and
tangent space collapse

2. Dirac-Frenkel with
gauge momentum

3. Dirac-Frenkel with inertia

4. Conclusions
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Conclusions

• Parameter dynamics are key: standard Dirac–Frenkel choices can satisfy the instantaneous
residual condition while selecting an undesirable parameter evolution

• History can fill in missing information: gauge momentum and inertia preserve velocity when
the instantaneous information is insufficient

• Dynamics with momentum maintain familiar local least-squares solver procedure:
computational overhead negligible compared to integrating instantaneous-only dynamics
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